Innopolis Open 2025/26 in Mathematics Final round

7™ KJjacc

K kazkmoit 3amade Tpebyercss pa3BepHyTOe H 000CHOBAHHOE DeIlleHHe.

3amaua 1. /lana npgamoyroabHas Tab/IUIA U3 JBYX CTPOK U 4eThipex cToJionoB. [lers u Bacsa mo ouepe-
M, HauuHad ¢ lleTn, cTaBAT B mycThle KJIETKHU 9TOH TaOIUIBI pa3/IMvYHble PAIlMOHATbHBIE Yncaa. Korma
BCs TaDJIUTA 3aTOJHEHA YHCIaMU, B KayKJI0i CTPOKe 3aKpallliBaeTcs KIETKa, cojleprKalias HanboabIee
4ucj10 B 910# crpoke. [lers BoiuIpbIBaeT, €cjiu JiBe 3aKpallleHHble KJIETKU I'PAHUYaT 110 CTOPOHE UJIM 110
yray. Moxker i Baca nomemmars [lere Beiurpars?

3amaua 2. Ha3oBéMm HaTypaibHOE YUCIO MHGDATOPOBBIM, €CJU CYMMa KBaJIpaToB ero 1mudp paBHa TOY-
nomy KBajpary. Hampumep, unciao 34 — mudaroposo, T.x. 32 + 42 = 25 = 52, HaiianTe MakcuMaIbHOE
TPEX3HAYHOE TU(ATOPOBO YUCIIO.

amaua 3. Myxa-llokoTyxa, Kak W3BeCTHO, OOBIYHO HEe HOCHT HOCKH W OGoTwHKW. HO omHaykabl oHA,
coOMpasICh Ha MPOTYJIKY IO IOJII0, PEllnia HAJIeTh 110 OJHOMY HOCKY M OJHOMY DOTHHKY Ha KayKIVIO M3
cBoux mectu Hor. Ckoabpkumu cnocobamu Myxa-IlokoTyxa MoxKeT BBIOpaTh MOPSI0K, B KOTOPOM OyIeT
UX HAJIEBATh, €CJAN U3BECTHO, YTO OHA HE HaJeHeT OOTHHOK Ha HOI'Y, Ha, KOTOPOil HeT HOCKa?

Sapgaya 4. 3a kpyribiM cTosioMm cugiar 96 desiosek. Hadijnre KojimaecTBO HATYPAIBHBIX duces n < 48,
JIJIS KaZKJIOrO U3 KOTOPBIX 3THU JIIOJHM MOTYT MEPECeCTh TaK, 9YTO0bI MEeZKLY JIOOBIMU OBIBITUMU COCEISIMI
Tenepb CUJEIN POBHO N YeJIOBEK.

Bamaua 5. /lan papHocroponnnii Tpeyroapbauk ABC; touka M — cepemnna croponbl BC, Touka N —
cepenuna oTrpeska AM. Hepes Touky, cummMerpuaayo N orHocuTesbHO BC, IpoBe/n IpAMYIO, IapaJ-
Jgenbuyio BC, u na 310l npsaMoit orMeruain Touky X tak, uro CX > BX. Ha npomoyizKeHu#u cTOPOHDI
AC 3a Touky C oTMeTnn TOUKY X, a Ha MPOJOJKEHHH CTOPOHB BA 3a Touky A oTMerunm TO4YKy 7,
npuiem M X = MY = MZ. Jlokaxure, 410 TpeyrojbHuk XY Z — paBHOCTOPOHHUIA.
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8" kjacc

K kazkmoit 3amade Tpebyercss pa3BepHyTOe H 000CHOBAHHOE DeIlleHHe.

3amaua 1. 12 pebgaT BcTau B Psiji, IPUYEM U3BECTHO, YTO €CTh POBHO 2 JEBOYKHU, CIIPABA OT KOTOPBIX
CTOUT MaJIBYUK; POBHO 3 MAaJIBYUKA, CIIpaBa OT KOTOPBIX CTOUT JIEBOYKA; POBHO 2 MaJIBIMKA, CIIpaBa OT
KOTOPBIX CTOUT MAaJbIUK; POBHO 4 IeBOYKHU, CIIPaBa OT KOTOPBIX CTOUT JIeBOYKA.

CkoibKUME CIIOCODAMEU MOYKHO BBICTPOUTH ITHX PEOIT TaK, 9TOOBbI BBHIIOJIHSJIUCH BCE OMUCAHHBIE
ycaoBus?

3apgaua 2. B typuctuueckom jarepe 11 orpsamos, npudeM JI00bIe ABa OTPSIIA COMAEPIKAT PA3IUIHOE KO-
JINYECTBO YYACTHUKOB, & CAMBIHI MHOTOYUC/IEHHBIH U3 OTPAI0B Ha3biBaeTcsd «/[ukobpaswiy. Kpome Toro, B
XOJIe TPEHUPOBOK O0HAPYKHUJIOCH, YTO, B CJAydae HeOOXOIUMOCTH, JTI0O0 U3 OTPsI0B MOKHO pachopMu-
POBaTh, & €r0 YIYACTHHKOB II€PEPACIPEIEIUTD IO IPYTUX OTPIIAM TaK, YTO KOJUIECTBO YIACTHHKOB BO
BCEX OCTABIIHXCS OTPSAIaX CTaHET OJNMHAKOBBIM. KaKOBO MUHHUMAILHOE BO3MOMKHOE KOJIUIECTBO yUACT-
HUKOB B 0Tpsijie «/InkoOpas3br»?

Bamauga 3. /lan nupaBu/ibHbIil TpeyrojibHUK co croponoit 99. Ha ka0t U3 ero cropoH orMedeHbl 110
100 Touek (BKJIIOYas BEPIIMHBI TPEYTOJIHHUKA), JEAANINX 9TH CTOPOHbI Ha 99 paBHBIX dacreil. Yepes
9TH TOYKW MapPaJLIeJIbHO CTOPOHAM TPEYTOJIhLHUKA MPOBEJIEHBI IPSMbIe, pa30UBaOIINe €ro Ha MaJIeHbKIe
TPEYTOJLHUYKU €O CTOpOHOM 1. B Ka:Kk/10if BepIinHe MaJIeHbKOIO TPEeYroJbHHYKA JIEZKHT MOHETKa. 3a
OJIMH XOJI pa3pelnaercs BbIOpATh JII0O0i TpeyroJabHUYEK CO CTOPOHOH 1 M IepeBepHYTh BCe MOHETKHU B
ero pepinHax. M3nadaibHO BCe MOHETKHU JI€XKaJIM OPJIOM BBEPX. MOXKHO Jid JIOOUTHCS TOr0, 4T00bI BCE
MOHETKH JiezKajan Obl PEeIKoi BBEPX !

3apaua 4. Ha croponax Boimykjoro derbipéxyrobanka ABC D kak Ha THIIOTEHY3aX MOCTPOWIN MPsI-
moyrosibHbie Tpeyrobauku APB, BQC,CRD u DSA. Oxkazanock, ato PR 1 @S, a takike PR =
QS = %(AB + BC + CD + DA). Onpegenure Bce derbipéxyroibauku ABCD, s KOTOPBIX TaKoe
BO3MOZKHO.

Sagaua 5. /[lig KaKI0r0 HATYPAJBHOTO N HaiifeTcd HATypaJdbHOE M, KOTOPOe MOYKHO MPEeICTABHTH
B BHUJIe CYMMBI HATYPAJBHBIX YUCET A1 + Qg + -+ + ap, TJe a7 < 1, ag < 2, ..., a, < N — Ha30BeM
Takoe 1pejcraBjienue uHrepecHpiM. Hanpumep, g n = 3 MOKHO BbIOpaTh m = 4, u jijid Takoro m
CyIecTByer jJazke 2 mHTepecHbIX npejacrapienns: 4 = 1+ 1+2 =1+ 2+ 1 (npu s1om 2 + 1 + 1 He
MOJXOIAT, T.K. TOTAA a3 = 2 > 1).

Haiiinte Bce HaTypasbHbIe N, JIJIsI KaZKJI0T0 U3 KOTOPBIX CYIIIECTBYeT HATYPAJbHOE 1, UMeolllee He
menee (n — 1)l =1-2-3-----(n — 1) UHTepeCHBIX NpEJCTABACHUH BUIA a1 + A + - - - + Gp.
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9" kJjacc

K kazkmoit 3amade Tpebyercss pa3BepHyTOe H 000CHOBAHHOE DeIlleHHe.

Bamada 1. B oa1HOKpyroBoM (KazK/ple Be KOMaH/Ibl HTDAIOT JAPYT C IPYTOM IO OJHOMY pa3y) TypHHUDe
no ¢yTboy ydacTBOBAIM N > 2 KOMaHJ. 3a Mobely B MaTde KOMAHJIa IMOTYyYaeT 3 OUYKa, 38 HUIBIO
— 1 ouxko, 3a nopaxkenne — 0 oukoB. [locste oKOHYaHHS TYpHHpa OKa3aJI0Ch, UTO KOMaH/a, HabpaBIIas
6oJIbllle BCEX OYKOB, BbIUI'DAJIA MeHbIle MaTueil, yeM Jiobas Jpyrasd. [Ipu kakoM HauMeHblIeM 7 3TO
BO3MOYKHO?

Sanaya 2. Aug u Bopa urpator B urpy: bops HazpiBaeT HaTypaabHOE UHCIO0 N > 2, a AHs KpacuT
KayKJi0e 1eJi0e 9UCJIo OT 1 710 n B OJWH U3 TPEeX IBETOB. AHS BHIUTIPACT, €CJH CMOYKET TOKPACUTH YHC/IA
TaK, 9YTO PA3HOCTDb JIOOBIX JBYX OJHOIBETHBIX YHCEI HE paBHA TOYHOMY KBasipary. Cmoxker ju Amd
BBINTDATh, eCJi Bops Ha30BeT

a) n = 16;

6) n =297

3amaua 3. He cuurag Buemneil TBEp 0t 00/I0KKM, BCE CTPAHUILBI KHUI'M 3aHYMePOBAaHbl TaK: Ha Iep-
BOM JINCTE HallEYaTaHbl CTPAHUIBI | U 2, Ha BTOPOM — cTpaHullbl 3 u 4, u T.j. VI3 3T0if KHUT'M BbITIAJ
KYCOK, B KOTOPOM COJIEPKUTCSA POBHO MOJIOBUHA JIUCTOB KHUTHU, UIYIUX TOAPsL. Kossd mocauTas cyMmmy
ocTaBIUXCA cTpaHuIl 1 noxydmt 2025. Haiiiure HoMep mepBoOil CTPAHUIIBI BHITTABIIETO KYCKA.

Sagaua 4. Ha karerax AC' u BC' upsmoyrosbsnoro tpeyroibauka ABC ormerniu takue Touku K u
L, ato AK = CL = r, rae r — paguyc BOHCAHHON OKpy:KHOCTH Tpeyroabanka ABC. Okasaaoch, 9T0
cepennna orpeska K L nexut Ha Ouccexkrpuce yria ZABC. Haiinure yrisl Tpeyroapanka ABC.

Samaua 5. Kaxaplit u3 n > 3 y4eHHKOB 9-T0 KJacca JaJl CIHCATh KOHTPOJIBHYIO IO MaTeMaTHKe KaK
MUHUMYM OJHOMY JPYI'OMY YYEHHKY TOTO K€ KJIacCa, NpUYeM HUKaKHue ABOE He JIaBaJl CIIUCATH JIPYT
IpyTy, T.e. ecaiu yaeHuk A man cnmcarth yueHuky B, To B He gapaJ cnuchiBath A.

Haiinre BCe BO3MOXKHBIE 3HAYEHUS N, €CJIW W3BECTHO, YTO I JO0OH mapbl yuenukoB A, B, Hu
OJMH M3 KOTOPBIX He JaBaJjl CIHCATh ApyromMy, Haimercsa Takoil yuenuk C, uro jgubo A cmumcan y C,
KOTOpHIi crucan y B, aubo Haobopor — B cnucan y C, Korophiii ciimcana y A.
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10% kmacc

K kazkmoit 3amade Tpebyercss pa3BepHyTOe H 000CHOBAHHOE DeIlleHHe.

Bamaua 1. Tlycrs S(m) — cymma Beex nudp JECATHIHOM 3amucy HaTypagbHoro auciaa m. CymecTsyer
M HATYpaJbHOe N, 11 Kotoporo S(n?020) = S(n) + 20267

Bamaua 2. [lo onpegenenuto, {x} = x — [z], rue [z] — 9T0 nestast yacTh YucIa , T.€. HAKOOJIbIIEE MEJI0e

qHcII0, He npesocxojdiiee x. [Ipo dnciao a m3BecTHo, 410 purrl dh {a?}, a Takske uto 3 < a? < 4.
a
6 96
Yemy mozkeT OBITH paBHO @’ — n 3?
a

Samaua 3. lng omymmuneix ot 0 9mcesn x,y, z BBIIOJHEHO Ty + yz + zx = 0. JlokaxkuTte, 4T0 HEIb3d
COCTaBUTh TPEYTOJbHUK € JJIWHAMHU CTOPOH

1 1 1
|22 + 2yz]" |y? + 2zx]” |22 4 2zy|

Bagaua 4. Touka [ — neHTp BOHCAHHON OKPYzKHOCTH Tpeyronbauka ABC. Yepes pepmuny A nmposen
IpIMYIO, TTapaJIeabHyI0 OMCCEKTpUce yriia B 9TOro TpeyroJibHUKA, U OTMETHJIH Ha Hell TaKyI0 TOUKY
P, aro PI || BC. Ananorunuano, yepe3 Bepiiuny C' IpoBesin OPsMYIo, HapaJlIebHy0 OHCCeKTPHCE yIiia
B 3roro TpeyroJibHUKa, 1 OTMETHJIN HA Heill Takyio Touky ), uro QI || BA. Touku D u E — neHTph
ONMCAHHBIX OKpYy:KHOCTEH Tpeyroimbaukos ABP u C'B(Q), coorBercrBenno. Ilycrs Touku A; u C — oc-
HOBaHHUsI BeICOT Tpeyroabuuka ABC, nposeaerabix u3 Bepmiud A u C, coorBercTBeHHO. Jl0KazKuTeE, 9TO
npsamast DE obpa3yeT paBHbIe yIvibl ¢ mpaMbivu AC7 u AC.

3amaua 5. B okpecrHoctax Xorpaprca XKuBYT haHTACTHUECKHE TBAPH BeCOM B 1,2, ..., KHJIOIPAMM
(n — marypasabnoe uncio). Heior Canamanjiep MOKeTr JearTh Cieiyolee:

1. k1actb cebe B yeMOJaH TBAph BeCOM B 1 KHJIOIpaMM, €CJIM cefidyac B 4eMoJiaHe HeT TaKoil TBapu;
2. BBITIyCKaTh W3 YeMOJaHa TBAPb BECOM 71 KMJIOTPAMM;

3. npu k < m BBIIYCKATh U3 YE€MOJ@Ha TBapb BECOM Kk KUJIOIPDAMM M OJHOBPEMEHHO BIIYCKATh TYJIa
TBapb BecOM k + 1 Kujorpamm, ecjiu B 4eMOJIaHe HET TaKOoW TBapH.

NsBecTHo, ur0o u3navyasibuo yemojan Heiora nyct. [pu kakux n Heor Moxker 106uThCs TOro, 4To0bl B
YeMoJ/laHe POBHO IO OJHOMY pa3y mobbiBaJs Obl 11000 HAOOD TBapeil u3 okpecTHOCTel XorBaprca, U B
UTOTE B Y€MOJIaHe OCTAIACh OBl TOJBKO TBAPh BECOM 7, KUJIOTPAMM
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11% xjacc

K kazkmoit 3amade Tpebyercss pa3BepHyTOe H 000CHOBAHHOE DeIlleHHe.

3amaua 1. Haitaure xoamdecTBo HAaTypaabHbIX k > 1, JJ1s1 KOTOPHIX B CUCTEME€ CUYUCIEHHSI C OCHOBA-
aueM 2026 BepHO cJeayioliee: HATYPaIbHOE YHUCJIO KPATHO k TOTJA W TOJBKO TOIJA, KOIJIa CyMMa €ro
nudp kpatHa k.

Bamaua 2. B anpene kaxkjaoro roga Ha octpope [lantn u3 30 mueit popHo 10 aHeit — noxanusbie. Ha
9TOM OCTpOBe BOT yKe N JeT :KuBeT abopureH, y KOTOPOro rojoBa OOJUT TOJIBKO B IBYX CJIyUAsIX:

® eCJIM CeroiHs UJIeT J0XKIb, XOTs BUepa H0xKs He OBLIO,
® eCJIM CerOJiHsd HET A0/, XOTd BUepa e J0XKIb,

u Hukora He 6osut 1 anpesd. V3BecTHo, 4TO 3a BCIO KU3HB TOI0 abopureHa HaboOp JOXKJIJIUBBIX all-
pPeJIbCKUX JHEll Hu pa3y He nopropujcd. Haftaure cpejHee 4nc/o anpejbCKUX JIHEH, KOrja y 3TOro
abopurena 0OoJiesia rosoBa, ecan N npuHUMaeT HAUOOJIbIIee BO3MOKHOE 3HAYEHHE.

Bagaua 3. B rerpasape ABCD uzsectno, utro AD = BC u AC' = BD. Cdepa ¢ 11eHTPOM B TOUKE
mepecedeHnsl MeIMaH TeTpadpa IepecekaeT ero pebpo BD B takux Toukax X u Y, uro BX = DY.
Hoxkaxkure, uto AB = CD.

Menmana TeTpasapa — 3To0 OTPe30K, COETUHSIONHIT BePUIHHY TeTPasdapa ¢ TOUKOIH IepecedeHms Me-
Anad HpOTI/IBOHO.]IO)KHOﬁ I'paHu.

3amauga 4. /lokaxkure HEPABEHCTBO JJIsi TOJIOKUTEIbHBIX @, b:

a N b S a—+b
VI2+1 Vaz+1 Vab+1

Bamaga 5. Cysran noitman 2n+ 1 Mmyaperos (n — HaTypaJIbHOE YUCJI0), BBICTPOM UX B DA U TIOBEPHY.I
KaykKJI0T0 MyJpelia TakK, 9To TOT CMOTPHUT JIU00 Ha ceBep, nbo Ha for. [laJiee cyaran mo oyepean Ha3bIBaeT
ancia 1,2,3,...,(2n 4+ 1): koryma Ha3Bauo «1l», OMUH U3 MyIpeNoB JOTZKeH pa3BepHyThed Ha 180°; mo
KOMaHJIe «2» y¥Ke JIBOe MYJIPeIoB JIOJI?KHBI pa3BepHYThesd Ha 180°, U T.J1., 110 KoMaHJie «2n + 1» Bce
MyJIpelibl JIOJIZKHBL pa3BepuyThes Ha 180°. Myaperbl MOryT 3apaHee JIOTOBOPUTHCH O CTPATEruU U BO
BpeMs BBITIOJTHEHUS KOMaH[ KOOPJAMHUPOBATH CBOU JieficTBUA.

JlokazkuTe, 9T0, BHITOIHSIST KOMAH/IBI CYJATAHA, MYPEIlbl MOTYT B KOHIIE KOHIIOB (T.e. I0CIe KOMaHIbl
«2n + 1») pasBepHyThCsl B OJHY cTOpoHY (b0 Bce — Ha ceBep, Jubo Bce — Ha or). Moxker jin GbITH
TaK, 9YTO MYJPEIbl MOI'YT CAMHU BLIOPATH TY CTOPOHY?!
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Cucrtema ornennBanus / Task score

1. TlepBuuHasi olieHKA peIeHmnsT KarKJ0H 3a/a91 BhICTABJIAETCS 110 D-0aJLIBHOM MKaJIe COrIaCHO KPH-
TEepHUAM ONEHWBAHWS, YKA3aHHBIM MTOCJIEe aBTOPCKOTO PEITeHNs COOTBETCTBYIONIEH 3a 9.

2. Jlnst Kaxk10if 3a/1a9u BeIaucsiercs cpepnuii 6at (M) no pesyjabraraM ee PEIeHnst BCeMU y9acT-
HUKaMH.

3. Becoroii koadbduruent (K) KaxkI0ii 331a91 BEIYACIACTCS 10 (HOPMYIIe

K=3-05-M

4. Ba/1 KaxKI0ro y4acTHHKA 3a KayK/IyIO 33/1a9y YMHOZXKAaeTcs Ha BecOBO Koahdunuent sroit 3a1a-
1.

5. Banner, HabpaHHBIE YYACTHUKOM, CYMMUPYIOTCS € MOCHEAYIONUM OKPYTJIeHuEM 0 OIuzKalIero
HEJI0TO B OOJIBIIYIO CTOPOHY.

1. Pre-score of the solution to each task is set on a 5-point scale in accordance with the criteria
specified after the task’s solution.

