7" degree

Task 1. Katsa xo4eT MOKpPacuTh CTEHBI CBOEil MEeCTUYTOIbHOIT KOMHATH B TOIy00ii, *KeJIThIH, 3e/1eHbIi,
KPACHBIH, CHHAI 1 OpaHKeBBI 1BeTa (KazK/yI0 CTeHy B CBOil I[BET), Npuvem roaybast CTeHa JO0JZKHA CO-
CeJICTBOBATH C *KeJITOM, a 3eJIeHast He JT0JKHA COCeICTBOBATE ¢ cuHell. CKOJIBKO CyIIeCTBYeT Pa3TnIHbIX
cI10COO0B MOKPACUTH CTEHBI KOMHATBI ¢ cOOJIoAeHneM 3Tux npasumi! [lokpacku, coBragaoliyme Ipyr ¢
APYIOM [P IMOBOPOTE KOMHATDHI, CYUTAIOTCH OJUHAKOBBLIMU.

Kate wants to paint the walls of her hexagonal room in light-blue, yellow, green, red, blue and orange
(each wall in a different color), where the light-blue wall should be adjacent to the yellow one, and the
green wall should not be adjacent to the blue one. How many different ways are there to paint the
walls of the room while following these rules? Paintings that coincide with each other when the room
is rotated are considered to be the same.

Solution (RUS). Bamerum, 9T0 KazK1yi0 IMOKPACKY MOXKHO OTDPa3uUTh (PACKPACHTH CTEHbI B 00-
PATHOM MOPSIJIKE ), & 3HAYUT, BCE MOKPACKH MOXKHO pa30uTh Ha Maphl. [I09TOMY JTOCTATOYHO PACCMOTPETh
TOJIBKO OJTHY TOKPACKY W3 KayKJO Mapbl, a 3HAUHUT, Oy/IeM CUUTaTh, YTO YKEATas CTeHa CIPaBa OT TO-
JIy0oii.

[IporymepyeM cTeHbl KOMHATHI YucIaMu OT 1 10 6, MOBOpAYWBasCh 1O 4acoBoil cTpeske. [lockoabKy
HOKPACKH, COBIAIAIONINE IIPU MOBOPOTE, CUNTAIOTCI OJMHAKOBBIMHU, OyIeM CYHTATh, YTO CTeHa 1 Io-
KpaleHa B rojiyooit mser, a crera 2 — B xeaTbiil. OcTaanch 9eThipe HEeMOKPAIIeHHbIe CTEHBI H YeThIpe
IBETa, MO3TOMY 00Ilee KOJMYECTBO CIOCODOB WX MOKPAcuTh paBHO 4 -3 -2 -1 = 24. VI3 nux nam He
HOJXOIAT BAPUAHTHI, B KOTOPBIX CHHSIS W 3€JIeHas CTeHBI COCEJICTBYIOT:

Byksamu G, B 31ech 0003HaUeHBI COOTBETCTBEHHO 3€JI€HbIH U CHHUII IIBeTa, a cUMBOJIOM [] — cTeHbI
JIJIsT TIOKPACKW B KPACHBIM W OPAHKEBBIHl 1BeTa. 3aMeTUM, 9TO JJis KarKJA0r0 U3 MIECTH HePednC/IeH-
HBIX BApPUAHTOB CYILIECTBYIOT II0 ABa BapUaHTa INOKPACKU B KPACHBLIM W OPAHXKEBBLIA IBeTa — 3HAYMUT,
HETIOAXOISAIINX BapuaHTOB poBHO 6 - 2 = 12, a octaabubie 12 13 24 MOAXOAAT.

OcTaoch BCIIOMHUTD, YTO BCE «IIPABHIbHBIE» MOKPACKKA MOXKHO Pa30dUTh HA CUMMETPUYHBIE HAPHI,
a 3HAYUT, Bcero ux 12 -2 = 24,

Solution (ENG). Note that all ways to paint the walls can be divided into pairs symmetrical to
each other with respect to the axis of symmetry of the hexagon (if you look at the room from above).
Therefore, it’s enough to consider only one painting from each pair, which means that we can assume
that yellow wall is to the right of the blue one.

Let’s enumbeate the walls of the room with numbers from 1 to 6, turning clockwise. Since the ways
to paint that match during the rotation are assumed to be the same, we will assume that wall 1 is blue
and wall 2 is yellow. There are four unpainted walls and four colors left, so the total number of ways
to paint them is 4 -3 -2 -1 = 24. Of these we do not accept options in which blue and green walls are
adjacent:
G, B, 01,
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The letters G, B here represent green and blue, respectively, and the symbol [ denotes the walls to
be painted in red and orange. Note that for each of the six options listed, there are two color options for
red and orange, which means that there are exactly 6 -2 = 12 of unsuitable options, and the remaining
12 out of 24 are suitable for us.

It remains to remember that all correct ways to paint the walls can be divided into symmetrical
pairs, which means that there are 12 - 2 = 24 ways in total.