2. An average score (M) is calculated based on the results of all participants for each task.

3. The weighting coefficient (K') of each task is calculated as

K=3-05-M

4. Each participant’s score for each task is multiplied by the weighting coefficient of that task.

5. The points scored by the participant are summed and then rounded up to the nearest integer.
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7" degree

Task 1. /lana npssMoyroJibHast TaOJIAIA U3 IBYX CTPOK U deThIpex cToa01oB. [leTs u Bacst mo ovepenn,
HavlHad C HGTI/I, CTaBAT B IIyCTbI€ KJIETKH 3TON Ta6JH/H_[bI pa3JindHble palllOHaJIbHbIC YHCJIA. KOF,ZLa
BCs TaOJ/IHUIA 3al0THEHA YUCJIAMU, B KazK/I0 CTPOKE 3aKPalluBaeTCd KJIeTKA, CoJepzKaIias Hando ibInee
9HUCJI0 B 3TOH CTpOKe. HQTH BBIUTPBIBaET, €CJIN JABE 3aKpPallleHHbI€ KJICTKN I'paHUYIaT IO CTOPOHE HUJIN T10
yray. Moxket jiu Bacst nomemarth [lere Beiurpars?

A rectangular grid with two rows and four columns is given. Peter and Vasiliy take turns (starting
with Peter) placing different rational numbers in the grid’s empty cells. When the grid is filled with

numbers, the cell in each row containing the largest number is colored. Peter wins if two colored cells
are adjacent on a side or a corner. Can Vasiliy prevent Peter from winning?

Answer: [la, moxer / Yes, he can.

Pemrenue (RUS). Pa3ofbeM KJIETKH B CTPOKAX HA MAPBI CIELYIONUM 00PA3OM:

1121314
41112

Ecim cBoum xomom Iletsd craBuT paruoHa/jbHOE YHCJIO ¢ B KAKYIO-TO U3 OTMEYEHHBIX KJIETOK, CKayKeM,
B KJIeTKy 1 mepBoil cTpoku, To Bacg ctaBuT B K1eTKy 1 BTOPOIl CTPOKH YHCJIO, KOTOPOE, BO-TIEPBHIX,
DOoJTBITIE, YEM ¢, & BO-BTOPBIX, MeHBIITe, YeM JTI000e IPyroe YHCJI0, DOTbIee ¢, Y2Ke CTOsIIee B 3TOH CTPO-
Ke. B TakoM cirydae MaKCUMAaJIbHBIE YUCTIA B CTPOKAX OYAYT CTOATH Ha KJIETKaX OJHOTO HOMepa W He
OyayT uMerb Hu O0IIeil CTOPOHBI, HUA OOIIEro yrja.

Kpurepuu onennBanus:

e IIpHUBeIEeH BEepHLIN OTBET IPU HEBEPHOM OOOCHOBAHUU — 1 MEepBUYHBIH OaJLT;

e NpHUBEJEH BePHBI OTBET M IPUBEIEeHA cTparerus Bacu, HO ¢ CYIIeCTBEHHBIMH HeIOYETAME — 2
HePBUYHBIX OaJLia;

e [IpHUBEJIEH BEPHBIA OTBET U MPUBEJIEHA CTpATErns Bach, HO ¢ HE3HAUUTEbHBIM HEJ0YeTOM U /I
He HCIIO0JIb30BAaHA PAIIMOHAIBHOCTD duces1 B Tab/nie — 3 MepBUIHBIX OaJLIa;

® TOJTHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIIEeHUE — D MEPBUYHBIX OAJIIOB.

Solution (ENG). Let’s divide the cells in the rows into pairs as follows:

112134
41112

If Peter places a rational number ¢ into one of the marked cells, for example, cell 1 of the first row, then
Vasiliy places such number into cell 1 of the second row such that the number is greater than ¢ and less
than any other number greater than ¢ in the row. In this case, the largest numbers in the rows will be
on cells of the same number and will not share a side or a corner.

Criteria:

e correct answer is given with an incorrect justification — 1 pre-point;

e correct answer is given and Vasya’s strategy is presented, but with significant flaws — 2 pre-points;
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e correct answer is given and Vasya’s strategy is presented, but with a minor flaw and/or the
rationality of the numbers in the table is not used — 3 pre-points;

e completely correct and justified solution — 5 pre-points.

Task 2. Hazosém narypaJ/ibHOE YUC/I0 HHGATrOPOBbIM, €CJIM CYMMa KBaJIpaToB €ro 1udp paBHa TOYHO-
My KBaapary. Hampmep, amciao 34 — madaroposo, T.K. 32 + 42 = 25 = 52, Hajigure MakcHMaIbHOE
Tpéx3HadHoe MudaropoBo YNUCIO.

We call a positive integer Pythagorean if the sum of the squares of its digits is equal to a perfect
square. For example, the number 34 is Pythagorean since 3%+ 42 = 25 = 52, Find the largest three-digit
Pythagorean number.

Answer: 962

Pemenue (RUS). [Tokaxkewm, uro uncjio 962 spisiercs nudaroposbiM: jelictsurebo, 9% + 62 +
22 = 121 = 112. IlokakeM, UTO OHO MAKCHMAJLHO CPEeIH TPEX3HAYHBIX MH(aroposbix. llycTh 310
He Tak, Torga obosHaduM nuppsl Oosbirero nmcaropopa 4dmncia Kak a,b,c, rae caMoO YHCJIO PABHO
n = 100a + 10b + ¢ > 962, Torma a =9, b > 6.

Hazosém mugaropopocrpio ducia cymmy KBajparoB ero mudp. Torga nudaropoBocts yucaa n e
npesocxoanT 92 + 92 + 9% = 243 < 256 = 162 u mpm arom Goabme 92 4 62 = 117. To ecThb, T.K. TUCIO
n mudgaroposo, ero mudaropoBocTb — TOUHBIH KBaJpaT, He MeHbmuil 112 = 121 He mpeBocxomgmimii
152 = 225,

Bamumem g n: 92 + b2 + ¢ = p?, rae p? — ero mudaropoBocTh, a p — HaTypaJabHe unciao. Torma,
paccMaTpUBasg OCTATKH OT JeIeHNs 3TUX 9Hces Ha 4, IMeeM, 9To ecyid Obl p 6b1a0 9érHbiM, TO 1+ b2 + 2
naBaJio Ob1 ocTaTok (), To ecTh b? 4 ¢? maBaso 6B1 0cTaTOK 3 mpu aesenun Ha 4. Ho 9Toro He Mo¥KeT OBITE,
TaK KaK KBaJIpaT IeJ0Tro ducjaa naét octarok 1 mwium 0 mpu gesnenun Ha 4. Takum obpaszom, p HEYETHO.

st p ocramuchk BapuanTsl 11,13 u 15. [Ipu sTtom 81 + 49 = 130 > 121, mosroMy B n npu nudaro-
posoct 112 me MozKeT GBITH BTOpO# 1Mudpoil 4To-To Goabiee 6. Ho Torna TpeThs mudpa coBnagaer ¢
2 ¥ MBI HOJIYIUINA BCE TO 2Ke ducyo 962. Takum obpasom, juist n, ecjim oHO Oosibiiie 962, nudaropoBocTh
nomAKHa paBHATECH 132 mam 152,

OcTapnmecs BapUaHTH HECJ0KHO TepeOpaTh, BHIUNCANB BhIpaykeHue 11 c2 = p° — a? — b2, Jlna
nudaroposocTn 132

o 132 -9?2 —6%2=169 — 81 — 36 = 88 — 36 = 52
o 13292 — 72 =88 —49 =39

e 132 -92-82=88—-64=24

e 132-92-92=7

Hu oauH U3 BapHAHTOB He AaéT 3HAUEHHS TOYHOTO KBAAPaTa JJid ¢2. 3HAYAT, p = 13 He MOJXOIuT.
Ananormano, qyia mudaropoBocT 152

o 152 — 92 — 62 =225 — 81 — 36 = 108
o 152 — 92 — 72 =144 — 49 = 95
o 152 -92 - 82 =144 — 64 = 80
o 152 - 92— 92 =144 — 81 =63
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Takzke TOYHBIX KBAJIPATOB HE OKA3aJI0Ch. [losiydaemM TpoTUBOpEedHHE ¢ TPEANOJIOKEHIEM, 9TO 1 — TPEX-
3HA4YHOE UGAropoBO 4uc/10, dosbiiee 962.

Kpurepuu onennBaHusa:

e BepHO HalijeHo mudaropoBo YHUCJI0, JOKa3aHa e€ro «mudaropoBoCTh», HO He JOKA3aHO, UTO OHO
HauOoJibiliee — 1 nepBuYHbIi HaJsLI;

® IIOJIHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHre — 5 MePBUUYHBIX OAJLIOB.

Solution (ENG). Let’s show that 962 is a Pythagorean number: indeed, 9% + 6% + 22 = 121 =
112, Let’s show that it is the largest among three-digit Pythagorean numbers. Suppose this is not
true, then we denote the digits of the larger Pythagorean number as a, b, ¢, where the number itself is
n = 100a + 100 + ¢ > 962, then a = 9, b > 6.

Let’s call the Pythagoreanness of a number the sum of the squares of its digits. Then the Pythagoreanness
of n does not exceed 9% + 92 + 92 = 243 < 256 = 162 and is greater than 92 4+ 62 = 117. That is, since
The number n is Pythagorean; its Pythagoreanness is a perfect square, no less than 11?2 = 121 and no
greater than 152 = 225.

Let’s write for n: 92 + b* + ¢* = p?, where p? is its Pythagoreanness and p is a positive integer.
Then, considering the remainders when dividing these numbers by 4, we see that if p were even, then
1+ b? + ¢ would yield a remainder of 0, that is, b* 4 ¢? would yield a remainder of 3 when divided by
4. But this is impossible, since the square of an integer yields a remainder of 1 or 0 when divided by 4.
Thus, p is odd.

For p, the remaining options are 11,13, and 15. Moreover, 81 + 49 = 130 > 121, so n, with a
Pythagoreanness of 112, cannot have a second digit greater than 6. But then the third digit is 2, and
we still get the same number 962. Thus, for n, if it is greater than 962, the Pythagoreanness must be
13% or 152

The remaining options are easy to consider by calculating the expression for ¢ = p? — a? — b%. For
Pythagorean number 13%:

e 13 -9 —6° =169 — 81 — 36 = 88 — 36 = 52
o 132 -9 — 72 =88 — 49 = 39

° 132 -9 -8 =88 — (4 =24

e 132 -92—-92=7

None of these options yields a perfect square for ¢2. Therefore, p = 13 is not suitable.
Similarly, for 152, which is Pythagorean:

o 152 - 92 — 62 =225 — 81 — 36 = 108
e 152 —-92 72 =144 —49 =95
o 152 — 92— 82 =144 — 64 = &0
e 15— 92— 92 =144 — 81 =63
Also, there were no perfect squares. This contradicts the assumption that n is a three-digit Pythagorean
number greater than 962.
Criteria:

e a pythagorean number is correctly found and its «Pythagoreanness» is proven, but it is not proven
to be the greatest — 1 pre-point;
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e a completely correct and justified solution — 5 pre-points.

Task 3. Myxa-Ilokoryxa, Kak U3BeCTHO, OOLIYHO He HOCHT HOCKU W OoTmuku. Ho oanakiabl ona, co-
Oupasch Ha IPOrYJIKY IO IIOJII0, PEIIUIa HaJIeTh 110 OJHOMY HOCKY H OJHOMY OOTHHKY Ha KaK/IYIO U3
cBoux mectu Hor. Ckonpkumu cnocobamu Myxa-Ilokoryxa MoxKeT BBIOpaTh IOPSI0K, B KOTOPOM Oy1eT
UX HAJIeBATh, €CJU U3BECTHO, YTO OHA He HaJleHeT OOTMHOK Ha HOT'Y, Ha KOTOpOil HeT HOCKa?

Zipper the Fly, as we all know, doesn’t usually wear socks or shoes. But one day, while preparing for
a walk, he decided to put one sock and one shoe on each of his six feet. In how many ways can Zipper
the Fly choose the order in which to put them on, knowing that he won’t put a shoe on a foot that
doesn’t have a sock?

Answer: 12!/2° = 7484400

Pemrenune (RUS). IIponymepyem worn Myxu-Ilokoryxu anciaamu ot 1 10 6, u mycthb
r1,X9,x3,T4,T5,Tg — HOCKH, & Y1, Y2,Y3,Y4,Ys5,Ys — 6OTI/IHKI/I, HaJdeThble Ha COOTBETCTBYIOIIWE HOTH. To-
rJ1a KayKJIOMY TOPSJIKY, B KOTOPOM OHA OyIeT WX HaJgeBaTh, COOTBETCTBYET MOC/EI0BATEIHHOCTD BUIA
T1,...,Ys U3 12 9JIEMEHTOB, I/le KaXKIblii HOCOK T HPEJIIEeCTBYET COOTBETCTBYIONIEMY OOTHHKY Yy /IS
k € {1,2,3,4,5,6}. Beero cymecrByer 12! = 1-2-3-.--- 12 cnocoboB mepecTaBuTh MeXKIy COOOit
YIEHBI TOI [OCJIE0BATEIbHOCTH, IIPUYEM DOBHO B HoJIoBHHE u3 HuX (T.e. B 12!/2 nepecranoBkax) a;
npejiectsyer by, poBHO B mojioBuHe u3 Hux (T.e. B 12!/2% nepecranoskax) ap npejmecTByer by, u T.JI.
— wroro nosydaem 12!/ 26 = 7484400 1moIXOASIINX TOCJIEI0BATEILHOCTEI].

Kpurepuun oneHunBaHmd:

® He YUTEHO, 9TO HOCKHU U CAIIOTH OAWHAKOBBI, HO IIPUBEIEHA M C UX PACCTAHOBKOM — 1 IepBUIHBIIT
baJL;

® 110/[CYNTAHBI KOJIMIECTBA IEPECTAHOBOK HOCKOB (1 /WM canor) Mezkay coboii — 2 nepBHIHbIX OaJlia;

e pelleHne HEeBEPHO, HO YUTEHO, YTO HOCKH M CAIIOTH He 00I3aTeJbHO YepeayioTcs — 3 MePBUUHBIX
baJL1a;

e JIOIIyIIeHA apupMeTHIecKas ONUOKA IPU MTOJTHOCTHIO BEPHBIX PACCYXKICHUAX — 4 MePBUYHBIX OaJI-
J1a;

® II0JTHOCTBHIO BEpHOE U OOOCHOBAHHOE pelleHre — 5 MePBUYHBIX OAJIOB.

Solution (ENG). Let’s enumerate Zipper’s feet with numbers from 1 to 6, and let
X1, To, T3, Ty, Ty, g be the socks, and vy, Yo, Y3, Ysa, Y5, y¢ be the shoes worn on the corresponding feet.
Then, for each order in which he puts them on, there corresponds a sequence of the form zq,...,ys
of 12 elements, where each sock z precedes the corresponding shoe y; for k € {1,2,3,4,5,6}. There
are a total of 12! =1-2-3---..12 ways to permutate the members of this sequence, and in exactly
half of them (i.e., in 12!/2 permutations) a; comes before by, in exactly half of them (i.e., in 12!/22
permutations) as comes before by, and so on — so we get, a total of 12!/26 = 7484400 suitable sequences.

Criteria:

e the fact that the socks and boots are identical was not taken into account, but an idea for their
arrangement was given — 1 pre-point;
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the number of permutations of the socks (and/or boots) was calculated — 2 pre-points;

the solution is incorrect, but it was taken into account that the socks and boots do not necessarily
alternate — 3 pre-points;

an arithmetic error was made despite completely correct reasoning — 4 pre-points;

completely correct and justified solution — 5 pre-points.

Task 4. Jlan paBHocTroporHmit Tpeyroabuuk ABC; touka M — cepenmna croporsl BC, Ttouka N —
cepennna orpeska AM. Yepes Touky, cumMerpuaay N orHocuTesbHO BC, TPOBEIH TIPAMYIO, TapaJ-
ngenbuyio BC, n Ha 310l npsaMoit orMetruan Touky X Tak, uro CX > BX. Ha npomo/izKeHn#n cTOPOHDI
AC 3a Touky C' ormeruin TO4YKy Y, a Ha MPOAOzKeHuU cTOpoHbl BA 3a Touky A ormermim To4ky 7,
npudem M X = MY = MZ. Jlokaxxure, 94T0 TpeyrojbHuk XY Z — paBHOCTOPOHHUIA.

An equilateral triangle ABC' is given, while point M is the midpoint of side BC', point N is the
midpoint of segment AM. A line parallel to BC' is drawn through the point symmetric to N with respect
to BC. Point X is marked on the line such that C'’X > BX. On the extension of the side AC beyond
point C' and on the extension of the side BA beyond point A points Y and Z are marked, respectively,
such that M X = MY = MZ. Prove that triangle XY Z is equilateral.

Pemenne (RUS). Ilycts N’ — touka, cummerpuunasg N oruocurensno BC. Ilockonbky AM
— MeJuaHa PaBHOCTOPOHHEI'O TPEYroJbHHKA, OHA TaKxKe SBJISAETCA ero OMCCEKTPHCON M BLICOTOMH, T.e.
LBAM = ZCAM = ZBAC/2 = 60°/2 = 30° u AM L BC. 3uauur, N’ nexur Ha UPOJOJIZKEHUH
memuansl AM 3a touky M, npu stom MN' = MN = AM/2. T.x. npsamas N'X mapamrensaa BC, To
oHa nepnenukyaapaa AM, a swauur, MN' 1 N'X.

Onycrum meprnenaukyasapbl MK u ML u3 touku M na upameie AC u BA, cOOTBETCTBEHHO. 3a-
MeTHM, 9T0 TpeyroabHuk M AK — npaMmoyrobHbiii ¢ octpeiM yriom /MAK = ZCAM = 30°. Ilo
CBOMCTBY TPSIMOYTOJIBHOIO TPEeyrobHHUKA ¢ yrioM 30°, HAIPOTUB ITOTO YIJIA JIEXKUT CTOPOHA, paBHAs
OJIOBUHE THHOTEHY3bI, TO ectb MK = AM/2 = MN’, ananoruano jyst M L. Vtak, B IpsaMOyrosib-
ubrx Tpeyroiabaukax MN'X, MKY, M LZ pasusbl, 1o nokazanaomy, katerbl (MN' = MK = ML), a
TaKzKe, 10 YCJIOBUIO, paBHbl runoTeny3sl (M X = MY = M Z) — 3Ha4uT, 9TU 0NpsMOYTOJIbHBIE TPEYTOJIb-
HuKYM paBHbI. Torna paBHBI HX cooTBeTCcTBeHHBIE djeMeHTh: /X MN' = /YMK = ZZML. Otcroona
LXMY =/ZXMN' + /ZN'MY =/YMK + /N'MY = /N'MK = /MAK + /ZMKA = 30° + 90° =
120°. Ananoruuno, L YMZ = /ZKML =2-/ZKMA =2-60° = 120°u LZMX = ZLMN' = 120°.
Taxum obpaszom, pasubie orpesku M X, MY, M Z, umeromue obiuii KoHer, obpa3yior JApyr C Jpyrom
yraibt 1o 120° — 310 o3Hagaet, uro tpeyroabauku X MY, Y M Z Z M X paBubl (10 BYM CTOPOHAM U YIUIY
MeZKJIy HHUMH), a TIOTOMY DABHBI U MX COOTBETCTBEHHBIE JIEMEHTHI. B YaCTHOCTH, PABHBI X CTOPOHbI
XY YZ ZX, 1.e. tpeyroabuuk XY Z — paBHOCTOPOHHUI, 9TO U TPeOOBATIOCH JT0KA3aTh.

Komvmenrapuii. @akTudecKkn, TPU BbIJICJIEHHBIX HA Y€PTEXKE PABHBIX MPSIMOYTOJbHBIX TPEYTOJILHUKA
COBMEIIAIOTCs JIPYT ¢ JApyroM rnopoporamu Ha 120° Bokpyr Touku M.
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Kpurepumn oneHuBanm:
e HaiimeHnl u nocrpoensr meprneHaukyasipsl MK, ML na AC, BA — 2 nepBudHbIx 0asia;
e j0ka3ano pasencTso Tpeyroabaukos MXN' MKY M LZ — 3 nepsu4nbix OaJuia;

® II0JIHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHre — 5 MePBUUHBIX OAJLIOB.

Solution (ENG). Let N’ be the symmetric point of N with respect to BC. Since AM is the
median of an equilateral triangle, it is also its bisector and altitude, i.e. ZBAM = ZCAM = ZBAC/2 =
60°/2 = 30° and AM L BC'. Therefore, N’ lies on the extension of the median AM beyond the point
M, and MN' = MN = AM/2. Since the line N'X is parallel to BC, it is perpendicular to AM, and
therefore MN' | N'X.

Lets draw perpendiculars M K and ML from the point M to the lines AC and BA, respectively.
Note that triangle M AK is right-angled with acute angle ZMAK = ZC'AM = 30°. By the property of
a right triangle with an angle 30°, opposite this angle lies the side equal to half of the hypotenuse, that
is, MK = AM/2 = M N’, similarly for M L. Thus, in right triangles MN'X, MKY , M LZ, as proved,
the legs (MN' = MK = ML) are equal, and, by the condition, the hypotenuses (M X = MY = MZ)
are also equal — hence, these right triangles are equal. Then their corresponding elements are equal:
LXMN' = LYMK = ZZML. Hence ZXMY = /ZXMN' + ZN'MY = LYMK + ZN'MY =
IN'MK = /IMAK + ZMKA = 30° 4+ 90° = 120°. Similarly, /YMZ = /KML = 2- ZKMA =
2-60° =120° and LZMX = ZLMN’' = 120°. Thus, equal segments M X, MY, M Z, having a common
end, form angles of 120° with each other. This means that triangles XMY,YMZ, ZM X are equal (by
two sides and the angle between them), and therefore their corresponding elements are also equal. In
particular, their sides XY, Y Z, ZX are equal, i.e. triangle XY 7 is equilateral, as required to be proved.

Comment. In fact, the three equal right triangles highlighted on the picture are combined with each
other by rotations of 120° around the point M.

Criteria:
e perpendiculars MK, ML to AC, BA found and constructed — 2 pre-points;
e congruence of triangles M XN’ MKY, M LZ has been proven — 3 pre-points;

e completely correct and justified solution — 5 pre-points.
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Task 5. 3a xkpyrbiM cTooM cuadar 96 denosek. Haiiiure KomdecTBO HATYpAJIbHBIX ducea n < 48,
AJ1d KazKJ0I'0 U3 KOTOPLIX 9TU JIIOJAW MOI'yT 11epeceCTb Tak, LITO6bI ME2KAY J'HO6bIMI/I 6bIB]_HI/IMI/I coceadamMu
Tenepb CUIE/H POBHO N UeJIOBEK.

96 people are sitting at a round table. Find the number of positive integers n < 48 such that the
people can move their seats so that each former neighbours are now sitting n people apart.

Answer: 15

Permtenune (RUS). [Iponymepyem Jiofeit niestbivu qucaamu ot 0 10 95 B TOM HOpsijiKe, B KOTOPOM
OHUM CHJIAT 3a CTOJIOM, M MOIpPOOyeM TepecajiuTb WX TaK, 4TOObI ObIBIIME COCEIN CHJEN Obl 4epe3 n
qesIoBeK ApYyr oT apyra. Byaem cumrtarh, uro 0-if cuauT TaMm Ke, TJe W paHble (HHAYE MOYKHO BCEX
JIoAei TUKJIMYeCKH CABAUHYTH HA HYXKHOE YUCJIO HOBHHHﬁ), Torma 1-ii cumauT Ha MecTe (n + 1), 2-it — HA
mecte 2(n+1), u T.1., 95-it — Ha Mecte 95(n + 1), mpuaem ecim Homep Mecta Gouibime 95, To GepeTcst ero
ocratok npu jgejernn Ha 96. YToObI BCe JiI0gM MOV CECTh 3a CTOJI B HOBOM MOPsiJIKE, BCE UX HOBBIE
HOMepa (T.e. UX OCTATKH NMpH JeJeHuN Ha 96) JOJKHBI PA3INIaThCSL.

IIycts (n + 1) m 96 mmeror obmuit gemmresns d > 1. Pacemorpum wesnoseka ¢ Homepom 96/d: on
okazkercst Ha Mecte 96(n + 1)/d, aro gaer ocrarok 0 mpu jgesenun Ha 96, TOCKOJIbKY n + 1 KparHo d —
sraqut, aioau ¢ Homepamu 0 u 96/d okaxKyTCst Ha OJHOM U TOM K€ MECTe, 9TO HEBO3MOKHO.

Haob6opor, ecin uncraa (n + 1) u 96 B3ammuO TpoCTH, TO Bee umcaa Buga k(n + 1) (s k =
0,1,2,...,95) maror pasaudHble OCTATKH NpHU JejeHun Ha 96, MOITOMY HPU TAKHX 1 BCE HOBBIE Me-
cTa Oy/ayT pa3andaTbCs.

NTak, KazKa0My MOAXOMAINIEMY HaTypaJabHOMY 1 < 48 coorBeTcTBYeT N + 1 < 48, B3aUMHO IIPOCTOE
¢ 96 = 2° - 3 — 3Ha4MT, HATypaJbHble YUC/Ia, He B3aUMHO IpocThie ¢ 96, KpaTHbl 6o 2, 6o 3. Yucen
n+ 1 < 48, kpatHeix 2, poBHo 48/2 = 24, a kpaTHbIX 3 — poBHO 48/3 = 16 MWTYK, PU ITOM 48/6 = 8
quces1 Kpatubl u 2, u 3. Toro pazjmunbix HaTypaabHbix yucea n + 1 < 48, kparubix jnbo 2, jubdo
3, — pouo 24 4+ 16 — 8 = 32 mTyKu; TakuM obpa3oMm, yucesa n + 1 > 1, B3auMHO 1npocThix ¢ 96 u He
npeBocxoydimux 48, oyaer posuo 48 — 32 — 1 = 15 mTykK.

Kpurepun oneHuBaHmd:

® HEeBEpPHOe pereHne PN HAJMYNHA HAeN HyMepOBaTh JIIOJEH 3a CTOJIOM IO YacoBOil CTpeake Wan
HpPOTUB — 1 MEepPBUYHBIN DAL

e npHBe/eHa, HO He 00OCHOBaHA Hes B3anMHOI pocToThl (N + 1) n 96 — 2 mepBuYHBIX Gasna;
® pellleHre YaCTUIHO BepHO; J0Ka3ano, uto (N + 1) u 96 B3amMHO TPOCTHI — 3 MEPBUYHBIX OAJLIA;
® pellleHue IMOJTHOCTHIO BEPHO, HO OTBET HEBEpeH — 4 MepBUYHBIX OaJLIa;

® TOJTHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEPBUYHBIX OAJLIOB.

Solution (ENG). Let’s enumerate the people with integers from 0 to 95 in the order they are
seated at the table, and try to rearrange them so that their former neighbors are seated n people apart.
Let’s assume that person 0 is sitting in the same place as before (otherwise, we can cyclically shift
everyone by the required number of positions), then person 1 sits in seat (n + 1), person 2 is sitting in
seat 2(n + 1), and so on, with person 95 seating in seat 95(n + 1). If a seat number is greater than 95,
its remainder when divided by 96 is taken. For all people to be seated at the table in the new order, all
their new numbers (i.e., their remainders when divided by 96) must be different.

Let (n + 1) and 96 have a common divisor d > 1. Consider a person with the number 96/d: they
will end up in place 96(n + 1)/d, which leaves a remainder of 0 when divided by 96, since n + 1 is a
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multiple of d — this means that people with the numbers 0 and 96/d will end up in the same place,
which is impossible.

Conversely, if the numbers (n+ 1) and 96 are relatively prime, then all numbers of the form k(n+ 1)
(for k=0,1,2,...,95) will leave different remainders when divided by 96, so for such n, all new places
will be different.

Thus, each suitable positive integer n < 48 corresponds to n + 1 < 48, which is relatively prime
to 96 = 2° - 3 — thus positive integers that are not relatively prime to 96 are multiples of either 2 or
3. There are exactly 48/2 = 24 numbers n + 1 < 48 that are multiples of 2, and exactly 48/3 = 16
numbers that are multiples of 3, while 48/6 = 8 numbers are multiples of both 2 and 3. In total, there
are exactly 24 4+ 16 — 8 = 32 distinct positive integers n + 1 < 48, which are multiples of either 2 or 3;
thus, there will be exactly 48 — 32 — 1 = 15 numbers n + 1 > 1 that are relatively prime to 96 and not
exceeding 48.

Criteria:

e incorrect solution with the idea of enumerating the people clockwise or counterclockwise — 1
pre-point;

e the idea of co-primality of (N + 1) and 96 is presented, but not proven — 2 pre-points;
e partially correct solution, and it is proven that (N 4 1) and 96 are relatively prime — 3 pre-points;
e completely correct solution, but the answer is incorrect — 4 pre-points;

e completely correct and justified solution — 5 pre-points.
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8" degree

Task 1. 12 pebar BcTraam B psd, OpHIeM H3BECTHO, 9TO €CTh POBHO 2 JI€BOYKH, CIPaBa OT KOTOPBIX
CTOUT MaJIbYUK; POBHO 3 MaJib4HuKa, CIIpaBa OT KOTOPbLIX CTOUT [A€BOYKa; POBHO 2 MaJibilKa, CIIpaBa OT
KOTOPBIX CTOUT MaJbINK; POBHO 4 ME€BOYKH, CIIpaBa OT KOTOPHIX CTOUT J€BOYKA.

CKOJIBKI/IMI/I CHOCO6aMI/I MO2KHO BBICTPOUTDH I3THUX pe6HT TakK, LITO6BI BBITIOJIHAJINCH BCE OIIMCAHHBIE
ycaoBus?

12 children stand in a row. It is known that there are exactly 2 girls with a boy standing immediately
to their right; exactly 3 boys with a girl standing immediately to their right; exactly 2 boys with a boy
standing immediately to their right; and exactly 4 girls with a girl standing immediately to their right.

How many ways are there to arrange these children in order to satisfy all the conditions above?

Answer: 355! 7! = 440899200

Pemrenue (RUS). Bech psiji MoKeT GBITH Pa3bUT HA MOCJIEJIOBATETHLHOCTH CTOSIIAX MOJPST Pe-
Oa1 oxHoro nosia. I1ockosibKy ectb pOBHO 2 JIEBOUYKH, CIIpaBa OT KOTOPBIX CTOUT MAaJIbYUK, ¥ POBHO 3
MaJIBIKa, CIPpaBa OT KOTOPHIX CTOUT JE€BOYKA, UMEEeM CJIe/IYIOILYI0 MOC/Ie/10BaTeIbHOCTD:

BGBGBG

(3mech «B» — Pl U3 OHOTO MM HECKOJBKUX MAJIBIUKOB, «G» — Psijl U3 OJHOH WJIM HECKOJIBKUX JIEBO-

qek). OTMETHM, YTO POBHO MATEPO U3 BCEX PEOAT — MATBUUKH, 4 3HAYAT, OCTATbHBIE CeMb — JIEBOUKH.
B KazKJA0M PAAYy MaJIbYUKOB €CThb XOTA 6bI OJWH UX IIpeACTaBUTEJIb, a 3HAYUT, OCTAJIbHbIC 2 MaJIbYHKa

MOTYT 3aHATH JTIOOBIE MECTa B 3THX TPeX PAIaX — y HUX JJIs 3TOTO ecTh 32 = 9 c1mocoboB; KpoMe TOro,

BO3MOKHBI IT€PECTAHOBKH MAJIBIMKOB MeXKIy co0oif — Bcero 5! = 1-2-3 -4 -5 = 120 mepecTaHOBOK.

Utoro ects 32-5! = 9-120 = 1080 c11oco6oB paccTaBUTh 5 MAJLIMKOB Ha HyzKHbBIe MecTa. AHAJOTHYHO,

HailleM KOJINIeCTBO CIOCOOOB PACCTaBUTh IO CBOMM MecTaM 7 geBouek: 3% - 7! = 408240 cmoco6os.
Nrak, ects 1080 - 408240 = 440899200 criocob0B paccTaBUTh MAJBYIUKOB U JIEBOYECK.

Kpurepuu onennBanus:

® 1I0Ka3aHO, YTO U3 JIBCHAIIATH PedAT MaTepo — MaJIb4UKN — 2 MEePBUYHBIX OaJLIa;
e BepHOE U 0DOCHOBAHHOE peIlleHre ¢ OMIMOKO# B 1mojcUere MepecTaHOBOK — 4 MepBUYHBLIX OaJlia;

® IIOJTHOCTBHIO BepHOE U 0DOCHOBAHHOE pelleHre — D MePBUUHBIX OAJLIOB.

Solution (ENG). The entire row can be divided into sequences of consecutive children of the
same gender. Since there are exactly 2 girls with a boy standing to their right, and exactly 3 boys with
a girl standing to their right, we have the following sequence:

BGBGBG

(here «B» is a row of one or more boys, «G» is a row of one or more girls). Note that exactly five of
the children are boys, meaning the remaining seven are girls.

Each row of boys contains at least one representative, meaning the remaining 2 boys can occupy
any positions in these three rows — they have 32 = 9 ways to do so. Furthermore, the boys can be
permuted among themselves — a total of 5! = 1-2-3-4-5 = 120 permutations. In total, there are
325! = 9.120 = 1080 ways to arrange the 5 boys in the desired positions. Similarly, let’s find the
number of ways to arrange 7 girls in their places: 31 - 7! = 408240 ways.

So, there are 1080 - 408240 = 440899200 ways to arrange the boys and girls.

Criteria:
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e it is shown that out of twelve children, five are boys - 2 pre-points;
e a correct and justified solution with an error in calculating permutations - 4 pre-points;

e a completely correct and justified solution - 5 pre-points.

Task 2. B rypucrudeckom sarepe 11 orps10B, npudeM JI00ObIE JIBa OTPsJia COMEPZKAT PA3TUIHOE KO-
YeCTBO YUACTHUKOB, & CAMBIIl MHOTOYWCJIEHHBIN 13 OTPSI0B Ha3biBaeTcsa «/lukoOpasei». Kpome Toro, B
XOJIe TPEHUPOBOK OOHAPYKHUJIOCH, YTO, B CIydae HeOOXOIUMOCTH, JTI0O0I U3 OTPsiI0B MOXKHO pachopMu-
pPOBaTh, & €r0 YIYACTHUKOB TIePepPACIPEIETUTH IO IPYTUX OTPIIAM TaK, YTO KOJUIECTBO YIACTHUKOB BO
BCEX OCTAaBHIUXCA OTPAdaX CTaHET OJUHAKOBBIM. KaKOBO MHHHUMaJIbHOC BO3MO2KHOE€ KOJIMY€CTBO y4aCT-
HUKOB B 0Tpsjie «/IukoOpas3br»?

A camp has 11 squads, each with a different number of members, and the largest squad is called
«Porcupines». Furthermore, training revealed that any squad can be disbanded and its members
redistributed among other squads such that the remaining squads have the same number of members.
What the least number of members in the «Porcupines» squad can be?

Answer: 55

Pemenne (RUS). O6o3naunM KOJIHYIECTBA YIACTHUKOB PA3HBIX OTPANOB 3a k1 < kg < ... <
ki1, tie ki1 — 9TO KOJUYIECTBO YYACTHHKOB B <« ImkobOpazax». Mcxomda m3 ycaoBus, oblnee KoJiude-
CTBO yYacTHHKOB S jenurcsd Ha 10, Tak KakK BO3MOXKHO €ro mepepacnpejesienne Ha 10 oJIMHAKOBBIX
yacreit. Kpome Toro, npu pacopmMupoBaHurd HaUMEHbIIEH I'PYIIIbI [IOJYy4YaeTcs, YTO ki ydacTHUKA-
MH, KaK MHHHUMYM, [MOTPeOyeTcs 3allOJHUTh KOJUYECTBa, JOMOJHSIONINE TPYIIy C kg 10 kip (H.HI/I
6osee), ks 1o kiq, ..., kaxmoit u3 rpynn k; (i or 2 mo 10) mo ki;. 3BHAUMT, MMeeM COOTHOTIEHHeE:
ki > (kin — ko) + (k11 — k3) + ... + (k11 — ko), Win, S5KBUBAJIEHTHO:

ki+ky+ ...+ ko = 9k

(klo—9)+<k10—8)+...+(k’10—1)+k’102k1+k2+...+k9—|—k’1029k1129(k’10+1),

9-10
/ZLaJIee 10]{510 — (9 +84+...+ 1) 2 9(]{310 + 1) 54 ]{310 2 T +9= 54, T.e. klO 2 54.

Yoeaumcs, aTo HaOOp uucen 45,46, ...,54,55 neficTBUTESILHO MOAXOAUT. Bo-nepBrix, B Habope 11
quces. Bo-BTopbix, ecim pacopMupoBaHa HaWMeHbINas TpyIIa, TO 45 HaJ0 pacupegaeTuTh MexKIy
KosimdecrBamMu b — 46,55 — 47,...,55 — 54, To ecTb Mex Ly KoamdectBamu 9,8,...,1 — cymma 3Tux
ancen u ectb 45. Ecan pacdopmuposana rpynna ¢ sHomepom i (HO He 11-s1), To KommuectBo 44 + i
HAJI0 PACTpeeJUTh MeKIy KoamdecTBamu bb — 45, ... 55 — (43 4+ 4),55 — (45 +i),...,55 — 54, re.
10,...,12—4,10—14,...,1, T.e. Bce uucjaa ot 10 g0 1 kpome 11 —4. dra cymma pasua 55 — 11+7 = 4441,
YTO B TOYHOCTH COBIAIAET C OCBOOOIMBIIUMCS KOJTHICCTBOM.

Ecmm ke pacdopMmupoBana KpymHeiInas rpymmna, TO 0CBOOOIMIOCH 55 UeOBEK, KOTOPHIX MOXKHO
pacupeieIuTh B TPYIIBI, HAUMHAA ¢ MUHUMaJIbHON, Tak: 10,9,...,1, 9T0, 04€BUIHO, HCTOJIB3YET BCEX
U JIACT PaBHBbIE KOJUYIECTBA YIYACTHUKOB B IPYTITIaX.

Taxum obpazom, k11 = kig+ 1 = 54+ 1 = 55, u npuseieH npuMep Ha 55. 3HAYUT, H) — MEHUMAJIBLHO
BO3MOXKHOE KOJIMYECTBO YUACTHUKOB B rpyiie «/ IukoOpasbly.

Kpurepun oneHuBaHmd:
e BepHOE W 0DOCHOBAHHOE PEIIeHNE C He3HAYUTE/IHbHOM OMMOKOoit — 4 nepBUYHBIX OaJL1a;

® 1OJIHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEPBUYHBIX OAJLIOB.
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Solution (ENG). Let’s denote the numbers of participants in different squads as k1 < ko < ... <
k11, where ki1 is the number of participants in «Porcupines». Based on the condition, the total number
of participants S is divisible by 10, since it can be redistributed into 10 equal parts. Moreover, when
disbanding the smallest group, it turns out that k; participants, at a minimum, will need to fill the
quantities that complement the group from ko to ki3 (or more), k3 to ki1, ..., each of the groups k; (i
from 2 to 10) to ki;. Thus, we have the relation: ky > (k13 — ko) 4+ (k11 — k3) + ... + (k11 — ki), or,
equivalently:

ki + ko + ...+ kg = 9k

(kl(]—9)+<k10—8)+...+(k’10—1)+l€10>k1+k2+...+k9+k’1029k1129(1%’104—1),

9-10
Then 10k10—(9+8++1)>9<k10+1)<:>k1027+9:54, le. k10>54

Let’s verify that the set of numbers 45,46, ...,54,55 is indeed suitable. First, there are 11 numbers
in the set. Second, if the smallest group is disbanded, then 45 must be distributed among the quantities
55 — 46,55 —47,...,55 — b4, that is, among the quantities 9,8,...,1 — the sum of these numbers is 45.
If group number i (but not 11th) is disbanded, then the quantity 44 + ¢ must be distributed among the
quantities 55 —45,...,55 — (43 +14),55 — (45+14),...,55 — b4, that is, 10,...,12 —4,10 —4,..., 1, that
is, all numbers from 10 to 1 except 11 — 4. This sum is 55 — 11 + ¢ = 44 + ¢, which exactly coincides
with the vacated quantity.

If the largest group is disbanded, then 55 people are freed up, which can be divided into groups,
starting with the smallest, as follows: 10, 9, 1, which obviously uses everyone and results in equal
numbers of participants in the groups.

Thus, k11 = kig+1 > 54+ 1 = 55, and an example is given for 55. Therefore, 55 is the minimum
possible number of participants in the «Porcupiness group.

Criteria:
e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 3. /lan npaBu/ibHBIi TpeyroJabHUK co ctopoHoit 99. Ha kaxkaoit n3 ero cropon ormedens mo 100
TOYeK (BKJIIOYasi BEDIIUHBI TPEYTOJbHUKA), JEJSIUX 9TH CTOPOHBI Ha 99 paBHBIX vacteil. Yepes sru
TOUYKH Tapasiie]bHO CTOPOHAM TPEYroJbHUKA IPOBEJICHBI IIPSAMbIE, Pa30UBAIONIAe €ro Ha MaJeHbKHe
TPEYTrOJbHUYKN €O ¢TOpOHOI 1. B Kak10if BepiimHe MaJeHbKOIO TPEYTrOJbHUIKA, JIEZKHT MOHETKA. 3a
OJIMH XO/I pa3pelraercs BbIOpaTh JIF000H TPeyroabHUYeK CO CTOPOHON 1 U nepeBepHYTh BCE MOHETKHU B
ero peprinHax. V3HavgaJhbHO BCe MOHETKH JIeyKaJIH OPJIOM BBepX. MOYKHO JI JIOOUTHCS TOTO, 9TOOBI BCE
MOHETKH JIezKaJIi Obl peIKkoil BBepx?

A regular triangle with sides of length 99 is given. On each side 100 points are marked (including the
vertices of the triangle) dividing these sides into 99 equal parts. Lines are drawn through these points,
parallel to the sides of the initial triangle, dividing it into small triangles with sides of length 1. At each
vertex of the small triangle lies a coin. One is allowed to choose any triangle with side 1 and flip all
the coins at its vertices. Initially, all the coins are heads up. Is it possible to make all the coins tails up
after several flips?

Answer: Her, mennss / No, it is not possible.