Task 2. Paccmorpum citeytomumii ajiropurM. Ha kazk/1om 1mare Mmbl 6epem TekyIiee HaTypaJibHOe YUC/IO,
pPacCKJaAblBaeM €ro B CYMMY KaKHUX-TO ABYX HaTYPaJIbHbBIX CJara€MbIX (STI/I CcJaracMbl€ Ha KazKJIOM ITare
MBI MOYKEM BBIOMPATH KaK YTOJHO), & 3aTeM [ePEMHOZKAEM TH JBa CJIaraeMblX U MOJIydaeM HOBOe YhCJIO.
HazoBeMm 4mcsio n BoJireOHBIM, €CJU, 3aIyCTUB aJrOPUTM C YUCJIA, PABHOTO CyMMe UMD JIecATHIHOM
3aIUCH N, MBI B KAKOH-TO MOMEHT BPEMEHH MOYKEM MOJYUYUTH YUCJIO N.

Hamnpumep, ancio 35 BoJimebHOe, MOCKOJIBKY CyMMa €ro nup paBHa 8, H aJTOPHTM pabOTaeT Tak:

8=64+2—26-2=12=7+5—=7-5=3H
Asngerca au BoamebusiM uucao 20237

Consider the following algorithm. At every its step we represent the current positive integer as a sum
of two positive integers chosen by our will, then we multiply these two numbers and get a new number.
Lets call a number n magical if we can get n by launching the algorithm from the sum of decimal digits
of n.

For example, the number 35 is magical, since the sum of its digits is 8, and the algorithm works as
follows:

8=64+2—-26-2=12=74+5—=>T7-5=235

Is the number 2023 magical?

Solution (RUS). 3amernm, aro 2023 = 17-119, mostromy B X0j1€ paboThl HAIIIETO AJTOPATMA HAM
HY?KHO HOJIy9uThb 9ucao 17 + 119 = 136. Va00HO i1t 3TOr0 3allyCTHTH IIPOIECC B 0OOPATHYIO CTOPOHY:
Pa3JI02KUTh YHUCJIO Ha ABa MHOZKHTECJIA U 3aT€M BBIYHC/IUTL UX CYMMY. HOJIqu/IM CﬂeﬂyIOH_[I/HU/I Iponecc:

2023=17-119 - 17+119=136 =8-17T =8+ 17=25=5-5—=5+5=10

Taxum obpa3omM, HAM JTOCTATOYHO, cTapTys ¢ unucaa 2 + 0+ 2 4+ 3 = 7, noxyunts gucao 10. 9To coBcem
JIETKO:

7T=4+3—-4-3=12=114+1—-11-1=11=10+1—-10-1=10

[Tonyuup yucsao 10 u pa3BepHYB B OOpATHYIO CTOPOHY HPOIECC, ONMMCAHDBINA BBIIIIE, ITOJTYIUM AJTOPUTM,
OpUBOIANINN HAC K uncay 2023. 3HAUUT, OHO BOJIIIEOHOE.

Solution (ENG). Note that 2023 = 17 - 119, so during the work of our algorithm we need to get
the number 17 + 119 = 136. It is convenient to run the algorithm in the opposite direction: decompose
the number into two factors and then calculate their sum. We get the following:

2023=17-119 - 17+119=136 =8-17 =8+ 17=25=5-5—=5+5=10

Thus, it is enough for us to get the number 10 starting from the number 2 + 0+ 2 4+ 3 = 7. It’s quite
easy:
7T=44+3—-4-3=12=114+1—-11-1=11=10+1—-10-1=10

Having received the number 10 and reversed the process described above, we get an algorithm that
leads us to the number 2023. So it’s magical.



Task 3. Ilo kpyry paccrasiensl 2024 KoHTeiiHepa, B KaxKJI0M U3 KOTOPBIX H3HAYAJIBHO HAXOMTUTCS IO
ojiHOMYy Iapuky. Pobor ymeer Oparh JiBa JIOOBIX IIApUKa U HEPEKJIabIBATh UX B COCEJIHHE C HUMHU
KOHTEHHEpDbI, HO IIPU 3TOM OJIMH TMApPUK JIOJZKEH OBITH MEepeJIOYKeH B COCEHUI KOHTEHHep clipaBa, a
JAPYroil — B coceHUil KOHTelHep ciiesa.

Hanmpumep, MOXKHO B35Th HIAapHKH U3 KOHTEHHEPOB ¢ MOpssAKoBIMH HoMepaMmu 134 u 960 m mepesio-
JKATH U3 HUX MApPHKA B KOHTeIHephl ¢ HoMepamu 135 w 959 cooTBeTcTBEHHO.

MozkHo jin HanucaTh Jjigd podoTa TAKy MpOrpaMMy, 4TO B pe3yJbrare ee paboTbl
a) octaHeTcst 8 KOHTEHEPOB, B KayK/IOM U3 KOTOPHIX 10 253 Iapuka,;
b) ocranercst 253 KOHTeliHepa, B KAKIOM U3 KOTOPHIX 110 8 MAPHKOB?

2024 containers are arranged in a circle, each of them initially contains one ball. Robot can take
any two balls and transfer them to the containers adjacent to them, but in this case one ball must be
transferred to the adjacent container on the right, and the other — to the adjacent container on the left.

For example, you can take balls from containers with numbers 134 and 960 and put them into
containers with numbers 135 and 959, respectively.

Is it possible to program the robot such that as a result of its work
a) 8 containers will remain, each containing 253 balls;

b) 253 containers left, each with 8 balls?