Pemtenune (RUS). Beero morerok posro 100-101/2, n u3Ha9aaIbHO KazKas U3 HAX JEKUT OPJIOM
BBepx. [Tokpacum BepxHUE CTOPOHBI ATUX MOHETOK B TPH I[BETA TaK, YTOOBI COCEIHINE MOHETKH OBLIN ObI
Pa3HOIBETHBIMHE (T.€. Yy KayKJI0i MOHETKH TOKpallieHa Gy/JeT TOJbKO CTOPOHA, JIeyKalias OpJIOM BBEDX ).
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3aMeTuM, 4TO KOJHYECTBO MOHETOK KazKJIOr'0 I[BeTa OTJIHYaeTCs JAPYr OT JApyra He OoJjiee deMm Ha 1, a
o011ee KOJIMYECTBO MOHET He JICJIUTCI Ha 3. DTO O3HAYAET, YTO €CTh TAaKOH 1BeT A, 94TO KOJIMIECTBO
MOHETOK 9TOI'0 IB€Ta HEYeTHO, U eCTb TaKON nBeT B, 9TO0 KOJHYECTBO MOHETOK I9TOr0 IBeTa 4YeTHO.
Kaxknast oneparins MeHgeT 9eTHOCTh KOJMYIECTBA MOHETOK KayKJ/I0TO IBeTa, MT03TOMY, YTOOKI IepeBep-
HYTb BCe MOHETKH IiBeTa A, HaM moTpebyeTcs HeYeTHOe KOJHMIECTBO OIepalnii, a ITOObI IepeBepHYTh
BCe MOHETKH IBeTa B — YeTHOe KOJHMYECTBO Ollepaluii. 3HAYUT, HEBO3ZMOXKHO II€PEBEPHYTH MOHETKH
BeToB A u B, u TeM 60/iee HEBO3MOXKHO TTEPEBEPHYTH BCE MOHETKH BOOOIIIE.

Kpurtepuu onennBaHusa:

e NIpHBE/EHA M/IesT PACKPACKH BEPIMHH B TPH I[BETA U /WM UCIOIH30BAHHS Y€THOCTH — 2 MEPBUYHBIX
baJL1a;

e BepHOE M 0DOOCHOBAHHOE pellleHne ¢ He3HATUTEIbHOM OIMMuOKOM — 4 MepBUYHBIX OaJLIa;

® II0JTHOCTBHIO BEpHOE U ODOOCHOBAHHOE pEIlIeHUEe — D IMePBUYHBIX OAJIIOB.

Solution (ENG). There are exactly 100-101/2 coins in total, and initially each one is heads up.
Let’s paint the top sides of these coins three colors so that adjacent coins are different colors (i.e., only
the side of each coin that is heads up is painted). Note that the number of coins of each color differs
from each other by no more than 1, and the total number of coins is not divisible by 3. This means that
there is a color A such that the number of coins of this color is odd, and there is a color B such that
the number of coins of this color is even. Each operation changes the parity of the number of coins of
each color, so to flip all the coins of color A, we will need an odd number of operations, and to flip all
the coins of color B, an even number of operations. This means that it is impossible to flip the coins of
colors A and B, and even more impossible to flip all the coins at all.

Criteria:
e the idea of coloring vertices in three colors and/or using parity is given — 2 pre-points;
e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 4. Ha croponax Bbiiiykjioro derbipéxyroynbinka ABC'D Kak Ha IMIIOTEHY3aX MOCTPOUJIN PSIMO-
yroabubie Tpeyroabanku APB, BQC,CRD u DS A. Oxka3zanoce, auto PR 1 Q)S, a Takxke

PR = QS = %(AB + BC 4+ CD + DA). Onpeaenure Bce derbipéxyronbanku ABCD, njsi KOTOPBIX
TaKoOe BO3MOXKHO.

On the sides of a convex quadrilateral ABCD as hypotenuses, right triangles APB, BQC,CRD and
DSA were constructed. It turned out that PR L QS and PR = QS = 3(AB + BC + CD + DA).
Determine all quadrilaterals ABC'D for which this is possible.

Answer: Bce npamoyrosbaukn / all rectangles.

Pemrenue (RUS). [Iycrs Touku K, L, M, N — cepenunnl ctopor AB, BC,C'D, DA BBIIYKJIOrO Ye-
TeIpéxyroabanka ABC D, cOOTBETCTBEHHO. 3aMeTHM, 9TO B JTIOOOM UeTHIPEXYTOJIbHUAKE IJINHA CpeaHeil
JIMHUU, TO €CTbhb O0TPE3Ka, COCAUHAIOIICIO CepeJUuHbl ABYX IIPDOTHUBOIIOJ/JIO2KHBIX CTOPOH, HE HPEBOCXOIUT
MOJIYCYMMBbI JIJIMH JIBYX JIDYT'MX CTOPOH, IPUYE€M PABEHCTBO JIOCTUTAETCH B TOM W TOJbKO B TOM CJIy-
4yae, Korjaa 3TH JIBe JIPYTue CTOPOHBI mapaJiebHbl. JleficTBUTeIbHO, OTMETHM cepepuHy X JTuaroHan
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AC. Torma B Tpeyroapuukax ABC' u ADC orpesku KX n XM, cOOTBETCTBEHHO, — CPEIHNE JIMHUM,
re. KX = BC/2, XM = AD/2, a takxxe KX || BC u XM || AD. 1o 06061méunoMy HepaBEeHCTBY
rpeyroabanka umeeM KM < KX + XM = (BC + AD)/2, npuuéMm paBeHCTBO TOCTHIAETCS B TOM H
TOJHLKO B TOM CJydae, Korjga Touka X Jexut Ha orpeske K M. Tak kak KX || BC uw XM || AD, sto
BBIIIOJIHEHO TOTJIA U TOJIBKO Torja, korga BC || AD, aro u Tpe6oBaiocs.

Bepnémces k ucxomnoit 3amaqe. [lo reopeme o Memane npsiMoyroibHOTO Tpeyroabinka, PK = AB/2
u RM = CD/2. Ucnomb3ys HepaBeHCTBO JIOMAHOH U JToKa3aHHBINH panee dakt, monyanm PR < PK +
KM+MR = AB/2+KM+CD/2 < (AB+CD)/2+(BC+AD)/2 = (AB+BC+CD+DA)/2, upuuém
PaBEHCTBO JIOCTUTAETCS B TOM W TOJBKO B TOM CJIydae, KOT/a, BO-epBbix, Toukn P, K, M, R nexxar Ha
OJIHOI MpPSIMON MMEHHO B TAKOM HOpsijiKe (4TOOBI B PABEHCTBO MPEBPATHIIOCH MEPBOE HEPABEHCTBO),
u, Bo-BTopbiX, BC' || AD (4T06Bl B PaBEHCTBO MPEBPATHIOCH BTOPOE HEPABEHCTBO). TakuMm o6pasoMm,
yCJIOBHE, UTO OTpe30K PR paBeH moaynepuMeTpy deTblpéxyroabuuka ABC D, paBHOCHILHO TOMY, UTO
B 9TOM 4YeThipéxyrosbauke ctoponbl BC' n AD mapasurenbhbl (TO ecTh OH — Jinbo Tpamenus, Jaubo
napasiesiorpamMm), a To9ku P u R OJHO3HAYHO ONPENessIioTCsa MPOMoJIKeHneM cpeaneit juanu K M
Ha juuHy AB/2 3a touky K w ma muuny C'D/2 3a 104Ky M COOTBETCTBEHHO, YTO, B YACTHOCTH,
O3HaYaeT TaKzKe HapasieTbHOCTh orpe3ka P() croponam BC u AD. Te e paccyKIeHHs IIPO OTPE30K
()S mpHBOIAT K TOMY, 9TO ¢TOpoHBl AB 1 C'D mapaJurelbHbI, 0 OTPe30K (J.S mapaJiieseH M.

Taxum obpazom, gersipéxyroabauk ABC D pomken ObTh napasuiesorpammom. Hakonerr, Tor daxr,
910 oTpe3ku P(Q) u RS mepneHIuKy/JgpHBI, 03HAYAET TEMEPb, YTO HMEPHeHTHKYISPHB CTOPOHbB AB u
BC', to ectb werwipéxyronpank ABCD spisercs npsMoyrobHUKOM. (OCTaJOCh 3aMETHTh, 9TO JIJIA
NPSMOYTOJIBHAKA ¥ OMMCAHHBIX BbIIE MOJI0KeHuil Touek P, (), R, S (0HH OKayKyTcsl BepHIMHAMH IIO-
CTPOEHHBIX HA CTOPOHAX HMPAMOYTOJBHUKA KaK HA THIOTEHY3aX BO BHEIIHIOI CTOPOHY paBHOOEIPEHHBIX
IPSIMOYTOJIBHBIX TPEYTOJBHUKOB) TpebyeMoe yCJioBue, 09eBH/IHO, BBIIOJIHEHO.

........ T

Z".--
#
U
#

Kpurepun oneHunBanm:

e J0Ka3aHa IMonapHas MapasaielbHOCTh ITPOTUBOMOIOKHBIX CTOPOH YeThIPEXYTOJIbHIUKA — 3 MePBUU-
HBIX DaJLIa;

e BepHOe M 00OCHOBAHHOE pellleHne ¢ He3HATUTEIbHOM OIMMUOKON — 4 MepBUYHBIX OaJLIa;

® I1IOJTHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEPBUYHBIX OAJLIOB.

Solution (ENG). Let points K, L, M, N be the midpoints of sides AB, BC,CD, DA of a convex
quadrilateral ABC D, respectively. Note that in any quadrilateral the length of the midline, that is, the
segment connecting the midpoints of two opposite sides, does not exceed half the sum of the lengths of
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the other two sides, and equality is attained if and only if these other two sides are parallel. Indeed, let
us mark the midpoint X of diagonal AC. Then in triangles ABC' and ADC segments KX and XM,
respectively, are midlines, i.e. KX = BC/2, XM = AD/2, as wellas KX || BC and XM || AD. By the
generalized triangle inequality, we have KM < KX + XM = (BC + AD)/2, and equality is achieved
if and only if the point X lies on the segment K M. Since KX || BC and XM || AD, this is true if and
only if BC' || AD, as required.

Lets return to the original problem. By the right triangle median theorem, PK = AB/2 and
RM = CD/2. Using the polygonal line inequality and the previously proven fact, we obtain PR <
PK+KM+MR=AB/2+KM+CD/2 < (AB+CD)/2+(BC+AD)/2 = (AB+BC+CD+DA)/2,
and equality is achieved if and only if, firstly, the points P, K, M, R lie on the same line in exactly this
order (so that the first inequality turns into equality), and, secondly, BC' || AD (so that the second
inequality turns into equality). Thus, the condition that the segment PR is equal to the semiperimeter
of the quadrilateral ABC'D is equivalent to the fact that in this quadrilateral, sides BC' and AD are
parallel (that is, it is either a trapezoid or a parallelogram), and points P and R are uniquely determined
by the extension of the midline K'M by the length AB/2 beyond the point K and by the length C'D/2
beyond the point M, respectively. This, in particular, also means that the segment P(Q) is parallel to
sides BC and AD. The same reasoning for the segment QS leads to the conclusion that sides AB and
C'D are parallel, and the segment QS is parallel to them.

Thus, quadrilateral ABC'D must be a parallelogram. Finally, the fact that segments PQ and RS are
perpendicular now means that sides AB and BC' are perpendicular, that is, quadrilateral ABCD is a
rectangle. It remains to note that for a rectangle and the above-described positions of points P, @, R, S
(they will turn out to be the vertices of isosceles right triangles constructed on the sides of the rectangle
as on the hypotenuses outwards), the required condition is obviously satisfied.

Criteria:
e pairwise parallelism of opposite sides of a quadrilateral is proven - 3 pre-points;
e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 5. Cpenu Bcex n > 3 y4eHHKOB 8-10 Kj1acca ObLI MPOBE/IEH MAXMATHBIN TYPHUD, TPUIEM KaZK b
ofieprKas mobely KaK MUHUMYM B OJIHON TapTuw, u JIOObe TBOE YIACTHUKOB TYPHUPA CHITPAH JIPYT C
Jpyrom He 6oJjiee OJTHOrO pasa.

Haiinure Bce BO3MOXKHBIE 3HAUCHUS N, €CJU H3BECTHO, UTO JIs J1I000# mapsl yaenukos A, B, B Ko-
Topoit A ue BeiurpaJs y B, naiigerca takoit yuenuk C', uro A soiurpasn y C, a C Boiurpan y B.

A chess tournament was held among all n > 3 students of a class. Each student won at least one
game, and no two participants played each other more than once.

Find all possible values of n such that for any pair of students A, B such that A did not win against
B, there is a student C' such that A won against C' and C' won against B.

Answer: n > 5

Permrenune (RUS). [Tocrponm opuenTupoBanusiii rpad, BepIIMHB KOTOPOrO — YIeHUKH KJIACCa, a
HaIpaBJIeHHbIe peOpa 0603HaYAIOT MOOE/ I B MAPTUIX MKy HUMU. TOr/a ycJI0BHE 33/1a4i PABHOCHIHLHO
CYIIECTBOBAHUIO TAKOTO OPUEHTWPOBAHHOTO rpada Ha n > 3 BepmuHAX 0e3 KPATHBIX pebep, 9TO MyTh
U3 J000# BEPIIMHBI 0 JIOOOH APYroil MpOXoJAUT He Gojiee WeM 1O JBYM pebpam (Takoil myTh OyaeM
Ha3bIBATH «HYKHbIMY ). OueBuano, ecim B rpade 1POBEJIEHb HE BCe BO3MOXKHbBIE Pebpa, TO BCerja
MOZKHO TMPOBECTH <«HEIOCTAIONINEY, BLIOPAB X HallpaB/EHUS ITPOU3BOJILHBIM 00pa3oM, U TpeDOBAHUS
YCJIOBUS 33J1a9H HE OYYT HAPYIICHBI.
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Cuauaja ydoemauMcs B TOM, 9TO I N = 4 HCKOMOT'O rpada He CyIIeCTBYeT; IIYCTh BEPHINHBI Ipaha
- A,B,C,D. Ectb aBa ciaydas:

e 13 J1I000# BEPIIMHBI MOYKHO JIONTH B JIIOOYIO APYTYIO, HPOiIs 10 OJTHOMY peOpy: 9TO HEBO3MOXKHO,
T.K. ecTb 4 - 3 = 12 ynopg/104eHHbIX Tap BEPIINH, B TO BpeMsl KaK pebep — He Goee 6;

e 113 1000l BEPIIMHBI MOXKHO JOWTHU B JIFOOYIO APYTYIO, PO 0 OJHOMY HJIH JBYM pedpaM: myCTh
ecTb pebpa A — B u B — C. Torma BoO3MOXKHBI [IBa, CJIyYas:

— cymiectByeT peobpo A — C': Toraa, 4Tobbl CyIIecTBOBA HyKHbIH yTh u3 C' B A, He0OXO MBI
pebpa C' — D u D — A; 9100bI cyIecTBoBaI HYKHBIH yTh u3 B B A, HeoOXomumo pebpo
B — D, no Torna met myx)uoro nyctu u3z C' B B;

— cymectByeT pebpo C' — A: Torja, 9To0bl CYIEcTBOBAI HYKHBIA TyTh u3 D B A, HE0OX011MO
uposectu Jubo D — C, mubo D — A, 6o A — D. B nepBom cirydae HEOOXOAUMO IPOBECTH
B — D, u torma, arobsr cymecrsoBas nytb u3 D B B, meobxomumo D — A, HO TOrIa He
cymecTByeT HykHOrO myTtn u3 C' B D; BTOpOi ciaydail CBOAUTCS K TEPBOMY, & B TPETHEM
caydae, pacCMaTPUBAEMOM aHAJOTUIHO, HEe HAXOAUTCH HYXKHOTO IyTu o u3z B B D, 1ubo
Ha0bOPOT.

JlokazkeM 10 WHIYKIIUH, 9TO g 1 > b uckombiil rpad cymectsyer. Baza uwnaykmuu (n = 5): oM.
PHUCYHOK HUKE.

WunyknunorHasa rumoTesa: MycTh CyIiecTByeT HCKOMBIH rpad ' Ha n > 5 BepminHax.
[MTar wHAYKIMA: TOKAazKeM, KaK HOCTPOUTH TpeOyemblil rpad Ha (n + 1) Bepinune — 100aBUM K UMEIO-
memycsa rpacdy I' HoByio Bepruny X. Paccmorpum jgBa ciydas:

® ecJid M YeTHO, TO pa3obbeM Bee Bepiuubl rpada ' Ha ymopsaouennsie aper (A;, B;) ¢ pebpom
A; — B; (i=1,2,...,n/2). Torna nposenem HOBbIe pebpa Tak: B; — X u X — A; (obpasosas
JUISL BCEX 4 TUKJIBL JUTAHBL 3). BeiGepem JiBe Mpou3BOIbHBIE BEPIIMHBI MOy IeHHOrO rpada — ecim
HM OJHA W3 HHUX HE COBHaJaeT ¢ X, TO BOCHOIL3YeMCs WHIYKIUOHHOH T'UIIOTE30il; eCIM TOJIBKO
onHa n3 Hux (HazoBem ee C') He coBnajaeT ¢ X, TO OHA BXOAUT B OJHY U3 onucaHubix nap (A;, B;),
KOTOpBIe BMecTe ¢ X 00pa3yloT NUKJI JUIMHBL 3, T.€. U3 JI00OH U3 HUX CyIIECTBYeT HY2KHBIA IyThb
B JIIOOYIO JIPYTIYIO;

® ec/M N HEYETHO, TO BBhIOEpeM Tpom3Bo/IbHYIO BepmuHy A rpacda [' — ona coemmuena pebpamu
CO BCEMH OCTAJIbHBIMH €0 BepIIMHAMMU, TIPHYeM JHOO BXOJLANIUX B Hee, JUOO BBIXOASIHX (1160
Tex u apyrux) pebep He menee 2. Ecau cymectByoor jnBa Beixogsmux u3 A pebpa (B B u (),
TO pa3odbeM OcTajibHbie BepiiuHbl || HA Mapbl, KAK OMUCAHO B HpeAbLAyIneM ciydae. s nHoBoit
BepIUHBL X , TOMUMO MHUKJIOB JIJIMHBI 3 C HAPAMU, KAK ONUCAHO B MPEbIIYIIEM CJIydae, POBeIeM
pebpa X — A, B — X, C'— X. Jlerko ybeauTbcst B TOM, 9TO MOJIYUEHHBIH rpad ya0BIeTBOPSIET
TpebOBAHUAM 334K, a CJIydail ¢ IByMs BXoadamumu B A pedpamu paccMaTpuBaeTCst aHAJTOTUIHO.
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c

Nuanyknus 3aBepliieHa, 1 BMecTe ¢ Hell — pellleHne 3a/1a9u.

Kpurepun oneHuBanm:

® JI0OKA3aHO, 9TO N # 4, HPUBEJICH PUMep I N = 5 — 2 MePBUUHBIX OaJLIa;
e BepHOE U 0DOCHOBAHHOE PEIIEHUE C HE3HAYUTE/IbHOM OMMOKO# — 4 nepBUYHbIX OaJLIa;

® II0JTHOCTBHIO BEPHOE U ODOCHOBAHHOE pElIeHUEe — D IMePBUYHBIX OAJLIOB.

Solution (ENG). Lets construct a directed graph whose vertices are the students of the class,
and whose directed edges denote victories in games between them. Then the task statement is equivalent
to the existence of a directed graph on n > 3 vertices without multiple edges such that the path from
any vertex to any other passes along no more than two edges (we will call such a path «requireds).
Obviously, if not all possible edges are drawn in the graph, then the missing ones can always be drawn
by choosing their directions arbitrarily, and the requirements of the task statement will not be violated.

First, let’s verify that for n = 4 the desired graph does not exist; let the graph vertices be A, B, C, D.
There are two cases:

e it is possible to reach any other vertex from any vertex by passing along one edge: it is impossible,
since there are 4 - 3 = 12 ordered pairs of vertices, while there are at most 6 edges;

e it is possible to reach any other vertex by traversing one or two edges: suppose there are edges
A — B and B — C. Then two cases are possible:

— there is an edge A — C": then, for the required path from C to A to exist, the edges C' — D
and D — A are required; for the required path from B to A to exist, the edge B — D is
required, but then there is no required path from C to B;

— there is an edge C' — A: then, for the required path from D to A to exist, it is necessary to
draw either D — C, or D — A, or A — D. In the first case, B — D must be drawn, and
then, for a path from D to B to exist, D — A must exist, but then the required path from
C to D does not exist; the second case reduces to the first, and in the third case, considered
similarly, there is no required path either from B to D, or vice versa.

We prove by induction that for n > 5 the desired graph exists. Induction basis (n = 5): see the
picture below.
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Induction hypothesis: let the required graph I' on n > 5 vertices exist.
Induction step: we will show how to construct the required graph on (n 4 1) vertices by adding a new
vertex X to the existing graph I'. Consider two cases:

e if n is even, then we partition all vertices of the graph I' into ordered pairs (A;, B;) with an edge
A, — B; (t=1,2,...,n/2). Then we draw new edges as follows: B; - X and X — A; (forming
cycles of length 3 for all ). We choose two arbitrary vertices of the resulting graph. If neither of
them coincides with X, then we use the induction hypothesis. If only one of them (let’s call it C')
does not coincide with X, then it is included in one of the described pairs (A;, B;), which together
with X form a cycle of length 3, i.e., there is a required path from any of them to any other;

e if n is odd, then we choose an arbitrary vertex A of the graph I — it is connected by edges to all
its other vertices, and there are at least 2 incoming or outgoing edges (or both). If there are two
outgoing edges from A (to B and C'), then we divide the remaining vertices of I' into pairs, as
described in the previous case. For the new vertex X, in addition to cycles of length 3 with the
pairs described in the previous case, we draw the edges X — A, B — X, C — X. It’s easy to
verify that the resulting graph satisfies the requirements of the problem, and the case with two
edges entering A is treated similarly.

The induction is complete, and so is the task’s solution.

Criteria:
e it is proven that n # 4, an example is given for n = 5 — 2 pre-points;
e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.
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9'" degree

Task 1. [Tycts S(m) — cymma Beex mudp JeCATUTHON 3AMUCH HATYPATHHOTO dncaa m. CyImecTByer i
HarypaJjibioe n, s koroporo S(n?0) = S(n) + 20267

Let S(m) be the sum of all digits of the decimal notation of a positive integer m. Is there any positive
integer n such that S(n?"?%) = S(n) + 20267

Answer: Her, we cymecrsyer / No, there is not.

Pemrenue (RUS). Ormernm, 9To J1i060e HATYPATIBHOE 1 IAET TOT YKe OCTATOK TIPH JIEJICHUN Ha 3,
q910 1 cymma udp ero gecsaruanoil 3anucu. [lycrs k — ocrarok npu mesennu n Ha 3, torgan = S(n) = k
(mod 3), u n?2¢ = §(n?926) = k2% (mod 3), npuuem u3 ypasuenust ciaeayer k202 = k+2026 (mod 3),
4TO HEBO3MOXKHO (yGexmaemca B 3ToM nepeGopom k = 0,1,2, rae 22926 = (—1)2926 = 1 (mod 3)) —
3HAYHT, YPABHEHUE HE MMeeT KOPHEH.

Kpurepumn oneHuBaHmd:
e IpHUBE/EHA UJes UCIOJb30BATh OCTATOK OT JefeHus Ha 3 u/umm 9 — 1 nepBudHbLii GaLr;
e BepHOE W 0DOCHOBAHHOE PEIIEHNE C He3HAYUTE/IHbHOM OMMOKOit — 4 nepBUYHBIX OaJL1a;

® IOJTHOCTBHIO BepHOE U 0DOCHOBAHHOE pelleHrne — 5 MePBUUHBIX OAJLIOB.

Solution (ENG). Note that any positive integer n has the same remainder when divided by
3 as the sum of the digits of its decimal notation. Let k be the remainder when dividing n by
3, then n = S(n) = k (mod 3), and n** = S(n**) = k%% (mod 3), and from the equation it
follows that k?°2® = k + 2026 (mod 3), which is impossible (we verify this by trying & = 0, 1,2 while
22026 = (—1)2"26 = 1 (mod 3)) — by that, the equation has no roots.

Criteria:
e the idea of using the remainder when divided by 3 and/or 9 is given — 1 pre-point;
e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 2. Ausa u Bops urpaior B urpy: Bopsi HazbiBaeT HaTypaibHOe 9UCTI0 N > 2, a AHS KPACHT KaXK/10€
1eJI0€ 9uCaI0 OT 1 10 n B OWH U3 TPEX IBETOB. AHS BBIUTPAET, €CJIU CMOXKET MOKPACUTH YUCIA TaK, 9TO
Pa3HOCTH JIIOOBIX JBYX OJHOIBETHBIX UWCE/I HE PaBHA TOYHOMY KBajpary. CMoxker i AHS BBIUTPATH,
ecu Bops HazoBer

a) n = 16;

6) n =297

Ann and Boris are playing a game: Boris names a positive integer n > 2, then Ann colors each
integer from 1 to n one of three colors. Ann wins if she can color the numbers in such way that the
difference between any two numbers of the same color is not a perfect square. Can Ann win if Boris
names:

a) n = 16;
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b) n = 297
Answer: a) na; 6) et / a) yes; b) no.

Pemtenune (RUS). a) Aug Beiurpaer, ecam packpacur guciaa tak (depe3s A, B, C' 06o3Ha4YeHbI
BeTA):

1121314 5|6 |7]8|9]10]11 12|13 |14 |15 |16
A/'B/AIB|C|A/B|/A/IB|C|A|B|C|A|B|C

6) dokaxkem, uro AHst mpourpaer. 3amerum, uro B Habopax (1,10,26) u (1,17,26) copmagator asa
JUCIa U3 TpeX, a Jbas pa3sHOCTh ABYX YHCE SBJIAETCS TOYHBIM KBAaJIPATOM, TIOCKOJIBKY COBIAIAET C
qucIoM U3 nudaroponoit Tpoitku 9, 16, 25. 3naunt, uncaa 10 u 17 oMHONBETHHI — IIYCTh OHA HMEIOT I[BET
A. Anajorn4no jpokaspiBaeTcs, 4To uncaa 11 m 18 oxmonserns; nockoabky 11 = 10 + 12, oba uncia
11 m 18 umeror apyroii npet — HazoBeM ero B. lajee, Mo aHajorudubiM coodpakenusdam, yucaa 12 u 19
OJIHOIIBETHBI, HO TOCKOMBKY 12 = 11 + 12 w 19 = 10 + 32, ux nser omimyaercsa or A m B — Ha30BeM ero
C.

HaxkoHeI, paccMOTPHM TaKzKe OJHOIBeTHYI0 napy uuces 13 u 20. 3ameTum, uro 13 = 12+ 12, nosro-
My OHM He MOrYT ObIThb nokpamiennl B nser C; 17 = 13 + 22, 1109TOMy OHE He MOIYT ObITh IIOKDPAIICHL
B et A; 20 = 11 + 3%, nosToMy OHEH He MOTYT OBITHL HOKpaIIeHbl B 1BeT B. TakuM 06pa3oM, HCKOMOiL
PaACKpacKu He CYIIEeCTBYET.

Kpurepun oneHunBaHud:
e IpHUBEJEH BePHBIH mpuMep JJis m.a): +1 nepBudHbIil Gas;
® JIOKA3aTeJIbCTBO B 11.0) COJEP:KUT HE3HAYUTEbHBIE HEJOUeThl: +3 MepBAYHBIX Gaslia;

® IIPHUBEJEHO BEPHOE JIOKA3ATEIBCTBO B 11.0): +4 MEePBUYHBIX Haslia.

Solution (ENG). a) Ann wins if she colors the numbers as follows (colors are denoted by A, B, C):

112134567 8[9]1011(12|13|14 15|16
AIB|/AIB|[C/IA/\IB/A|B|C|A|B|C|A|B|C

b) Let’s prove that Ann loses. Note that in the sets (1,10, 26) and (1,17, 26) two out of three numbers are
common, and any difference between two numbers is a perfect square, since it coincides with a number
in the Pythagorean triple 9, 16, 25. Therefore, the numbers 10 and 17 are monochromatic — let’s call
their color A. Similarly, we prove that the numbers 11 and 18 are monochromatic; since 11 = 10 + 12,
both 11 and 18 have another color — let’s call it B. Further, by similar arguments, the numbers 12 and
19 are monochromatic, but since 12 = 11 + 12 and 19 = 10 + 32, their color differs from A and B — let’s
call it C.

Finally, consider the monochromatic pair of numbers 13 and 20. Note that 13 = 12 + 12, so they
cannot be colored C; 17 = 13+ 22, so they cannot be colored A; 20 = 11+ 32, so they cannot be colored
B. Thus, the desired coloring does not exist.

Criteria:
e the correct example is given for p.a): +1 pre-point;

e the proof in p.b) contains minor flaws: +3 pre-points;

e the correct proof is given in p.b): +4 pre-points.
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Task 3. Ha karerax AC u BC npamoyroasnoro Tpeyroabanka ABC ormernan takue Toudkn K u L,
yro AK = CL = r, tje r — pajuyc BUUCAHHON OKpyzkHOCTH Tpeyroibauka ABC. Oka3ajoch, 4T0
cepenuna orpe3ka K L nexwur na buccexrpuce yria LZABC. Haiinure yrusr Tpeyrosnbanka ABC.

On the cathetes AC and BC' of a right triangle ABC, points K and L were marked such that
AK = CL = r, where r is the radius of the inscribed circle of triangle ABC'. It turned out that the
midpoint of the segment K L lies on the bisector of the angle ZABC' Find all angles of the triangle ABC.

Answer: 45°, 45°, 90°

Pemrenune (RUS). Ilycrs I — mentp BnucaHHON OKpyzKHOCTH Tpeyroabhuka ABC, M — cepe-
nunaa orpe3ka K L. Kak m3BeCTHO, B MPSAMOYTOJIBHOM TPEYTOJbHUKE BEPIHHA TPSIMOrO yrJa, IeHTP
BIIMCAHHOI OKPYZKHOCTH M TOYKM KaCaHWsl BIUCAHHON OKPYZKHOCTH ¢ KATeTaMu 00pa3yioT KBaapar (9To
caeIyeT U3 MepHeHIUKYISPHOCTH PAINyCcOB K KacaTeTbHBIM B TOYKAX KACAHWS W PABEHCTBA OTPE3KOB
KaCaTeJbHbIX, IIPOBEIEHHBIX U3 OJHON TOYKM). 3HAYUT, L — 9T0 TOYKA KaCaHHs BIUCAHHONW OKDYZKHO-
ctu Tpeyroabanka ABC' ¢ ero karetom AB. 3amernm, uto AK | BC u IL 1 BC, orkyma ciemny-
er, utro AK || IL. Takum obpasom, B derhipéxyroabinke AK LI mpoTHBONOIOKHBIE CTOPOHBI DABHbI
(AK = IL = r) u napajiejbHbl — CJIe0BATEIBHO, 9T napaJsienorpaMM. OTCIoIa MoJydaeM PaBeHCTBO
HaKpecT Jexamux yriaos ZLMI = ZMIA. Ho ZMIA = ZIAB + ZIBA = (LCAB + ZCBA)/2 =
(180° — LACB)/2 = (180° — 90°)/2 = 45°. Bamerum Takke, aro CI — Guccekrpuca yria C, T.e.
ZICL = (LACB)/2 = (90°)/2 = 45°. Orciona LLMI = ZMIA = 45° = ZICL, a 30a4utr, TOYKH
I, M,C, L nexar Ha oauoit OKpyzKHOCTH. B 9acrHOoCTH, 3T0 03Ha"aeT, uro LCML = ZCIL. 3amernm,
9TO B HpAMOYyrojibHOM Tpeyroabauke C'K L orpe3ok C'M — menuaHa, IpoBeIéHHAS K THIIOTeHY3€e. 3Ha-
gut, CM = ML = KM, t.e. rpeyroisuuk C' K M — papuobeapennsiit, /CKM = ZKCM. Ho u3 napaJ-
nenproctn Al m KL nvmeem ZCKM = ZCAI = (LCAB)/2. 3uaunr, ZCML = ZCKM + ZKCM =
2/CKM = ZCAB. Tlockoabky ZCIL = 45° (Kak yroj MexK/Jy CTOPOHOIl W JHATOHAIBIO KBAJPaTa),
nosyaaem LCAB = ZCML = ZCIL = 45°. Takum 06pa3om, npsmMoyroyibabiil Tpeyroabank ABC —
paBHOOEIpEHHDBIH, U ero yIJibl paBHbl 45°,45° 90°. OOpaTHBIME PACCYK/ICHUSIMU JIETKO IOHATH, YTO B
TaKOM TPEYTOJIbHUKE YCJIOBUE 33/Ia9H BBITOTHEHO.

Kpurepumn oneHuBaHmd:

e jokazano, uro AI LK — napaJjienorpamm, u0o Apyroe 3HAYUTEILHOE MPOBUKEHNE — 2 MePBUY-
HBIX DaJLIa;

® BepHOE U 0DOCHOBAHHOE PEIIEHNE C He3HAYUTE/IbHBIM HEI09eTOM — 4 nepBUYHBIX OasLIa;

® I1OJIHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEPBUYHBIX OAJLIOB.
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Solution (ENG). Let I be the center of the inscribed circle of triangle ABC, M be the midpoint
of segment K L. As is known, in a right triangle the vertex of the right angle, the center of the inscribed
circle, and the points of tangency of the inscribed circle with its legs form a square (this follows from the
perpendicularity of the radii to the tangents at the points of tangency and the equality of the segments
of tangents drawn from a single point). Hence, L is the point of tangency of the inscribed circle of
triangle ABC' with its leg AB. Note that AK | BC and IL L BC, whence it follows that AK || IL.
Thus, in quadrilateral AK LI opposite sides are equal (AK = IL = r) and parallel — consequently,
it is a parallelogram. From this we obtain the equality of alternate angles Z/LMI = ZMIA. But
LMIA = ZIAB + ZIBA = (LCAB + ZCBA)/2 = (180° — LZACB)/2 = (180° — 90°)/2 = 45°.
Note also that C1 is the bisector of angle C, i.e. ZICL = (LACB)/2 = (90°)/2 = 45°. Hence
ZLMI = /MIA = 45° = /ZICL, which means that points I, M,C, L lie on the same circle. In
particular, this means that Z/CML = ZCIL. Note that in a right triangle C KL the segment C'M
is the median drawn to the hypotenuse. Hence, CM = ML = KM, i.e. triangle CKM is isosceles,
LCKM = ZKCM. But since Al and KL are parallel, we have ZCKM = ZCAlI = (£LCAB)/2. By
that, ZCML = ZCKM + ZKCM =2/ZCKM = ZCAB. Since ZCIL = 45° (as the angle between a
side and a diagonal of a square), we get ZCAB = ZCML = ZCIL = 45°. Thus, right triangle ABC
is isosceles, and its angles are equal to 45°,45° 90°. By inverse reasoning, it is easy to see that the
condition of the task is satisfied in such a triangle.

Criteria:
e AILK is proven to be a parallelogram, or another significant advancement — 2 pre-points;
e a correct and justified solution with a minor flaw — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 4. He cunrasa BHenrHell TBEPAON 00J0KKHU, BCe CTPAHUIBI KHUTH 3aHYMEPOBAHBI TaK: HA MEPBOM
JINCTE HalledaTaHbl CTPAHUIB 1 U 2, Ha BTOpOM — cTpaHunsl 3 u 4, u T.1. VI3 310ii KHUTH BHITIAT KY-
COK, B KOTOPOM COJIEPZKHTCS POBHO IIO/IOBUHA JIMCTOB KHUT'U, UJIYIIAX MOAPsA. Kojd mocuauTas cyMmy
octaBiuxcs crpanui] u noay4dusa 2025. Haitiure HoMep nepBoil cTpaHUITbl BHITIABIIETO KyCKa.

Except for the outer hard cover, all the pages of the book are enumerated as follows: the first sheet
contains pages 1 and 2, the second sheet contains pages 3 and 4, and so on. A piece of the book has
fallen out, containing exactly half of the book’s consecutive pages. Nicholas calculated the sum of the
pages in the remaining piece and got 2025. Find the number of the first page of the piece that has fallen
out.

Answer: 45

Pemrenue (RUS). O603HaYMM KOJIMIECTBO JTUCTOB KHUIH 32 N U3 YCJIOBHUs CIEJYeT, 4TO N JéT-

Ho. OTMeTHM, YTO pa3 HyMepalus HAUMHAETCS HAYMHAETCd ¢ JIUCTa CO CTPAHUIAMu 1 U 2, To u gajee

Ha KazKJOM JIHCTe CHadasa uIeT HedéTHas (IO HOMEpY) CTPaHHI@A, a Jajee He 3TOM JIHCTe — 46THAsd

crpannna. O003HAYNM HOMED ITEPBOI W3 BBHIMABIINX CTPAHUIL 38 k + 1 /I HEKOTOPOTO HEJI0TO HEOTPH-
ATEJIBHOIO k — 9TOT HOMED J0J2KeH ObITh HeUYETHBIM, a 3HAYUT k — 46THOE 4ucjio, upudeM k < n.

KosimaecTBO cTpaHuIl B KHUTE PaBHO 2n (BABOE BOJIbINE KOJIXYECTBA JUCTOB), U BBIMAIH 1/2 JUCTOB,

TO €CTh N CTPAHHUII, HOMEpa KOTOPHIX — Bce HAaTypaJibHbIe Yucaa oT k + 1 10 k + n BKIOYATEIHHO. X

(m+k)(n+k+1) k(k+1) )
CyMMa paBHa 2 — 2 . I/I3Ha‘{aﬂbHO B IIOJIHOM KHUTIE CyMMa HOMEPOB CTPaHHUIL
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2n(2n + 1)
paBHA B a— Takum obpa3zomM, cyMMa HOMEPOB OCTABIIUXCS CTPAHUIL PABHA

2 2

iz ) ((n+k><n+k+ D k<k+1>> L

Nmeem n(3n + 1 — 2k) = 22025 = 2 - 5% - 3%, Haiiném Bce Bo3MOKHbBIE KOMOUHAIME 1 1 K J/1s1 TAKOTO
paBercTBa. Tak Kak 0 < k<n,ton+1<3n+1-2k<3n+1.

OrmeruM, uro n/2 u 3n + 1 — 2k — 910 KOMILTeMeHTapHble feaurenn quciaa 2025 (To ecTh uX
npoussejienue — 310 camo ducyao 2025). Jdemurean 2025 = 52 - 3* — s1o umcna uga 3' - 5/ s menbix
HEOTPUTATENBHBIX 7, j: ¢ < 4,7 < 2, a UMEHHO

1,3,9,27,81

9,15,45, 135,405
25,75,225,675,2025

OHI/I Ke HOpH,ZLKe BOSpaCTaHI/IHZ
1,3,5,9, 15,25, 27,45, 75, 81, 135, 225, 405, 675, 2025

[Tpuuém, KaK U3BECTHO (M JIETKO TPOBEPUTH), MEJUTENH ¢ HOMEPOM § € Havaja TOTO CIUCKA U ¢ T0-
PSJIKOBBIM HOMEPOM S, CUMTad C KOHIA ITOTO CIUCKA Oy/IyT KOMILIeMeHTapHbIMH. OTKy/1a, JOMHOZXKAS
IepBbIil Pl HA 2, JIETKO MOJYYUTh COUCOK U3 15 «KaHAMIATOB» Ha poJib uucen (n,3n + 1 — 2k), u3
KOTOPBHIX HAM MOIXOAAT TOJIBKO Te, B KOTOPBIX YETHOE YHCJ0 — MEHbBIee U3 JIBYX:

(2,2025), (6,675), (10, 405), (18, 225), (30, 135), (50, 81), (54, 75), ..

Jlanbiieitinme He MOAXOIAT, TaK KaK MEepPBOE UHUCJO B Iape MPH TAKOM YIOPSIIOUUBAHUN BO3PACTAET,
a Bropoe — ybobiBaer. Kpome Toro, Bropoe 4mc/io JIOJZKHO HE MPEBOCXOJUTH BEJUYUHBI 3n + 1, 4TO HE
paboraer jurs (30, 135), a 3HAYMT W JJisT TpeAbIAYIHX (TaK KaK B IPEIBIIYIINX MePBOe YHCJI0 MEeHbIIIE,
a Bropoe — 6ouibiie). NToro, ocrarorcs nsa Bapuanta: (50,81), (54, 75).

Jlns mepBoro BapuanTa nosaydaeM n = 50,3n + 1 — 2k = 81, orkyzaa k = 35, 9T0 He HOAXOIUT IIO
yérHocTH k.

Jlnst Broporo BapuanTa umeem n = b4,3n + 1 — 2k = 75, orkyma k = 44, aro noaxomut. Ocraéres
yOeIUTHC, 9TO ITOT BAPUAHT JAET BO3MOXKHYIO CHUTYAIUIO: JICHCTBUTEIBHO, NPH TAKUX MapaMeTpax
noJIydaeM, 9To B KHUATe 54 JincTa, nepBbie 22 Jjiucta ¢ Homepamu ot 1 70 44 ocTaauck Ha MecTe, a BbI-
HABIIUN KyCOK HAYUHACTCS CO CTPAHUILI 45 U CONEep:KHUT 54 CTPAHMILI, T.€. 27 JIICTOB, YTO COCTAB/IAET
nos1oBuHYy OT 54. TakuM oOpasoM, 3TO €IMCTBEHHBIH BO3MOXKHBIN BAPUAHT, H OTBET Ha BOIIPOC 3aIaTH —

45.
Kpurepuu ornennBanus:
e npuBeIeHa BepHasd GOPMY/Ia CyMMbI HOMEPOB OCTABIINXCS CTPAHUI] — 2 MEPBUIHBIX OaJLIa;
® BepHOe 1 0OOCHOBAHHOE pellleHHe ¢ He3HAUUTEIbHON OmubKo#i — 4 mepBUYHBIX OaJLIa;

® TOJITHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEePBUYHBIX OAJLIOB.