Solution (RUS). a) [Tokaxkem, 910 570 Bo3MOKHO. [IpoHyMepyeM KOHTe#iHepbl ducaamu ot 1 710
2024. CragaJia TepesIoyKUM BCe TMAapUKN W3 KOHTeHepoB ¢ HOMepamu OoT 1 10 252 B KoHTeiiHep 253,
OJITHOBPEMEHHO TIepeKIa bIBasd MapuKu U3 KOHTeliHepoB ¢ HoMepamu oT 2024 1o 1773 B KoHTeftHep 1772.
AHaJIOrm9YHO MOCTYHUM ¢ KOHTeifHepaMu ¢ HoMepamu oT 254 1o 505 m KOHTelHepaMu ¢ HOMEPAMH OT
1771 no 1520, nomepamu ot 507 g0 758 u Homepamu ot 1518 ;1o 1267, u nakoner, ¢ nomepamu ot 760
10 1011 u momepamu ot 1265 10 1014. B urtore Mbl nostydum TpedyemMoe pacipeeeHue mapuKoB.

b) okazxkeMm, 9T0 Takoe HEBO3MOXKHO. [IpocienmM, Kak MeHSIeTCsT CyMMa HOMEPOB KOHTeliHepoB,
YMHOXKEHHBIX HA KOJMYECTBO IAPOB B HUX, IPU OJHOM JeiicTBruu poboTa (HAIpUMED, H3HAYATIBHO ITa
cymma paBHa 1 + 2 + 3+ 4 + --- 4+ 2024, a mocje Toro, Kak pobor «mopaboTaer» ¢ KOHTeiHepaMmu 1
u 3, ora cymma Oyger pagaa 0 +2 -3 4+ 0+ 4 + --- 4+ 2024). Ecsin He npoucXoiuT 1EePeKIa (bl BAHUS
mapuka u3 KoHrTeiiHepa 1 B xKouTeiinep 2024 (mim Ha060pOT), 9Ta CyMMa COXPAHSIETCsI, B IPOTHBHOM
caydae ona m3Mmensiercs Ha 2024. 3HauwT, B pe3ysbrare BCEX MEPEMEIeHUil MTapUuKOB OCTATOK CYMMBI
HOMEpPOB KOHTeHepOB, YMHOKEHHBIX Ha KOJMIECTBO MapoOB B HUX, NPH JdejeHnn Ha 2024 He M3MeHUI-
cd. B HagaIbHBIH MOMEHT BPEMEHH 9TOT OCTaTOK ObLI paBeH 1+ 2 + --- 4 2024 = 2025 - 1012 = 1012
(mod 2024), a B KOHEIHBI!I MOMEHT BPEMEHH — OCTATKY CYMMBI HOMEPOB KOHTEHHEPOB, COMEPIKAIINX
MapuKn, yMHOXKeHHON Ha 8. OHAKO MepBbIil OCTATOK HEe KpaTeH 8, a BTOPOW KPaTeH — NPOTHBOPEYHE.
SHAYNUT, HCKOMOTO AJITOPUTMA, HE CYIIECTBYET.

Solution (ENG). a) Let’s show that’s possible. We’ll numerate the containers from 1 to 2024.
First, let’s «shift» all the balls from containers with numbers from 1 to 252 to the container 253, at
the same time shifting balls from containers with numbers from 2024 to 1773 into the container 1772.
We will act similarly with containers numbered from 254 to 505 and containers numbered from 1771 to
1520, from 507 to 758 and from 1518 to 1267, and finally, from 760 to 1011 and from 1265 to 1014. As
a result, we get the required placing of balls.

b) Let’s prove that it’s impossible. We will look at the sum of containers’ numbers changing at one
action of the robot. If the ball is not transferred from a container of 1 to a container 2024 (or vice
versa), the sum of numbers of the two containers remains the same, otherwise it changes (increases or
decreases) by 2024. This means that as a result of all the movements of the balls, the rest of the amount
of containers’ numbers has not changed modulo 2024. At the robot started its work, the residue was
1+24--- 42024 = 2025 - 1012 = 1012 (mod 2024), and at the end of its work the residue must be
equal to the remainder of the sum of containers’ (with balls) numbers multiplied by 8. However, the first
residue is not divisible by 8, and that gives us a contradiction. Thus, the desired algorithm can not exist.



Task 4. (3asaua npeiocrapiena napraepom Oummmuasl — kommanueii « Tuabkopd Obpasopannes )
AnaymTuk npuexas Ha koudepennuio. Tam oH y3ua 1, 9T0 cpean 190 APyrux y4acTHUKOB KOH(DEPEHTIHH
50 Bcerma rosopar mpasmy, 100 Bcerga aryT, a 40 MOryT rOBOPUTH 4TO yrojHO. Bee, KpoMe aHAIUTUKA,
3HAIOT BCE PO BCEX OCTAJBHBIX: KTO BCET/Ia TOBOPUT MPAB/Y, KTO BCETIa JIKET, 8 KTO MOYKET TOBOPUTH
YTO YTOIHO.

JlokazkuTe, 9TO, MOOOIMIABIINCH CO BCEMH YYaCTHUKAMHU KOHMEpPEeHIMH, aHAJIUTUK TapaHTHPOBAHHO
CMOYKET BBISICHUTH, KTO KEM SIBJISIETCSI.