Solution (ENG). Let’s denote the number of pages in the book as n; the condition implies that
n is even. Note that since the numbering starts with the page with pages 1 and 2, the odd page (by
number) on each page follows, followed by the even page on that page. Let’s denote the number of the
first dropped page as k + 1 for some non-negative integer k. This number must be odd, meaning k£ is
an even number, where k < n.
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The number of pages in the book is 2n (twice the number of pages), and n/2 pages have dropped

out, that is, n pages whose numbers are all the natural numbers from k + 1 to k£ + n, inclusive. Their
n+k)n+k+1) kk+1)

sum is — 5 Initially, the sum of the page numbers in the complete book is
2n(2 1
%. Thus, the sum of the remaining page numbers is

= 2025

2n(2n + 1) n+k)(n+k+1) kk+1) n(3n+1— 2k)
2 ( 2 2 ) B 2

We have n(3n + 1 — 2k) = 2-2025 = 2 - 52 - 3%. Let’s find all possible combinations of n and & for this

equality. Since 0 < k < n,thenn+1<3n+1—-2k <3n+ 1.

Note that n/2 and 3n + 1 — 2k are complementary divisors of 2025 (that is, their product is the
number 2025 itself). The divisors of 2025 = 5% - 3* are numbers of the form 3’ - 5/ for non-negative
integers 7, 7: ¢ < 4,7 < 2, namely

1,3,9,27,81

95,15,45, 135,405
25,75,225,675,2025

In ascending order:
1,3,5,9,15,25,27,45, 75,81, 135, 225,405, 675, 2025

Moreover, as is known (and easy to verify), the divisors with number s from the beginning of this
list and with the ordinal number s, counting from the end of this list, will be complementary. From
this, multiplying the first row by 2, we easily obtain a list of 15 "candidates"for the role of numbers
(n,3n + 1 — 2k), of which only those in which the even number is the smaller of the two are suitable:

(2,2025), (6,675), (10,405), (18, 225), (30, 135), (50, 81), (54, 75), ..

The following are not suitable, since the first number in the pair increases and the second decreases
in this ordering. Furthermore, the second number must not exceed 3n + 1, which does not work for
(30, 135), and therefore for the previous ones (since in the previous ones the first number is smaller and
the second is larger). This leaves two possibilities: (50, 81), (54, 75).

For the first possibility, we get n = 50,3n+ 1 — 2k = 81, which yields £ = 35, which is inappropriate
given the parity of k.

For the second possibility, we get n = 54, 3n+1—2k = 75, which yields k = 44, which is appropriate.
It remains to verify that this possibility yields a possible situation: indeed, with these parameters, we
find that the book has 54 pages, the first 22 pages numbered 1 through 44 remain in place, and the
missing piece begins on page 45 and contains 54 pages, or 27 pages, which is half of 54. Thus, this is
the only possible solution, and the answer to the problem question is 45.

Criteria:
e the correct formula for the sum of the remaining page numbers is given — 2 pre-points;

e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 5. Jljis KaXK7a0T0 HATYpaJIbHOrO N HalijeTcss HATypaabHOE 1M, KOTOPOe MOYKHO NPEJICTaBUTH B
BUJE CYMMBI HATYPAJbHBIX YUCEJI a1 + Qg + -+ + ap, TJe a3 < 1, ap < 2, ..., a, < n — Ha30BeM
Takoe IpeacTaBiaenue parepecHeM. Hanpumep, 11 n = 3 MOXKHO BBIOpaTh m = 4, U JJId TaKOro m
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CYNIECTBYET JlayKe 2 WHTepecHbIX npejacrapienns: 4 = 1+ 1+2 =1+ 2+ 1 (opu 31om 2 + 1+ 1 He
IOJXOJUT, T.K. TOLAA a1 = 2 > 1).

Haiiure Bce HaTYpasabHble N, /IS KayKI0M0 U3 KOTOPBIX CYIIECTBYET HATypPaJbHOE M, UMEIOIiee He
menee (n — 1)1 =1-2-3-----(n — 1) uHTEpECHBIX MpEJICTABICHU BUIA a1 + A + -+« + Gy

For every positive integer n there exists a positive integer m that can be represented as the sum of
positive integers a; + as + - - - + a,, where a; < 1, as < 2, ..., a, < n — we’ll call such a representation
interesting. For example, for n = 3 we can choose m = 4 and for such an m, there are even 2 interesting
representations: 4 =1+ 1+2 =1+ 2+ 1 (however, 2+ 1 4 1 is unsuitable, since then a; =2 > 1).

Find all positive integers n such that for each of them there exists a positive integer m that has at
least (n —1)!'=1-2-3-.--. (n — 1) interesting representations of the form a; + ag + -+ + a,.

Answer: n € {1,2,3,4}

Pemrenune (RUS). Jua n = 1,2, 3,4 moxuo Beibpars m = 1,3, 5,7, coorBercrenno. JTokazxem,
4TO JIJIsi OCTAJBHBIX N TPeOYeMbIX 1 HE CyIECTBYeT.

Badurcupyem n > 4 ¥ IPEATOIOKNAM, 9TO JJIsi HEr0 HANLIOCH Tpedyemoe m. 3aMeTHM, 9TO KaryK-
JIOMY HHTE€DECHOMY MPEeJICTABICHUIO M BUIA a1 + Go + -+ + + @, COOTBETCTBYET yIOPSIOYEHHBIH HAOOP
(a1,as,...,a,_1), TOCKOIBKY @, TOCIE ITOTO BHIOMPAETCS €IUHCTBEHHBIM crnocobom. Takux ymopsimo-
YEeHHBIX HADOPOB — He Oostee (n — 1)! MITYK, MOITOMY KazyKJIblil 13 3TUX HAOOPOB JEHCTBUTEILHO JOTZKEH
ObITh MHTEPECHBIM, T.€. a; < 1 myst Becex 1 = 1,2,...,(n—1), orkytam < 1+ 1+---+14+n=2n-—1,
TK. @, <n. Takke m > 14+2+---+(n—-1)+1= @ + 1, 4TOOBI CYNIECTBOBAIO UHTEPECHOE
npejcTaBienne m ¢ a; = i Jjs Beex ¢ = 1,2,..., (n — 1). Takum o6pazom, nveem

n(n—1)
2
4TO MPOTHBOPEUUT MPEJIIOI0KEHHIO.

n(n—1)

2n—12> 5

+1 <<= 2n—-1)> <— 4>n,

Kpurepun oneHuBanmd:
® IIPUBEJCHO JOKA3ATEIbCTBO g N < 4 — 1 nepBudHbIi 6aLT;
® 3HAYUTEIbHOE IIPOJIBUKEHUE B PEIICHUHU JJIsd ITPOU3BOJIBLHOIO 1 — 3 IMEPBUYHBIX DaJlia,;
® BepHOe ¥ 0OOCHOBAHHOE pellleHHe ¢ He3HAYUTEIbHOM OmubKo#i — 4 mepBUYHBIX OaJLIa;

® II0JTHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHre — 5 MePBUUYHBIX OAJIOB.

Solution (ENG). For n = 1,2, 3,4 we can choose m = 1,3,5,7, respectively. Let’s prove that for
all the remaining n there is no required m.

We fix n > 4 and assume that the required m has been found. Note that each interesting representation
of m of the form a; + ay + - - - 4+ a, corresponds to an ordered set (a,as,...,a,_1), since a, is chosen
uniquely. There are at most (n — 1)! such ordered sets, so each of these representations must be
interesting, i.e., a; < 1 for all i = 1,2,...,(n — 1), whence m < 1+1+4+---+1+4+n = 2n — 1,
since a, < n. Alsom > 14+24+---+(n—-1)+1= @ + 1, so that there exists an interesting
representation of m with a; =i for all i = 1,2,...,(n — 1). Thus, we have

n(n—1)
2

which contradicts the assumption.

—1
+1 <= 2(71—1)2M — 4>n,

m—1>
" 2

Criteria:
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e proof given for n < 4 — 1 pre-point;

significant progress in solving for any n — 3 pre-points;

correct and justified solution with a minor error — 4 pre-points;

completely correct and justified solution — 5 pre-points.



Innopolis Open 2025/26 in Mathematics Final round

10" degree

Task 1. B oqHOKpyroBoM (KazK/ple JIBe KOMAH/IbI UTPAIOT JIPYT ¢ APYTOM II0 OJHOMY Pa3y) TypHHDPE MO
¢gyTbosty yuacTBOBaJIM N > 2 KOMaH/I. 3a m00ey B MaTde KOMAH/Ia MOJIyIaeT 3 0YKa, 33 HUIbIO — 1 04-
KO, 3a nopaxkenue — 0 oukoB. [locsie okoHYaHUSA TYypHUPA OKA3aJ0Ch, 9TO KOMaH,1a, Habpasiias 00JIbIIIe
BCEX OYKOB, BHIUTPAJIa MeHbIe MaTdeil, uem jtobas apyras. [Ipu KakoM HAWMEHBITIEM 7. 9TO BO3MOYKHO?

n > 2 teams participated in a single-round (every two teams play each other once) football tournament.
A team receives 3 points for a win, 1 point for a draw, and 0 points for a loss. After the tournament,
it turned out that the team with the most points had won fewer games than any other. What is the
smallest n that makes this possible?

Answer: &

Pemrenune (RUS). Ilycrs Typaup Bhiurpana komauga A. Beero 6vu10 cbhirpano n(n — 1)/2 urp,

B KasKJI0#l M3 KOTOPBIX PA3bIIPAHO HEe MeHee 2 0YKOB — 3HAUUT, CYMMapHO KOMAaHIbl HAOpaIn He MeHee
n(n—1) 04koB, T.€. cpejiHee YuCa0 04KOB — He MeHee (n— 1). OueBunHo, KoMan a A Habpaaa Gosee Yem
(n — 1) oukos (MHAYE Bce KOMaH/bl HAOpasu Obl TIOPOBHY, U OJHOTO MOOeANTE s He OBLIO Obl) — 3HAYNT,
kKomaHaa A Beiurpaja He MeHee 1 urpbel. ClenoBaTesbHO, KarKjast W3 OCTABIIMXCS KOMAHJ JIOJIZKHA
BBINTPATh He MeHee 2 pa3 M HaOpaTb TeM CcaMbIM He MeHee 6 OYKOB — 3HAYUT, KOMaHIa A chIrpaja
BHUYBIO He MeHee 4 pa3. BoibepeM MpoOM3BOJBHYIO KOMAHIY, CHICPABIIYIO ¢ KOMaHIOB A BHUUYBIO — OHA
HabOpaJjia He MeHee 7 O4YKOB, T.e. KoMaH1a A HabpaJia He MeHee 8 0UYKOB — 3HA4HMT, A ChirpaJia BHUUBIO
He MeHee b pa3 (mpu ogHOI mobene), un > 7.

[Mpeanonoyxkum, uro n = 7, Torjga komauga A Berurpasia 1 pas u ceirpaa BHUUBIO 5 pas, T.e. HabpaJia
8 oukos. Torma srobasg Apyras KOMaHIa BBIMTpaJa JIBa pas3a, n He Oojee 1 pasa chirpaja BHUYBIO —
3HAYUT, V KaxKIOH Takoil KOMaHIBI €CTh He MeHee 3 MOpaykKeHHWi; TOTaa BCero Ha TYPHHUpE OBLIO He
menee 3 - 6 = 18 nopazkenwuii u upu 3rom 1 + 2 - 6 = 13 mobde, 9T0 HEBOZMOXKHO. 3HAYUT, N > 8.

[Mpusenem mpumep A5t n = 8: mycTh B TypHUpPe yaacTBoBan kKomauael A, Ay, Ag, Az, Ay, As, Ag, A,
n mobeamita komanma A. Torma komanmga A Beiurpana y komaum Ap, As, n chirpana BHHYBIO ¢ OCTAJIb-
HBIMHU KOoMaHgaMmu, HaOpaB 11 oukoB. Kaxkmas u3 ocranbHbXx KoMaHd A; Beiurpana y A; 1, Aiio, Aits
(mpu sToM cumtaem Ag = Ay, Ag = As, Ajg = As) u npourpasa octaabHbIM. TakuM 06pa3soM, KOMAaHIbI
Ay, Ay mveror 110 3 mobe sl u 4 mopakenus (3HaUUT, 10 9 0UKOB), a KoMauabl As, Ay, As, Ag, A7 — 110 3
100e/1b1, 3 moparkenus u 1 HHYbel ¢ KOMaHoi A (3HAYHUT, y 5TUX KOMaH/ — 110 10 0YKOB).

Kpurepuu onennBanus:
e npuBejieHa u 0bocHoBaHa oneHkKa Ha (1 — 1) oukoB — 1 nepBuuHBI OGaJLI;
e 1pHBeJieHa 1 0OOCHOBAHA OIEHKA N > 7 — 2 MepBUYHBIX DAJLIA;
® JIOKA3aHO, 9TO N # 7 — 3 MePBUYHBIX DaJiia;

® BEPHOE pelIeHue IMPpru HE3HAYUTEJIbHBIX HeA04YeTaX — 4 MEePBUYIHBIX 6am1a;

® II0JTHOCTBHIO BEpHOE U OOOCHOBAHHOE pelleHre — D IMePBUYHBIX OAJIIOB.

Solution (ENG). Let’s assume that team A won the tournament. A total of n(n — 1)/2 games
were played, each of which resulted in at least 2 points in total. This means that the teams scored at
least n(n — 1) points in total, i.e. the average number of points is at least (n — 1). Obviously, team A
scored more than (n — 1) points (otherwise all teams would have scored equally, and there would not
have been a single winner) — this means that team A won at least 1 game. Consequently, each of the
remaining teams must win at least 2 times and thereby score at least 6 points — this means that team
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A tied at least 4 times. Let’s choose an arbitrary team that tied with team A — it scored at least 7
points, i.e. Team A has scored at least 8 points, meaning A has drawn at least 5 times (with one win),
and n > 7.

Assume n = 7. Then team A has won once and drawn five times, meaning it has scored 8 points.
Then every other team has won twice and drawn at most once, meaning each such team has at least
three losses. Then, there were at least 3 -6 = 18 losses in the tournament, with 1 + 2 -6 = 13 wins,
which is impossible. Therefore, n > 8.

Let’s give an example for n = 8: suppose teams A, Ay, Ay, A3, Ay, As, Ag, A7 participated in the
tournament, and team A won. Then team A won against teams A;, Ay, and tied with the other teams,
scoring 11 points. Each of the other teams A; won against A; 1, A;12, Aiy3 (we count Ag = Ay, Ag = Ay,
Ao = A3) and lost to the rest. Thus, teams A;, A, have 3 wins and 4 losses each (9 points each), and
teams Az, Ay, As, Ag, A7 — 3 wins, 3 losses, and 1 draw with team A (these teams have 10 points each).

Criteria:

an estimation of (n — 1) points is given and justified — 1 pre-point;

e an estimation of n > 7 is given and justified — 2 pre-points;

it is proven that n # 7 — 3 pre-points;

e a correct solution with minor flaws — 4 pre-points;

a completely correct and justified solution — 5 pre-points.

Task 2. ITo oupenenenuio, {x} = = — [z], tue [x] — 910 mesas 4acTh 4UCIA T, T.€. HAUOOJBIIEE LEJIOE

YHCJI0, He IpeBocxogdiiee x. [Ipo 4ucio a m3BecTHO, YTO {?} = {a?}, a Takxe uTO 3 < 0* < 4.
a
5 96
Yemy moxkeT ObITH paBHO a°’ — ?
a+3

By definition we have {x} = x — [z], where [z] is the whole part of z, i.e. the greatest integer not

1
exceeding x. It is known that {?} = {a?} for some a such that 3 < a? < 4. What number can
a

a5 — ——— be equal to?
a+3

Answer: 13

Pemenne (RUS). U3 yenosua crenyer [a?] = 3. Takxe a > 1, orkyna a + 3 > 4 > 1 — 3nauwur,

1 1
0 < —— < 1, oTKyIa, 04eBHTHO, = . BelpaxkeHme B yCIOBHH MOXKHO IepenucaTh Kak
a+3 YA a {a +3 } a+3 P Y P

1

2
=a>—3
a+3 “ ’

orkyna a®+3a*—3a—10 = 0, npuuem a®>+3a*>—3a—10 = (a+2)(a*+a—>5) = 0, cpesu KopHeii KoTOpPOTO,
—14++21 —-14++v21

2 2
4} yCJ’IOBI/IfI 1 JOKa3aHHOI'O BbITE€KaeT, 9TO AJd JaHHOI'O G BBITIOJTHAIOTCA YCJIOBUA:

IIOMHMO a = —2, nMeeM a = — U3 HUX IO YCJIOBHE INOAXOJUT TOJILKO a —

1

=a’-3; a*=5—a
a+3
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Torna =5—a—3=2—a,n gaiee

a

a’=>5—a;

a® =5a—a®> =5a— (5 —a) = 6a — b;

a* = 6a*> — 5a = 6(5 — a) — 5a = 30 — 11a;

a® = 30a — 11a* = 30a — 11(5 — a) = 41a — 55;

a® = 41a® — 55a = 41(5 — a) — 55a = 205 — 96a.
[osicTaBisAst OCAEIHEe B YCIOBHE, TMEEM:

96
a® — ——— = (205 — 96a) — 96(2 — a) = 205 — 192 = 13.
a+3

Kpurepun oneHnBaHus:
1 2 . :
® BepHO BhIPaxKeHsl { ==} u [a®] — 1 mepBuaHbIl Gamm;
1 2 7 .
e BepHo Bhpaxkensl {5}, [a°] n a — 2 neppuuEbIX Oasa;
e BepHOe M 0DOCHOBAHHOE pellleHue npu apudmMeTndeckoil omubdke — 4 MepBUYHBIX 0OaJLIA;

® II0JTHOCTBHIO BEpHOE U OOOCHOBAHHOE pelleHre — D MePBUYHBIX OAJILIOB.

Solution (ENG). From the condition it follows that [a*] = 3. Also @ > 1, whence a +3 >4 > 1

1 1
— hence, 0 < < 1, thus = . The expression from the task’s formulation can be
a—+3 a+3 a—+3
rewritten as 1
2
=a" — 3,
a+3

whence a® + 3a* — 3a — 10 = 0, and a® + 3a* — 3a — 10 = (a + 2)(a® + a — 5) = 0, among whose roots,

—1++21 -1++v21

From the conditions and what has been proven, it follows that for a given a we have

in addition to a = —2, we have a = — of these, only a = satisfies the condition.

1
=ad’-3; a*=5—a
a+3
1
Thus =5—a—3=2—a, and then
a+3
a’®=5—a;
3=5a—a®>=5a—(5—a)=06a—75;
= 6a* — 5a = 6(5 — a) — Ha = 30 — 11a;
5 =30a — 11a* = 30a — 11(5 — a) = 41a — 55;
6

a® = 41a* — 55a = 41(5 — a) — 55a = 205 — 96a.
Substituting the latter into the initial expression, we have

, 96

6 _ — (205 — - 2—a)=205-192 =13.
p (205 — 96a) — 96( a) 05 9 3
Criteria:

o {-5} and [a°] are correctly expressed — 1 pre-point;
. {a%s}, [a?], and a are correctly expressed — 2 pre-points;
e a correct and justified solution with an arithmetic error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.
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Task 3. /[ns ormmunbix or 0 4ymcen x,y, 2 BuIIOAHEHO xy + yz + zx = 0. JlokaxkuTe, 4TO HeJIb3s
COCTAaBUTH TPEYTOJbHUK C JJIMHAMYU CTOPOH
1 1 1

|22 + 2yz|" |y? + 2zx]” |22 4 2zy|

For numbers x,y, z different from 0 it is known zy +yz + zz = 0. Prove that it is impossible to form

a triangle with side lengths
1 1 1

|22 4+ 2yz|" |y? + 22| |22 4 2zy|

Pemenne (RUS).

1 1 1 1
22+ 2y 2+ 2yr— (ay+tyzter) rP—ay—azztyz (z—y)la—z2)
aHaAJOTHYIHO 1 1 1 1
42 (y—a)y—z2) 2+2ay  (2-a)(z-y)
Torna
1 1 1 1 1 1

1oy P rom 2tz @op@-2) G-Du-2  (-5)(-y)

_ =) -Gy -y

(r =)y —2)(z —x)

HO3TOMY CDEJL HUCeJL 13 +12yz|, T +12z$|, B +12$y| OJIHO PaBHO CyMMe JBYX JPYIUX, YTO LIPOTUBOPEUYUT

HEPAaBCHCTBY TpeyTOJbHHUKa — 3HAYUT, COCTaBUTHb TPEYT'OJbHUK C TaKUMHU JJIMHAMMU CTOPOH HE IMOJIY4YUT-
cd.

Kpurepun oneHnBaHusd:

® CyIECTBEHHBIE TPOJBUZKEHUsI HA MYyTH K BBIBOIY, YTO CYMMa JBYX Apo0Oeil paBHa Tperbeit — 1
HePBUYHBIN GaJLT;

e BepHOEe W 0DOCHOBAHHOE pellieHue IIPU He3HAYUTEIbHON omubKe — 4 MepBUYHBIX OaJLIa;

® 1IOJIHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIIeHUE — D MePBUYHBIX OAJLIOB.