The analyst came to a conference. There he learned that among 190 others participants 50 always
tell the truth, 100 always lie, and 40 can say either truth or lie. Everyone except the analyst knows
everything about everyone else: who always tells the truth, who always lies, and who can say anything.

Prove that after talking with all the participants of the conference the analyst is guaranteed to find
out who is who.

Solution (RUS). BazaanM KaxkgIoMy U3 JOfeii BOIPOC PO KAKIOTO U3 OCTAJbHBIX. 3aMeTHM,
9TO JIIOIH, BCEIIa TOBOpAINNe IpaBay, Ha30ByT poBHO 100 apyrux Jifojeil kemaMu. A BOT JIIOIH, KO-
TOpBIE BCeT/a JIYT, He MOTYT Ha3BaTh Kakux-To 100 mapyrux Jrofeit JkKenamu, MOTOMY UTO JIIOJEH,
TOBOPATIIUX MPABJY W BCE ITO YTOAHO, cyMMapHO MeHbIe 100.

Paccemorpum Tosibko Jitogieit, koropbie 1po 100 Kakux-To Apyrux JIoJeil cka3aJjm, 4To Te Beerja JryT.
Cpenu HUX JOKHBI HAWTUCH Kakue-To 50 JIofeit, KOTOpbie APYyT MPO JApyra CKa3aJid, 9TO OHU TOBOPSIT
npaBay. 3aMeTHM, 9TO B TAKOM MHOYKECTBE MOTYT OBITh TOJIBKO JIFO/IA, KOTOPHIE BCET/Ia TOBOPAT TIPABILY.
JleficTBUTENBHO, JIZKEIIOB TaM OBITH HE MOXKET, TAK KaK Mbl HX «OT(HILTPOBAJIHY €IIé Ha IEePBOM IIIare.
Ecmu cpean stux 50 J10/eil BCTpedaioTcsd BCerjia TOBOpSIIHE MPaBIy W TOBOPAIIHAE YTO YTOIHO, TO
JIIOJIM, TOBOPYIIUE IPaB/Ly, CKa3a/u Obl PO OCTAJbHBIX, YTO OHHM T'OBOPAT 4TO YrojHo. TakzKe Bce 3Tu
50 "yesI0BeK HE MOTYT TOBOPHUTH UTO YTOJAHO, TaK KaK TOBOPAIIAX 4TO YTOAHO y Hac Bcero 40.

Taxum obpazoM, Mbl HaftJEM JIIOJIEil, TOBOPSIIUX TTPABIY, & JAJIbIIE IO UX OTBETAM y3HAeM BCE PO
BCEX OCTaJbHBIX.

Solution (ENG). Let’s ask each of the people a question about each of the others. Note that
people who always tell the truth will call exactly 100 of other people liars. And the liars can’t call some
100 of other people liars, because there are less than 100 of non-liars.

Consider only people who said about the 100 of some other people that they always lie. Among
them there should be some 50 people who said about each other that they are telling the truth. Note
that in such a set there can only be people who always tell the truth. Indeed, there cannot be liars,
since we «filtered out» them at the first step. If among these 50 people there are always non-liars, then
people who tell the truth would say about the rest that they say whatever they want. Also, all these 50
people can’t say anything, because we only have 40 of people saying anything.

In this way, we will find people who speak the truth, and then we will learn everything about
everyone else from their answers.

Task 5. Aujpeit 3aragan satypaabHoe 9ucyio k, a BUkTop KakuM-To 00pa3oM BBIIHUCAJ HA JIOCKY BCe

HATYPAJbHBIE YUCJIA, HE CoJepzKalnue B jgecsaTudnoii 3anucu mudpy 0. 3arem Aujgpeit oryiacus 3uadenue

k, u BukTop BMeCTO KazKJ0ro 3aIllMCAHHOI0 Ha JIOCKE YUC/Ia N 3al0UCaJ PA3HOCTb MEXKYy CyMMOoil mudp

qucsaa n u cyMMmoit udp ducaa kn (¥ Tam, n TaM TOBOPUTCS 0 cyMMe TUdD JeCATHIHO 3anch 9uca).
JlokaxKuTe, 9TO Temephb Ha JOCKe 3aMMCaHO O€CKOHEYHO MHOTO HYJIeil.

Andrew thought of a positive integer k, and Victor somehow wrote down on the board all positive
integers that do not contain the digit 0 in their decimal notation. Then Andrew announced the value
of k, and instead of each number n written on the board, Victor wrote down the difference between the
sum of decimal digits of the number n and the sum of decimal digits of the number kn.

Prove that now there are infinitely many zeros written on the board.



Solution (RUS). Ilycrb B necatuanoii 3amucu uncaa k 6u110 2 mudp. Torma cpean ducen, n3Ha-
YaJbHO 3AIIMCAHHBIX HA JIOCKE, JIOCTATOYHO PACCMOTPeTh umucsa Buja 999...9, 3anucsiBaeMble JIE€BAT-
KaMM, KOJINIEeCTBO KOTOPLIX HE MCHbBIIE T.

PacemoTrpuM 0j1HO Takoe YHC/I0, 3alUCHIBAEMOE C TTOMOIIBIO Y JeBATOK: N = 999...9 = 10Y — 1.
Cymma nudp Takoro guciaa pasha 9y, npu stom kn = (10Y — 1)k = 10Y - k — k — mecarudnasi 3amuch
TAKOTO YUC/]Ia HAUMHAETCs ¢ 3amuch ducia k (ecau k we kparuo 10, To mociennsist mudpa yMeHbIIEHA
Ha 1; ecam k kparHo 10, TO MOXKHO OTOPOCHTDH HYJIM, HA KOTOPbIE OHO OKAHYMBAETCS — OHU HE BJIUSIIOT
Ha cymMMmy 1udp gucaa kn), 3aTeM cJenyer y — T IeBATOK, a 3areM — IIMPBI, TOMOTHSIONNE KazK Iy
u3 mepBbIxX & udp /10 9.

BepnocTb 31010 yrBepKIeHIS MOZKET ObITH HPOJEeMOHCTpUpOBaHa BoluutanueM u3 10Y -k aucia k «B
cTOI0UK ». [ locsie 9Toro cranoBUTCS OYEBUIHBIM, YTO CYMMBI UMD YUCEJ 1 U k1 PaBHBI, U PA3HOCTH ITUX
cymMm pasaa 0. [IockoJbKYy yTBep:KIeHHe BEPHO I JII0O0TO ¥y > & B KOJUYECTBO TaKUX Y OECKOHEUHO,
JieJiaeM BBIBOJI, 9TO HA JIOCKE OKayKeTcs DeCKOHEYHOe KOJIUYIECTBO HyJei, 9TO u TpebOBaI0OCh 10KA3aTh.

Hanpmwep, ecan k = 372, y = 5 > 3 (koammaectBo 1mudp gecsaTudanoii 3amucu k), 7o n = 99999 u
kn = 372 -99999 = 372 - (105 — 1) = 37199628 ¢ Toii :ke cymmoii nudp, 4ro y 4uciaa 99999. o ke
BEPHO 171 JTI060TO Y > 3.

Solution (ENG). Let there be z digits in the decimal representation of the number k. Then,
among the numbers initially written on the board, it’s enough to consider numbers of the form 999...9
(at least x digits, all of them are equal to 9).

Consider one such number written using y digits «9»: n =999...9 = 10Y — 1. The sum of the digits
of such a number is 9y, while kn = (10Y — 1)k = 10Y - k — k — the decimal notation of such a number
begins with the number & (if k£ is not a multiple of 10, then the last digit is reduced by 1; if k is a
multiple of 10, then you can discard the zeros it ends in since they don’t affect the sum of digits of kn),
followed by y — x digits «9», and then — by digits completing each of the first x digits up to 9.

The correctness of this statement can be demonstrated by subtracting the number k «in a column»
from 10Y - k. After that, it becomes obvious that the sums of the digits of the numbers n and kn are
equal, and the difference between these sums is equal to 0. Since the assertion is true for any y > x
and the number of such y is infinite, we conclude that there will be an infinite number of zeros on the
board, which was required to be proved.

For example, if k = 372, y = 5 > 3 (the number of digits in decimal notation k), then n = 99999
and kn = 372-99999 = 372 - (10° — 1) = 37199628 with the same sum of digits as 99999. The same is
true for any y > 3.



8-9'" degree

Task 1. OKpyKHOCTH w; U Wy, HE UMEIOIIHE OOIMUX TOYEK, KACAIOTCA OKPY:KHOCTH {2 BHYTPEHHUM
obpazom B Toukax A m B, coorBercTBenHO. [leHTPHI OKPYKHOCTEH W U Wy PACIOJIOKEHBI TIO0 Pa3HbIe
croporbl oT mpsamoit C'D — obmieit KacaTeJbHON 3THX OKPYyrKHOCTElH, npudem Touka C' JIEXKUT Ha Wi, a
touka D — na wy. Haiture rpagycuyio mepy ayru AB okpyzxnoctu €2, ecyin yroJ Mexay npsgmbivu AC
u BD cocrasisier 55°.

The circles wy and wy (which have no common points) touch the circle € internally at the points A and
B, respectively. The centers of the circles w; and ws are located on opposite sides of the line C'D which
is the common tangent line of these circles while the point C' lies on w; and the point D lies on ws. Find
the degree measure of the arc AB of the circle € if the angle between the lines AC' and BD is 55°.

Solution (RUS). Ilycrs nckomasi rpajgycuas mepa ayru AB pasaa ¢; O — IEHTD OKPYZKHOCTH
Q. Kacarenbuble K 3T0it OKpyKHOCTH B Toukax A, B OyayT KacaTeJIbHbLIMH K OKPYKHOCTSM W1, Ws
(cooTBeTCcTBEHHO) U TepecekyTest B Touke F. Tlockonbky ZOAF = ZOBF = 90°, u3 cyMMbl yIJIOB
yeTeipexyronbauka AOBF nonyanm ZAFB = 180° — ¢.