Solution (ENG).

I 1 B 1 1
22+ 2yz 22+ 2yz — (vy +yz + 22)

22— qy—az+tyz (x —y)(x —2)’

similarly

1 1 1 1

Pt (y-a)y—z2) 2+2y (z-a2)(z—y)

Then
S SN S 1 . 1 . 1
22 +2yz P42z 2+2ry (z-y)le—z) (y—2)y—2) (z—x)(z—y)

:—(y—z)—(z—a:)—(x—y)zo

(z =)y —2)(z — )

1 1 1 . .
therefore, among the numbers o e [Piamy One is equal to the sum of the others, which

contradicts the triangle inequality — by that, it is impossible to form a triangle with such side lengths.

Criteria:
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e significant progress towards that the sum of two of the fractions is equal to the third — 1 pre-point;
e correct and justified solution with a minor error — 4 pre-points;

e completely correct and justified solution — 5 pre-points.

Task 4. Cyaran noiimas 2n + 1 Myapenos (n — HATypaJbHOE YUCI0), BRICTPOUI UX B P U HOBEPHY.T
KazKJIOTO MY/Ipelia TaK, 9TO TOT CMOTPHUT JIHOO Ha ceBep, TuOO0 Ha 1or. astee cyaTan mo ouepeau Ha3bIBaeT
aucsa 1,2,3,...,(2n 4+ 1): korya Ha3zBaHo «1», OAMH U3 MyJIpenoB J0JZKEeH pasBepHyTbesd Ha 180°; 1o
KOMaHJe «2» yzKe JIBOe MYyIPeIoB JOJKHBI pa3BepHyThcd Ha 180°, m T.7., m o KOMaHae «2n + 1» Bce
MYJIpeIbl JIOJIZKHBL pa3BepuyThesd Ha 180°. Myapernsl MOryT 3apanee JIOTOBOPHTHCS O CTPATETHH U BO
BpeMsI BBIIIOTHEHUS KOMaH/l KOOPJIMHUPOBAThH CBOU JIeHCTBHUSI.

JlokazkuTe, 4TO, BHIIOJIHSISI KOMAH/IBI CYJITAHA, MYJPEIlbl MOTYT B KOHIIE KOHIIOB (T.e. I0CIe KOMAHIbI
«2n + 1») passepuyTbest B 0jHy cropony (ambo Bce — Ha ceBep, smbo Bce — Ha 1or). Moxker jm ObITH
TaK, 9TO MY/PEIbl MOI'YT CaMU BBIOPATH 9Ty CTOPOHY !

The Sultan captures 2n + 1 wisemen (n is a positive integer), lines them up, and turns each of them
either north or south. The Sultan then calls out the numbers 1,2,3,...,(2n+ 1) one by one: when «1»
is called, one of the wisemen must turn around; when «2» is called, two wisemen must turn around,
and so on; finally, when «2n + 1» is called, all the wisemen must turn around. Wisemen can agree on
their strategy in advance and coordinate their actions while executing the calls.

Prove that, by following the Sultan’s commands, the wisemen can finally (i.e. after «2n + 1» is
called) all face the same direction (either all north or all south). Can they choose the direction by their
own?

Answer: Her, ne moxer / No, they can not.

Pemrenune (RUS). /Tokaxkem Tpebyemoe nuaykiweii no n. Baza nanykmun (n = 1, Tpoe myzape-
110B): BO3MOZKHBI JBA CJIyJasi:

® eCcJii BCe MYyJpelbl W3HAYAJIbHO CMOTPSAT B OJIHY CTOPOHY, TO IO KOMaH[e «1» pa3zBopadnmBaeTcs
OJIMH W3 HUX, M0 KOMaHJEe «2» — OCTaJbHBIE JIBOE, & 10 KOMAH/E «3» — BCE TPOE;

e ccou (6e3 orpanmdeHusi OOIHOCTH) NEPBbIH My/pel] CMOTPHT Ha 0T, a JIBOE JIDYI'HX — Ha CeBep,
TO 1O KOMaHe «1» pazBopadmBaeTcs BTOPOIl MyJperr, Mo KOMaH/e «2» — MepBblil U BTOPOii, a 10
KOMaHJe «3» — BCe TPOe.

WupyKunorHas rumoresa; mycrhb yTBepzKieue Bepao st 2(n — 1) + 1 = 2n — 1 myzapenos.
Nupykimonnsiil mar: goKakeMm yTBep:Kaenue jjig 2n + 1 MmyaperioB. Bo3aMOXKHBI j1Ba cjyyad:

® cCTHh JIBOE MYJIPEIOB, MOBEPHYTHIX B MPOTHBOMOJIOXKHBIE CTOPOHLI. Torma OyaeM paccMaTpUBaATh
OCTAJTBHBIX 2n — 1 Myaperos: mocye koMan 1,2, ..., (2n—1) oHE BCe pa3BEPHYTCS B OJ(HY CTOPOHY
(6e3 orpanwdeHns OOIIHOCTH, HA CEBEP); TOTJA MO0 KOMAaHe «2n» BCe MYJDeIlbl, MOBEPHYThIe Ha
ceBep, Pa3BOPAUYMBAIOTCS Ha 0T (B pesyibrare Bce 2n + 1 Myapenos OyayT MOBEPHYTHI HA HOT), a
o KOMaHJe «2n + 1» Bce MyIpellbl Pa3BePHYTCS Ha CeBep;

e BCe MYJperhl MOBEPHYTH B OJHY CTOPOHY (6e3 orpaHudeHus: oOITHOCTH, Ha ceBep). MbICJIeHHO
BBICTPOUM MYJIPENOB O KpyTry u mporyMmepyeMm 1,2.....(2n + 1) mo wacosoit ctpenke. Torma mo
KoMaH/e «1» pa3BopadmBaeTcd Myjper 1, o KOMaHAe «2» — MyJApersl 2 U 3, 10 KOMaHJIe «3» —
myzpenst 4, 5, 6, u 1.1. Torpa Beero oinosaneno 1+24---4(2n+1) = (n+1)(2n+1) paszsoporos,
pUYeM KazK/blii MyJpern pa3BepHyics POBHO 110 (n+ 1) pa3sy, T.e. B KOHIE KOHIIOB MY/IPEIlbl CHOBa,
CMOTPSAT B OJHY CTOPOHY.
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Nunykmus 3aBepliena.

Tenepnb jokazkem, 4TO MyJApelbl He MOTYT 3apaHee BbIOPATh HaIpaB/Ie€HHe, B KOTOPOM OYIyT CMOT-
peThb 1mocje BCEX KOMaHJ CyJTaHa. Hpe,ZLHOJ'IO)KI/IM OPpOTHUBHOE: IIYCTH CYIIECTBYET HadaJbHad pacCCTa-
HOBKa, M3 KOTOPO# MyJIpelbl 3apaHee MOIYT BbIOPATh ONMUCAHHOE HAIpaB/eHHe, T.e. CYIIeCTBYET IO-
CJeOBATEILHOCTDL 57 Pa3BOPOTOB, B pe3yJbTare KOTOPOH BCe MyIpenbl OYAYT CMOTPETh Ha ceBep, H
OC/IeI0BATETLHOCTE S9 Pa3BOPOTOB, B Pe3yIbTaTe KOTOPO BCe MyaApelbl OyAyT cMOTpeTh Ha for. [Ipes-
craBuM cebe, 9TO BCe MYAPEIbl CMOTPAT Ha tor. Torma, BBITOIHSS MOCJIEI0BATEILHOCTD Sy B 00pATHOM
HOpsiJIKe, a 3aTeM — S| B MPSMOM TOPSIIKE, MBI Pa3BepPHEM BCEX MYJIPENOB Ha CeBep. 3aMeTHM, UTO
o0IIee 9UCJIO MYJIPENOB HEYeTHO, U KayK/Iblii U3 HUX Pa3BEPHYJICAd HEYETHOE YHCJIO0 pa3 — 3HAYHUT, 00-
Iee 9HCJIO Pa3BOPOTOB JOJKHO ObITh HedeTHBIM. C IPYroil cTOPOHBI, KOJUYECTBO Pa3BOPOTOB PABHO
2:-(1+2+---4+2n+ 1) — gernoe uucso. [loayunnu mporuBopedne, 9To J0Ka3bIBAET TpeOyeMOe.

Kpurtepuu onennBanusa:

® eCTh 3HAYUTENbHBIE TPOJIBUKEHUST B JIOKA3ATEJbCTBE H/WJIM OTBETe Ha BOIPOC 3aJa4u — 2 mep-
BUYHBIX OaJLIa;

® c¢CTh BepHOE JI0KA3aTeIbCTBO MM OOOCHOBAHHBLIN OTBET Ha BOMPOC 33Ja9M — 3 MEPBUYHBIX DaJLIa;
® BepHOE U 0DOCHOBAHHOE PeIlleHHe C He3HAYUTE/ILHBIM HeJI09eTOM — 4 MepBUYHBIX OaJLIa;

® TOJHOCTBHIO BEPHOE U OOOCHOBAHHOE PellleHne — 5 MepPBUYHBIX OALIOB.

Solution (ENG). We prove the required statement by induction on n. The basis of induction
(n = 1, three wisemen): two cases are possible:

e if all the wisemen initially face the same direction, then command «1» causes one of them to turn
around, command «2» causes the other two to turn around, and command «3» causes all three
to turn around;

e if (without loss of generality) the first wiseman faces south and the other two face north, then
command «1» causes the second wiseman to turn around, command «2» causes the first and
second wisemen to turn around, and command «3» causes all three to turn around.

Induction hypothesis: let the statement be true for 2(n — 1) + 1 = 2n — 1 wisemen.
Induction step: we prove the statement for 2n + 1 wisemen. Two cases are possible:

e there are two wisemen facing opposite directions. Then we consider the remaining 2n — 1 wisemen:
after the commands 1,2,...,(2n — 1), they all face the same direction (without loss of generality,
to the north); then, after the command «2n», all wisemen facing north turn south (as a result, all
2n + 1 wisemen will face south), and after the command «2n + 1» all wisemen turn north;

e all wisemen face the same direction (without loss of generality, to the north). Mentally arrange
the wisemen in a circle and enumerate them 1,2,... (2n + 1) clockwise. Then, after command
«1» wiseman 1 turns around, after command «2» wisemen 2 and 3 turn around, after command
«3» wisemen 4, 5, 6 turn around, and so on. Then, a total of 14+2+---+(2n+1) = (n+1)(2n+1)
turns are performed, with each wiseman turning exactly (n+1) times, i.e., in the end, the wisemen
again face the same direction.

The induction is complete.

Now we prove that the wisemen cannot choose in advance the direction they will face after all the
Sultan’s commands. Suppose the contrary: let there exist an initial arrangement from which the wisemen
can choose the described direction in advance, i.e., there exists a sequence S; of turns as a result of
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which all the wisemen will face north, and a sequence S, of turns as a result of which all the wisemen
will face south. Let’s imagine that all the wisemen face south. Then, by performing the sequence S5 in
reverse order, and then S; in direct order, we will turn all the wisemen to face north. Note that the total
number of wisemen is odd, and each of them turned an odd number of times — thus the total number
of turns must be odd. On the other hand, the number of turns is 2- (1 4+24---4+2n+ 1) — an even
number. We reach a contradiction which proves the desired statement.

Criteria:

there are significant advances in the proof and/or answer to the task’s question — 2 pre-points;

there is a correct proof or a well-reasoned answer to the task’s question — 3 pre-points;

e a correct and well-reasoned solution with a minor flaw — 4 pre-points;

a completely correct and well-reasoned solution — 5 pre-points.

Task 5. Touka [ — nenTp Buucanuoii okpyzkuocru tpeyrosbanka ABC. Yepes Bepuiuny A nposesn
NpAMYIO, TTapaJsIebHyI0 OUCCeKTpuce yrjia B 3Toro TpeyroJibHUKa, U OTMETU/IH Ha HEH TaKyI0 TOYKY
P, aro PI || BC. Ananoruuno, depe3 Bepinuny C' IpoBesd OPIMYI0, HapalIebHy 0 OUCCeKTPHCe yIiia
B 3T0ro TpeyroJibHUKa, U OTMETHJIH Ha Hell Takyio Touky ), uro QI || BA. Touku D u E — neHTpbI
ONMCAHHBIX OKPY2KHOCTeH TpeyroabHukoB ABP u C'B(Q), coorserctBento. [lycrs Toukn A; u Cf — oc-
HOBaHust BeICOT Tpeyronbauka ABC, nposeaerabix u3 Bepina A u C, coorBercrBerHO. /lokaxkuTe, 910
npamast DE obpasyer pasubie yruisl ¢ npambivu A,C7 u AC.

Point [ is the incenter of triangle ABC'. Through vertex A, a line parallel to the bisector of angle B
of this triangle is drawn, and on this line a point P is marked such that PI || BC. Similarly, through
vertex C, a line parallel to the bisector of angle B of this triangle is drawn, and on this line a point @)
is marked such that QI || BA. Points D and E are the centers of the circumscribed circles of triangles
ABP and CBQ), respectively. Let points A; and C; be the bases of the heights of the triangle ABC
drawn from vertices A and C, respectively. Prove that line DFE forms equal angles with lines A;C4 and

AC.

Pemtenune (RUS). ITockonbky BI — 6uccekrpuca rpeyroiasuuka ABC, ZIBC = ZABI, a tak-
xe /BIP = /I BC xak makpecT Jexkariie npu napamieabasx npameix PI u BC. Orciona /BIP =
ZABI, aro copmectHo ¢ yeaosuem AP || Bl o3nauaer, uto AI BP — paBHOOOKas Tparerus Win Tpsi-
MOYTOJIBHUK. 3HAYUT, ITO BIUCAHHBIA YETHIPEXYTONBHUK, TO €CTh TOUKA [ paBHOY/IAJI€HA HE TOJIHKO OT
A,Bu P, o u or I. Touka ¢ TaKiM CBOHCTBOM €IMHCTBEHHA, W IIPA 9TOM cepeanHa Iyru AB OKpyxK-
HocTu §2, omucanHo# BOKpYT Tpeyroibunka ABC, nefictBuTenbHo paBHOyIadeHa ot touek A, [ u B
(o srlemme o Tpe3ybrie). 3uadut, Touka D U ABASETCS CepeUHON STOM IyrH, U, aHAJOTHYHO, — TOYKA
E smasiercs cepenmuoit nyru BC' okpyxkuoctu (). Tenmeps 3amerum, aro npavas A,C) mapaienbpHa
KacaTeabHON K () B Touke B. [leiicTBuresibao, deThipéxyroibank AC;A;C' — BoucaHHBIH (ITOCKOJBKY
LACIC = LAA,C = 90°), orkyna £LBACy; = ZCAB. Ho yroa Mexy KacaTeJabHol K ) B Touke B u
npsamoit BC' paBeH moJIoBHHE IpaaycHoi Mepbl ayru BC, To ecth BuucanunoMy yriuy £ BAC, onupaorre-
MyCsl HA Ty 2Ke JyTy. V3 paBeHCTBa HAKPECT JIeKaluX yIjioB npu upsmoit BC ciemyer napa/iiebHOCTD
KacaTebHO 1 npsaMoit A;CY. DTo o3HaUYaeT, 9TO I JOKA3ATEJIhCTBA TPEOYEMOro yTBEPKIEHUs 10~
CTATOYHO IPOBEPUTH, 4TO IpaMas D FE obpasyeT paBHbIE YIJIBI ¢ KacaTeabHOM K §) B ToUKe B u mpsmoii
AC. 1ot dakT cpasy clepyer u3 TeopeMbl 00 yIvie MeKy CeKYIIUME (B IPeJTBHOM CJIYyYae — MeXK Iy
KacaTeJbHON U CEeKYIIeH ): TAKOH yroJl paBeH MOJIyPa3HOCTH TPALYCHBIX Mep YT, 3aKII0UEHHBIX BHYTPH
yria, u Toro ¢gakra, uro D u E — cepemunnt qyr AB u BC' okpyxkuoctu ).
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\P

Kpurepun oneHuBaHmd:

® NpHUBEJEHBI KOPPEKTHBIN YepTeK W IIOJAOTBOPHAS ujes — 1 MepBUYIHBIH OasLT;
® JIOKA3aHA BIUCAHHOCTH YeThipexyrojbHukoB BIAP, BIC'(Q) — 2 nepBudnbix OaJuia;
e J0Ka3aHo, 4to D, I/ — cepeiuHbl COOTBETCTBYIONUX JIYT — 3 MEPBUYHBIX Oa/lia;

e Ji0Ka3aHa mapasureibHocTh A1 C KacaTelbHON K OKPY’KHOCTH U /WU 33/a9a CBeJleHa K PABEHCTBY
yriioB mexxay DFE u xkacarenbnoit, DE u AC — 4 nepBudHBIX OaJia;

® IIOJTHOCTBHIO BepHOE U 0DOCHOBAHHOE pelleHne — 5 MePBUYHBIX OAJIIOB.

Solution (ENG). Since BI is the bisector of triangle ABC, ZIBC = ZABI, and also Z/BIP =
ZIBC, as they lie crosswise at parallel lines P/ and BC'. Hence /BIP = ZABI, which together with
the condition AP || BI means that AIBP is an isosceles trapezoid or rectangle. Therefore, it is an
inscribed quadrilateral, that is, point D is equidistant not only from A, B, and P, but also from I.
A point with this property is unique, and the midpoint of arc AB of circle €2, circumscribed about
triangle ABC, is indeed equidistant from points A, I, and B (by the trident lemma). Thus, point D
is the midpoint of this arc, and, similarly, point E is the midpoint of arc BC of circle ). Now note
that line A;C] is parallel to the tangent to 2 at point B. Indeed, quadrilateral AC;A;C is inscribed
(since ZAC,C = LAA;C = 90°), whence Z/BA,C; = ZCAB. But the angle between the tangent to
at point B and line BC' is equal to half the degree measure of arc BC, that is, to the inscribed angle
/ZBAC, which intersects the same arc. From the equality of alternate angles at line BC' it follows that
the tangent and line A;C' are parallel. This means that to prove the required statement it is sufficient to
verify that the line DFE forms equal angles with the tangent to (2 at the point B and the line AC. This
fact follows immediately from the theorem on the angle between secants (in the limiting case, between
the tangent and the secant): such an angle is equal to half the difference of the degree measures of the
arcs enclosed within the angle, and the fact that D and F are the midpoints of the arcs AB and BC' of
the circle €.

Criteria:
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e a correct picture and a fruitful idea are provided — 1 pre-point;

the inscribedness of the quadrilaterals BIAP, BIC(Q) is proven — 2 pre-points;

D, FE is proven to be the midpoints of the corresponding arcs — 3 pre-points;

the parallelism of A;C} with the tangent to the circle is proven and/or the task is reduced to the
equality of the angles between DE and the tangent, DE and AC — 4 pre-points;

a completely correct and justified solution — 5 pre-points.
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11-12"" degree

Task 1. B anpese kaxkaoro rogaa wa ocrpose Ilantu u3 30 aueit posao 10 mueit — ok aaupeie. Ha sTom
ocTpoBe BOT yzke N Jjier »Kuper abopureH, y KOTOPOro roJjioBa 60JIMT TOJBKO B JBYX CJIyYasXx:

® eCJIM CeroiHs UIeT M0XKIb, XOTs BUepa H0xKIs He OBLIO,
® ecJIU CeroiHs HeT A0XK/s, XOTd BUuepa IneJ T0XKIb,

n Huxoraa He 6oaut 1 ampesnsd. M3BecTno, 4To 3a BCIO YKU3HD 3TOTO abopUreHa HadOp JOXKIJTUBBIX all-
peJIbCKUX JHEell Hu pa3y He nopropucd. Hafiaure cpejHee YnCI0 anpebCKUX JIHEH, KOrja y TOro
abopurena 0oJiesia rojosa, ecad N nIpHHIMaeT HAHOOJIbIEe BO3MOKHOE 3HAUYEHHE.

On the island of Paiti every April exactly 10 out of 30 days are rainy. A native has lived on this
island for N years. He only gets headaches in two cases:

e if it rains today and it didn’t rain yesterday,
e if it doesn’t rain today and it rained yesterday,

and never gets headaches on April 1st. It is known that this native has never had the same pattern of
rainy April days in his entire life. Find the average number of April days this native has had headaches
if NV takes its largest possible value.

Answer: 40/3

Pemrenue (RUS). ITycrb KaxKIblil JTOKTUBbIH AlPETbCKH JeHb 0UePeHOrO Tojia abOpUreH ot-
Medaer qucsaoM u3 Habopa {1,2,...,10} (6e3 moBropennii), a KaxKapblii CONHEUHBI JIEHb — YUCIOM U3
nabopa {11,12,...,30} (Takzxke 6e3 moBropenwuii). Torma Kazkaplii anpesab abOPUTeH MOy IaeT YHUKATb-
HYIO II€PeCTaHOBKY ducen u3 Habopa {1,2,...,30}, npuuem obliee IUCIO BO3SMOKHBIX EPECTAHOBOK
pasao 30!.