Kacaresibable, mpoBeeHHbIE K OKPYKHOCTH B KOHIAX OJHONW XOP/bI, COCTABJISIOT C ITOH XOPIOi
pPaBHBIE YIJIBbI, TOCKOJBKY OTPE3KH ITUX KaCATEJbHBIX BMECTE C XOP/0il 00pa3yioT paBHOOEPEeHHBIH
tpeyroibauk. [losromy /FAC = ZDCA (06o3naduM 3TOT yros 3a «), anajorudno ZFBD pasen
yray mexty npsmoit C'D u xopaoit BD oKpyKHOCTH wo (0603HAIUM TOT yroa 3a f3).

IIycts E — Touka nepecedenus upameix AC' uw BD, torna ZCDE = 3, u 1j1s YyIJIOB TPEyroJIbHUKA,
CDE umeem ZCED + «a+ = 180°, orkyuna Bugy ZCDE = 55° nonyanm o + = 125°.

[Iycrs CB' || DB, rae Touka B’ nexur wa nupsamoit F B.



Torna ZACB' = a+ 3, u u3 cymmbl yrioB derbipexyroibianka AC'B'F ¢ y4eToMm BBeJIeHHBIX 0003HA-
dennii nostyanm 180° — ¢ + 2(a + 3) = 360°, orkyna ¢ = 2(« + ) — 180° = 2 - 125° — 180° = 70°.

Solution (ENG). Let the required degree measure of the arc AB be equal to ¢; O is the center
of the circle 2. The tangent lines to this circle at the points A, B will also be tangents to the circles
wi,ws (respectively) and will intersect at the point F. Since ZOAF = ZOBF = 90°, from the sum of
the angles of AOBF we get ZAFB = 180° — ¢.

The tangents drawn to the circle at the ends of one chord make equal angles with this chord,
since the segments of these tangents together with the chord form an isosceles triangle. Therefore,
LFAC = ZDCA (we denote this angle by «), similarly ZFBD is equal to the angle between the line
C'D and the chord BD of the circle wy (we denote this angle by £3).

Let E be the intersection point of lines AC' and BD, then ZCDFE = 3, and for the angles of triangle
CDFE we have ZCED + a+ 8 = 180°, and from ZCDFE = 55° we get a + = 125°.

Let CB’ || DB for the point B’ which lies on the line F'B.

Then ZACB' = a+ 3, and from the sum of the angles of the quadrilateral AC'B'F, taking into account
the introduced notation, we obtain 180° — ¢ + 2(a + ) = 360°, whence ¢ = 2(a + §) — 180° =
2-125° — 180° = 70°.

Task 2. Asnuca u Bo6 urpator B urpy. Ha miockoctu ormedesst n > 1 Todek 0OIIEro mojoxKenus (T.e.
HUKAaK{e TPU U3 HUX He JIeKAT HA OJHOW MpPsIMOii), rie 1 — HeYeTHOe HATypPadbHOe 4YHCI0. AJnca u
Bo6 mo ouepenn (HaunHasg ¢ ATHCH) BHIOHPAIOT APy TOYEK W COEJMHSIIOT UX OTPE3KOM (3alpeniaercs



IIOBTOPHO COEJIMHATH TOYKH, KOTOPBIE YKe COeJIMHEHBI OTPE3KOM ). IIpOUrphIBAET TOT, MOCJIE Ybero XO/Ia
obpazyercsi UK/ HEIeTHON J/IMHBI.
Kro Bemurpaer npu mpaBmibHOE urpe 000MX COMEPHUKOB?

Alice and Bob are playing a game. For an odd integer n > 1 there are n points chosen on a plane
in such way that there can’t be chosen three of them lying at the same line. Alice and Bob make their
moves (starting with Alice) by choosing a pair of the points and connecting them with a segment (it is
forbidden to reconnect points that are already connected). The one whose move forms a cycle of odd
number of segments — loses the game.

Who will win if both opponents play correctly?

Solution (RUS). [lokaxkem, 9T0 BHIHIpaeT Bob, T.e. 4T0 B 060 MOMEHT BpEMEHH MOCIe X0
Anesl 0H cMOXKeT c¢eaTh CBOM XOI U He IpourpaTh. PaccMoTpum rpad, BO3HUKAIOUINN Tepe XOI0M
Boba. [TockoabKy OH HE COAEPKUT MUKJIOB HEUETHON JUTHHBI, 3TOT rpad) siBIsieTCs ABYA0AbHBIM. [IycTh
a u b — pa3zmepsl ero jioJeit. JcHo, 94TO npoBeeHe JIIOOOTO HOBOTO pedpa MeXKIy J0JSIMU He MPUBE/IET
K IOPazKeHUIo, MO3TOMY, ecii Bob MoxKeT ImpoBecTH Takoe pedpo, OH €ro MpOBeJIeT.

[Ipeanosoxum, uro Bob He MoxkeT caesnars Xod. Torna mepej ero XoJa0M BO3HHUK IOJHBIH JIBY/10Ib-
ublit rpad K, . Ho mockonbky a+b = n — HedeTHO, 9ncia a 1 b IMEIOT Pa3HyI0 YeTHOCTD, & KOJTHIECTBO
HpOBeIeHHBIX pebep paBHo ab — derno. OHAKO mocjie Xoma AJIUCHI IPOBEIEHO HEYETHOE YuC/I0 pedep.
SHaUNT, MOCE ee XOa HUKAK He MOYKeT IMOJYyIUThCS MOIHBIH ABYA0JbHBIH Tpad. IToaromy Bob Beerma
CMOYKeT CJIeJIaTh HEMPOUTPHIBAIONINH X0, 8 3HAYNT, OH BHIUTPAET.

Solution (ENG). Lets prove that Bob wins, i.e. that at any time after Alice’s move, he can make
his move and not lose. Consider the graph that appears before Bob’s move with its vertices being the
points and its edges being the segments drawn. Since it does not contain cycles of odd length, this graph
is bipartite. Let a and b be the sizes of its parts. It is clear that drawing any new edge between the
parts will not lead to loss, so if Bob can draw such an edge, he will draw it.

Let’s say Bob can’t make a move. Then, before his move, we have a complete bipartite graph K, .
But since a + b = n is odd, the numbers a and b have different parity, and the number of drawn edges
is equal to ab — even number. However, after Alice’s move, an odd number of edges are drawn. Hence,
after ner move there is no way to get a complete bipartite graph. Therefore, Bob can always make a
non-losing move, which means he will win.

Task 3. /lyist Bcex BemecTBEHHBIX X, Y, 2 > 1 JOKaKUTE HEPABEHCTBO

T+yY—+z

++xyz2(\/x—1+\/y—1+\/z—l)2
Prove for real z,y,z > 1:

r+y+=z

—g +ayz > (Vo —1+y—1+vVz—1)°

Solution (RUS). Ilo uepasencry Komu-Bynskosckoro-ITTBapia nveem

rt+ayz=2(l+yz) =21+ @y—1+D(z-1+1)>@@-1+D)1+(Hy—-1+Vz—-1)? >

> (Vo —1+y—1++Vz—1)

Takum obpazom,

r+ayz > (Ve —1+Vy—1++Vz—1)?
y+ayz> (Ve —14+y—1+Vz—-1)
ptayz > (Ve =1+ y—T1+Vz 1)




CJI0KHB 9TU HEPABEHCTBA U MOJEJIUB 00€ YaCTH MOJYIeHHOIO HepaBeHCTBA Ha 3, MOJIYIUM Tpebyemoe.

Solution (ENG). After applying Cauchy-Schwarz inequality we get

r+ayz=a(l+yz)=2(l+@y—-1+Dz-1+1)>@-1+1D)(1+(y—1+Vz—1)?) >

>(WVr—1+y—1+Vz—1)
Thus,

r+ayz> (Ve —1+Vy—1++z—1)°
y+ayz> (Ve —14+Vy—1+Vz—-1)
z+ayz > (Vo —1+y—1+Vz—1)>

After summing these inequalities and dividing both parts of the resulting inequality by 3, we get the
required.

Task 4. Becbma HecTaHIapPTHBIN JTIOL0€I BEYEPOM TIEPE CHOM TOWMAJT APYKHBIX MaTeMaTnKoB. «Cero-
JIHS s1 CBIT, HO 3aBTpa g Pa3/ie/aloch ¢ BAMU», — CKa3aJl OH U IIOTOM HPOJ0IKII: «CeroTHsIrHIon HOIb
BBI IIpOBejieTe B 0OIIeil KaMepe, a 3aBTPa YTPOM d paccazKy Bac IO OTIEJbHBIM KaMepaM ¢ HOMepPaMH,
IIOTOM KazK/I0I'0 U3 BAC 110 OTJAEJABHOCTHU (€ I3y HA 1V1a3) CLIPOILY, KAKOIl HOMED €ro KAMepbl, 1 TeX, KTO
yrajlaeT B 3TOH MepBOil MOMBITKE, BHINYIY M3 UX KaMep y Bcex Ha riasax. Ho mocse 31oro s Kax oMy,
KTO Cpa3y He yTajaJj HOMep ero KaMmepbl, JaM ele OJHY HONBITKY — ele pa3 (¢ mia3y Ha 1ya3) CIporry
PO HOMEDP ero KaMephl, OJHAKO, €CJIH XOTh OJMH U3 HUX OMIUOeTCs — g CbeM Bcex!».
Kak cnactuch Bcem maremMaTukam?

N3BecTHO, 4TO MaTeMAaTUKOB 1 > 1, MHANBHUIYAJIbHBIX KAMED TOZKE 7, OHU IIPOHYMEPOBaHbl KAKUMHU-
TO MEJBIMA qrcIaMu u3 auana3ona ot 0 1o (n — 1) (ogHako, B Gecropsizike W, BO3MOYKHO, ¢ MOBTOPAMHI
M IPOIYCKAME KAKMX-TO HOMEDPOB — JIKOJ0€/I-TO MAJOTPAMOTHBIH ), U3 KayKI0{ KaMepbl BHIHBI HOMEDA
BCEX KaMep, KpoMe HOMepa caMoil 9TOi KaMepsl, B 00IIell KaMepe MaTeMaTHKH MOTYT JTOTOBAPHBATLCA
0 KAKOM YTOJTHO aJIFOPATME yTaJdbIBAHAS HOMEPOB CBOMX KaMep, HO B MHIUBHIYAJIBHBIX KAMEPAX OHM HE
MOryT 00MmaThest (IIepesaBaTh KaKue-jub0 CUTHAJIbL APYT APYTY), & PA3rOBOP C IJady Ha Va3 CJIbIIaT
TOJILKO €r0 HEMOCPECTBeHHBbIE YUaCTHUKH (006 U MaTeMaTHK, ydYacTByomune B pasrosope). Cam
JIIOJJO€E ], YeCTHBIN: OH ,Z[eIU/ICTBI/ITeJIBHO OTIMyCKaeT ¥ BCEX Ha IJIa3aX MaTEMaTHUKOB, KOTOPbI€ yraldaJdnu HO-
Mepa CBOMX KaMep B IE€PBOil ITONBITKE.