KoanmgecTBO yHOMSHYTHIX IIEPECTAHOBOK, COOTBETCTBYIONINX PACIPEIEICHII0 alPeIbCKUX THEH, KO-
raa k-ro anpesst (k= 2,3,...,30) y abopurena 6osut rososa, pasao 10 -20 - (28! + 28!), Torma cpeanee
KOJIMYeCTBO JiHel, Korjaa y abopurera OOJIMT roJjioBa, paBHO

29-10-20-2-28! 40

30! 3

Kpurepuu onennBanus:

e BepHO NpuMeHeHa GOpPMYJIa I YUCIa HePECTAHOBOK IS JIOKITUBBIX /ICHBIX JHell — 1 mepBmd-
HbIT HaJLI;;

® IIpH [OJICUETe TUC/IA TIEPECTAHOBOK JIJIsl JIOKITTUBBIX / ICHBIX JIHEH YUTEHbBI JIHU, KOrJa Y abopureHa
60JIUT 10JI0BA, HO JONYIIEHbl OMUOKN — 3 MepBUYHBIX OaJLIa;

® II0JIHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHrne — 5 MePBUYHBIX OAJILIOB.

Solution (ENG). Let the native mark each rainy April day of a year with a number from the
set {1,2,...,10} (with no repetitions), and each sunny (i.e. not rainy) day with a number from the set
{11,12,...,30} (also with no repetitions). Then each April the native receives a unique permutation of
numbers from the set {1,2,...,30} with the total number of such permutations equal to 30!.
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The number of permutations mentioned, corresponding to the distribution of April days when on
the kth of April (k = 2,3,...,30) the native has a headache, is 10 - 20 - (28! + 28!), then the average
number of days when the native has a headache is

29-10-20-2-28! 40

30! 3

Criteria:

e the formula for the number of permutations for rainy/sunny days was applied correctly — 1 pre-
point;

e when calculating the number of permutations for rainy/sunny days, the ones when the native has
a headache were taken into account, but errors were made — 3 pre-points;

e a completely correct and justified solution — 5 pre-points.

Task 2. Haiijiure kom4decTBo HATYpaJbHbIX k > 1, j1ijiI KOTOPBIX B CUCTEME CUUCJIEHHS C OCHOBAHUEM
2026 BepHO chaegyioliee: HATYPAJIbHOE YHUCJIO KPATHO k TOIJ@ W TOJBHKO TOTJIA, KOT/a CyMMa BCEX €ro
nudp KkpatHa k.

Find the number of positive integers k£ > 1 such that the following is true in the number system
with base 2026: a positive integer is a multiple of k if and only if the sum of all its digits is a multiple of k.

Answer: 14

Pemrenne (RUS). /lanee HIZKHAM HHIEKCOM 3aluCH ducjga OyaeM 0003HAYATh CHCTEMY CUHC-
JIEHHS, B KOTOPO# BBIMOJIHEHA 3TA 3alMCh, UCIOJb3Ys MPH 3TOM II0 YMOJYAHUIO JECATHIHYIO CHCTEMY
CUYUCJICHUS.

Cuavana JTOKazKeM, 9TO UCKOMbIe k He mpeBocxoasaT 20251y, obo3nadas 3a S(n) cymmy mudp ducia
n B 2026-uuHOil cucreme cuucjeHus; oueBuaHo, S(n) < n, NpuYeM PABEHCTBO JIOCTUIAETCS TOJBKO JIJIsi
n < 109026 = 202619 — ayia Takux n yTBepxKaenne odeBugHo. Eeam n > 10026, TO N = QpQp—1 - .- G100 =
a,2026F + a, 1202671 +- - a; - 2026+ ag m S(n) = a,+a,—1+- -+ a1 +ag, a, # 0. OueBugHO, KaZKI0E
cJIaraeMoe YKa3aHHOTO MpPeJICTABIEHUs] 1 He MEeHbIIe COOTBETCTBYIOIIErO ¢1araeMoro B S(n), mpudaeMm
a, - 2026” > a, r.e. S(n) <n gna p > 0. Ecau n xpartHo k, To S(n) xparso k, S(S(n)) kparho k u T.1.,
noka odepeuas S(...S(n)...) He craner menbine 202619. B ykazannoii nocsegoBareapHocTn He 60J1€€
n wmenoB, npu 31oM k < S(...S(n)...) < 202619 U1l MOCTETHETO HYI€HA ITON MOCIEI0BATEIbHOCTH,
orkyaa k < 202519, 9T0 1 TpebOBAIOCH J0KA3ATh.

Teneps mokazxkem, aro k — aemurens 20251y. Pacemorpum amcsmo 1(k — 1)gg6: COMVIACHO TPU3HAKY
JeJTIMOCTH, OHO KpaTHO k, Torga 1(k — 1)gge — k = 1-2026 + (k — 1) — k = 2026 — 1 = 2025 rakke
KpaTHO k, 910 1 TpebOBAJIOCH JI0KA3aTh.

Temnepn jg0KazkKeM, 9TO YKa3aHHBIH IPU3HAK AEJIUMOCTH paboraer s Bcex k, SBISIONUXCS JIeTUTe-
asvu 2025. Cravasna ormeTnM, 910 a; - 2026° = a; - 1' = a; (mod 2025), orkyna

n = @ya, 1...a1ao = a,2026" + a, 12026° " + - a; - 2026 + ag =

=ay,+a,1+---+a+a (mod 2025)=S(n),

YTO U TPeDOBAIOCE.
Ocrasioch Haitru Kosdectso noaxoaamux k. Gucio 2025 = 3* - 5% umeer (4 +1)(2 + 1) = 15 nary-
PAJBHBIX JeauTesieil, BKaw4dag | — 3Ha9uT, TpedyeMoe KOJIUIecTBO noaxoadanux k pasuao 14.

Kpurtepunu oneHnBaHus:
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® JI0Ka3aHO, YTO MOJXOIAT HEKOTOpbIe aeauTean duciaa 2025 — 1 mepBudnbiit 6aJLT;
e Jo0Ka3ano, 4ro k < 2025 — 2 nepBUYHBLIX OaJlia;

® JI0Ka3aHO, 4TO k — Jjitoboit peurenb 2025 — 3 mepBuYHBIX DaJiia;

BepHOE 1 0DOCHOBAHHOE pellleHne ¢ He3HAYUTEIbLHOM OIMUOKOM — 4 MepBUYHBIX OaJLIa;

® II0JIHOCTBHIO BEpHOE U OOOCHOBAHHOE pelleHre — D MePBUUYHBIX OAJIIOB.

Solution (ENG). From now on, we will use the subscript of a number to denote the number
system in which it is written, using the decimal number system by default.

First, we will prove that the desired k does not exceed 202519, denoting S(n) as the sum of the
digits of n in the 2026-base number system. Obviously, S(n) < n, and equality is achieved only for
n < 102026 = 202610 — for such n, the assertion is obvious. If n > 109026, then n = @,a,—1 .. @16y =
a,2026° +a, 12026P" 4 - - a;-2026+ag and S(n) = a,+a,_1+---+a;+ag, a, # 0. Obviously, each term
of the specified representation n is not less than the corresponding term in S(n), and a, - 2026” > a,,
ie. S(n) < n for p > 0. If nis a multiple of k, then S(n) is a multiple of k, S(S(n)) is a multiple of
k, and so on, until the next S(...S(n)...) becomes less than 2026,9. The given sequence has at most
n terms, and k£ < S(...S(n)...) < 202610 for the last term of this sequence, whence k < 2025;¢, as
required.

Now we prove that k is a divisor of 2025;9. Consider the number 1(k — 1)a096: according to the
divisibility test, it is a multiple of k, then 1(k — 1)a026 —k = 1-2026 + (k — 1) — k = 2026 — 1 = 2025
is also a multiple of k., as required.

Now we will prove that the divisibility test given above works for all k£ that are divisors of 2025.
First, note that a; - 2026° = a; - 1’ = a; (mod 2025), hence

n = Ay, 1...a1ap = a,2026° + a, 12026" " + - a; - 2026 + ag =

=ay,+a,1+---+a+a (mod 2025)=S(n),

as required.

It remains to find the number of suitable k. The number 2025 = 3*-5% has (4 + 1)(2+ 1) = 15
positive integer divisors including 1, thus the required number of suitable £ is 14.

Criteria:

e it is proven that some divisors of 2025 are suitable — 1 pre-point;

e it is proven that £ < 2025 — 2 pre-points;

e it is proven that k is any divisor of 2025 — 3 pre-points;

e correct and justified solution with a minor error — 4 pre-points;

e completely correct and justified solution — 5 pre-points.

Task 3. B okpectHocTsix Xorsaprca KUBYT haHTACTHYECKHE TBApH BeCOM B 1,2, ..., n Kujaorpamm (n
— "HarypajbHoe dncio). Heior Canamanjiep MoxkKer jesiarh cJeryolee:

1. kiactb cebe B yeMOJaH TBAph BeCOM B 1 KHJIOIpaMM, €CJIM cefidyac B UeMoJjaHe HeT TaKoil TBapu;

2. BBITIyCKaTh W3 YeMOJaHa TBAPb BECOM 71 KHUJIOTPAMM;
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3. mpu k < m BBIIYCKATHb W3 YeMOJaHA TBAPb BECOM k KUJIOTPAMM M OJIHOBPDEMEHHO BIYCKATH TYIa
TBapb BecOM k + 1 Kujiorpamm, ecjid B 4eMOJIaHe HeT TakOW TBapH.

WsBecTHO, 9TO M3HaYa bHO YeMmoian Heiora nyct. [lpu kakux n HboT MoxKeT 100MTHCSA TOrO, YTOOBI B
YeMo/laHe POBHO IO OJHOMY pa3y MOOBIBaJ ObI J11000 HAOOP TBapeil u3 oKpecTHOCTeit XorBaprca, U B
UTOre B 4eMOJaHe OCTAIaCh OBl TOJIBKO TBAaPh BECOM N KHIOTPaMM?

Fantastic beasts weighing 1,2, ..., n kilograms live in the Hogwarts area (n is some positive integer).
Newt Scamander can do the following:

1. put a 1-kilogram beast in his suitcase if there’s no such beast currently in the suitcase;
2. release a beast weighing n kilograms from the suitcase;

3. if k < n, release a beast weighing k kilograms from the suitcase and simultaneously let in a beast
weighing k + 1 kilograms if there’s no such beast in the suitcase.

Newt’s suitcase is initially empty. For what n can Newt make any combination of beasts from the
Hogwarts area to appear in the suitcase exactly once, leaving only the beast weighing n kilograms in
the suitcase?

Answer: n =2" -1, meN

Pemrenune (RUS). 3amernm, urto ecim Hbory ymacrest 1o6uThes TpebyemMoro, To €Ie OJHUM
JeficTBUeM OH CMOXKeT CHOBa OLYCTOILIUTH CBOI 4eMOJaH.

Bomosasas geiicrsug 1 u 3, HbloT yBesmmuuBaeT cyMMapHBI Bec BceX TBape#l B yeMojane Ha 1, a
BBITIOJIHASA JelicTBHe 2, yMeHbITaeT ero Ha n. IlycTs meiictBue 2 moBropusioch Ny pa3 B HENOYKe U3
N neiicreuii Hprora, KoTOopas HaYMHAETCS U 3aKAHYUBACTCS OJHHM M TeM Ke (BO3MOXKHO, IIyCTBIM)
Habopom danrtacrnaeckux reapeii. Torma (N — Ny) — No-n =0, .e. N = Ny - (n+ 1), 1.e. N kparHo
n + 1. Tlockonbky N = 2™, nesaem BbIBOJ, 4T0 2" KparHo (n + 1), orkyaa n = 2™ — 1 1y HEKOTOPOTo
HATYPaJIbLHOIO M.

[IpuBeem mpuMep moc/ienoBaTebHOCTH jaeiicTBuit HbioTa s moydenus jiroboro nabopa anrta-
CTHYECKUX TBapeil (3JeMEeHThl YKa3aHHBIX MHOYKECTB COOTBETCTBYIOT BeCy TBapeii):

0— {1} - {2} = {1,2} = {1,3} = {2,3} — {1,2,3} — ---
o= {n—-2n—-1}—={n-2,n} > {n-2} - {n—-1} - {n}
Kpurepun oneHuBaHus:

® DPACCMOTPEHa IIOCIeI0BATEIbHOCTD, HAUNHAIOIMIASICS 1 3aKAHIMBAIOIIAACS OTMHAKOBBIME HAOOpaMu
daHTACTHIECKUX TBapeil — 2 NepBUYHBIX OaJjLia;

e JIOKA3aHO, 9TO 00IIee KoaudecTBo Jelicteuit Hpiota KpaTtHo (n + 1) — 3 mepBudHbIX 6asiia;

BepHOE U 00OCHOBAHHOE PEIEHNE C HE3HAYUTEIbHOM omuoKoil — 4 nepBUYHBIX 6aJLIa;

® [IOJIHOCTBHIO BEPHOE U 0OOCHOBAHHOE PEHIeHUE — D HEePBUYHBIX OAJIIOB.

Solution (ENG). Note that if Newt succeeds in achieving the desired result, he can empty his
suitcase again with one more action.

By performing actions 1 and 3, Newt increases the total weight of all the beasts in the suitcase by

1, and by performing action 2, he decreases it by n. Suppose action 2 is repeated N, times in a chain of

N actions by Newt that begins and ends with the same (possibly empty) set of fantastic beasts. Then
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(N —N3)—Ny-n=0,ie. N =Ny-(n+1), thus N is a multiple of n + 1. Since N = 2", we conclude
that 2" is a multiple of (n + 1), hence n = 2™ — 1 for some positive integer m.

Here’s an example of Newt’s sequence of actions to obtain any set of fantastic beasts (the elements
of the given sets correspond to the weights of the beasts):

0— {1} = {2} = {1,2} = {1,3} - {2,3} = {1,2,3} — ---
o= dn-2n—-1}—=>{n-2n}t=>{n-2} > {n-1} = {n}

Criteria:

a sequence beginning and ending with identical sets of fantastic beasts is considered — 2 pre-points;

Newt’s total number of actions is proven to be a multiple of (n + 1) — 3 pre-points;

e a correct and reasonable solution with a minor flaw — 4 pre-points;

a completely correct and reasonable solution — 5 pre-points.

Task 4. B terpasape ABCD wuspecrno, uto AD = BC u AC = BD. Cdepa ¢ meHTPpOM B TOUKe
mepecedeHnss MeIMaH TeTpasdapa mepecekaeT ero pebpo BD B takux Toukax X u Y, uro BX = DY.
Jokaxure, uto AB = CD.

Memunana rerpasapa — 3T0 OTPE30K, COSJIUHSIONHIT BEPUINHY TeTPadAPa ¢ TOYKOH 1MepecedeHust Me-
JIHAH IIPOTHBOIOJIOZKHOH I'DAHH.

In the tetrahedron ABCD it is known that AD = BC and AC' = BD. A sphere centered at the
intersection point of the tetrahedron’s medians intersects its edge BD at points X and Y such that
BX = DY. Prove that AB = CD.

A median of a tetrahedron is a segment connecting a vertex of the tetrahedron to the intersection
point of the medians of the opposite face.

Pemrenue (RUS). Ormerum cepenunbt pedep AB u C'D — rouku M u N, coorBercrBerno. [lo-
ckoustbky Tpeyrosibiuku DAC u C'BD pasubl (10 1pém croponam: AD = BC; AC' = BD, C'D — obmas),
PABHBI UX COOTBETCTBEHHBIE 3JIeMEHThI, B 9acTHOCTH, Meauanbl AN u BN. 3uaqnt, tpeyroabauk AN B
paBHOOeIpeHHBIHN, U ero MmeguaHa N M, mpoBeleHHAsT K OCHOBAHUIO, SIBJISIETCS] TAaK’Ke€ W BBICOTOIl, TO
ectb NM 1 AB. AnajorudaeiMu paccyzkaeHusMu 1mpo Tpeyroabauku ADB n BC'A moaydaem, 9To
NM 1L CD.

SamMeTruM, UTO cepeanHa orpeska M N sBisgeTcs Tak:Ke W TOUKOH mepecedenust mequan G Terpa-
snpa ABCD, 10 ectb meHTpoM cdepbl U3 YCAOBHS 3a0a49d. JTOT KAACCHIECKHH (PaKT MPOIe BCEro
000CHOBATH BEKTOPHBIM MeTOI0M: ycTh () — MPOM3BOJIbHAS TOYKA MPOCTPAHCTBA, TOTIA

O?:O—zi—f‘(ﬁ—i-@—i-(ﬁ: (OA + OB)/2 + (OC + 0D)/2 :0T4+07\7
4 2

2

(To Ke paccyzKaeHue MOXKHO 0ODOPMUTH ¢ TOMOIIBIO METO/IA MACC)

Bamumem crenenu Touek B u D ornocurenbno ynomanyroit cdeps: BX - BY = BG?* — R* u
DY - DX = DG? — R?, rne R — pamuyc cdepnl. Tax kaxk BX = DY, 1o tak:xxe BY = DX, T0 ecThb
crenern Touek B u D oTHOCUTETHHO C¢ephl PABHBI, 3HAYNAT, PABHBI PACCTOSHUS OT HUX JI0 €€ TeHTPA:
BG = DG@G. Ocrajioch 3amucarh TeopeMy lludaropa:

BM? — MG? = BG? = DG? = DN? — NG?

C yuérom ycaosuss MG = NG (G — cepepuna orpeska M N) umeem AB/2 = BM = DN = CD/2, to
ectb AB = C'D, 910 u TpeboBaIoCh 10Ka3aTh.
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Kpurepuu oneHnBanus:
e BepHOE M 0DOCHOBAHHOE PEIIEHUE C He3HAYUTE/IbHOM OMMOKO# — 4 nepBUYHbBIX OaJL1a;

® II0JTHOCTBHIO BepHOE U 0OOCHOBAHHOE pelleHre — 5 MePBUUHBIX OAJIIOB.

Solution (ENG). Lets mark the midpoints of edges AB and C'D as points M and N, respectively.
Since triangles DAC and CBD are congruent (along three sides: AD = BC, AC = BD, and CD is
the common side), their corresponding elements are also equal, in particular, the medians AN and BN.
Therefore, triangle AN B is isosceles, and its median N M, drawn to the base, is also the altitude, that
is, NM L AB. Similar reasoning for triangles ADB and BC'A yields NM 1 CD.

Note that the midpoint of segment M N is also the intersection point of medians G of tetrahedron
ABCD, that is, the center of the sphere in the problem statement. This classical fact is most easily
substantiated using the vector method: let O be an arbitrary point in space, then

oo _ OA+OB+0C+0D (OA+0B)/2+(OC +0D)/2 OM +ON
4 2 2

(similar reasoning can be formalized using the mass method)

Lets write the degrees of points B and D relative to the aforementioned sphere: BX-BY = BG?— R?
and DY - DX = DG? — R?, where R is the radius of the sphere. Since BX = DY, then BY = DX,
that is, the degrees of points B and D relative to the sphere are equal, hence the distances from them
to its center are equal: BG' = DG. It remains to write the Pythagorean theorem:

BM? — MG* = BG* = DG* = DN* — NG*
Given the condition MG = NG (G is the midpoint of the segment M N), we have AB/2 = BM =
DN = (CD/2, that is, AB = CD, which is what was required to be proven.
Criteria:
e correct and justified solution with a minor error — 4 pre-points;

e completely correct and justified solution — 5 pre-points.
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Task 5. /lokazkuTe HEPABEHCTBO JIJId MOJOKUTEIBHBIX @, b:

a N b S a+b
VI2+1 a2+l Vab+1

Prove the inequality for positive a, b:

a b S a+b
Vb2 + \/a2 +1 Vab+1

Pemenne (RUS). Ilycrs A = 45, = a%b, flz) = %ﬁ Torga nCXoaHOE HEPABEHCTBO TEPEIn-
IeTCA B BUJIE

A O+ 1) +p- fla®+1) > flab+1)

rme A+ p = 1. Bamernm, ato ab+ 1 = A+ (b + 1) + p - (a* + 1), no3TOMYy TIOCTETHEE HEPABEHCTBO
PABHOCHJILHO

A fP+10) +p-f@+1) = fFO- (P +1) +p- (a® 4+ 1)),

KOTOpOe BEPHO B CUJIy HepaBeHCTBa llencena.

Kpurepun oneHunBaHmd:

e NpHBE/EHA [LJI0OTBOPHAS HJesl, TIPH STOM HCIOJIB30BAHO HEPABEHCTBO O CPEIHUX (MM HEpaBeH-
crBo Komu-Bynsikosckoro-I1TIsapna) — 2 nepBuaHbx 6asuia;

® 1IOJIHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MePBUYHBIX OAJLIOB.

Solution (ENG). Let A = 4, = a%b, f(z) = % Then the original inequality can be rewritten

as
A SO 1) +p flo®+1) = flab+1)
where A + 1 = 1. Note that ab+ 1= X- (0> + 1) + u - (a® + 1), so the last inequality is equivalent to
A fOP+ 1)+ pe fla®+1) = N (0P + 1) + i (a® + 1)),

which holds by Jensen’s inequality.

Criteria:

e a fruitful idea is presented, using the mean inequality (or the Cauchy-Schwartz inequality) — 2
pre-points;

e a completely correct and justified solution — 5 pre-points.