A very unusual cannibal caught some mathematicians at the evening. «Today I am full, but tomorrow
I will eat you», he said and then continued: «Tonight you will spend in a common cell, and tomorrow
morning I will put you in enumerated separate cells, then T will ask each of you (in private) about what
his cell number is, and those who guess correctly in this first attempt will be released from their cells in
front of everyone. After that, I will give everyone else one more attempt — once again each of them will
be asked (in private) about the number of his cell. If at least one of them will not guess the number,
then T will eat them all!».

How can all mathematicians save themselves?

It is known that there are n > 1 mathematicians and n individual chambers that are numbered with
some integers from the range from 0 to (n — 1) (however, in disorder and, possibly, with repetitions and
gaps because the cannibal is poor in counting), from each cell you can see the numbers of all the other
cells (but cannot see the number of your cell itself), and in the common chamber mathematicians can
discuss their strategy, but in separate cells they cannot communicate in any way. The cannibal himself
is honest: he really lets go those mathematicians who guessed the numbers of their cells in the first
attempt, and all others will see it.



Solution (RUS). Cuauana B 00mieil KamMepe MaTeMaTHKaM HAJ0 HPUCBOUTH BCEM WHMBUIYAIb-
ubie Homepa or 0 10 (n—1). [lycrs Jiromoe paccau MaTeMaTHKOB 110 KamMepam ¢ Homepamu ko, . . ., k1,
rae k; € {0,...,n — 1} obo3HauaeT HOMep WHIANBHIYATBHON KaMephl, B KOTOPYIO MOCAYKeH MaTeMaTHK
¢ Homepom i € {0,...,n — 1}.

n—1
Kaxprit matemaruk ¢ € {0,...,n — 1} Moxer moacumTarh cymmy S; = >, kj, HO He MOXKeET
=0,
n—1
MOZCIUTATh cyMMy S = > kj, onHako a1 Kaxkaoro i € {0,...,n — 1} nveem
=0

ki=S—-S=(5-25;) (modn)=(S (modn)—S; (modn)) (modn)

K coxanennio, S (mod n) HUKOMY W3 MaTeMATHKOB He M3BECTHO 3apaHee, HO MYCTh B KAYECTBE «KaH-
muparay #Ha S (mod m) Kaykjblii MaTeMaTHK Ha3blBaeT CBOi coberBenubiii Homep @ € {0,...,n — 1}.
TakuMm 06pa30M 3a HEPBYIO TMONBITKY BCe MATEMATHKH BMeCTe mepebepyT (Tak CKa3aTh, HAPAJIeNbHO)
Bce Bo3MokHbIe BapuanTel (S (mod n)) € {0,...,n — 1}, u, caegoBaTebHO XOTS OB OTHH MaTeMATHK
Oymer ocBOGOXK/EH y BCex Ha ruia3ax. [lycth HOMep sroro maremaruka m € {0,...,n — 1}, u, cie-
JOBATEJIbHO, 3TO YHCJIO0 M OH Has3Bas B KadecTBe S (mod m), mo3TOMY BO BTOPOii MONBITKE KAXKIOMY
3akmouéHnoMy Maremaruky i € {0,...,n — 1} B KauecTBe HOMEpa KaMepbl CJIe/[yeT HA3BaTh
(m — (S; (mod n))) (mod n), 9T06BI CHACTHUCH.

Solution (ENG). First, in the common chamber, mathematicians must assign individual numbers
from 0 to (n—1) to everyone. Let the cannibal seat the mathematicians in cells with numbers ko, . .., k,_1,
where k; € {0,...,n — 1} denotes the number of the individual cell in which the mathematician with
number i € {0,...,n — 1} sits.

n—1
Every mathematician ¢ € {0,...,n — 1} can calculate the sum S; = ) k;, but can’t calculate
=0,

n—1
the sum S = )" k;, but for each ¢ € {0,...,n — 1} we have
=0

ki=S—-S=(5-25;) (modn)=(S (modn)—2S; (modn)) (modn)

Unfortunately, none of the mathematicians knows S (mod n) in advance, but let each mathematician
name his own number i € {0,...,n — 1} as a «candidate» for S (mod n). Thus, during the first
attempt, all mathematicians together will check all possible options of (S (mod n)) € {0,...,n — 1},
and, consequently, at least one mathematician will be freed in front of the others. Let the number of
this mathematician be m € {0,...,n — 1}, and, consequently, he named this number m as S (mod n),
so in the second attempt each other mathematician with number i € {0,...,n — 1} should name
(m — (S; (mod n))) (mod n) as cell number — that’s the way to escape.

Task 5. (3ajaua npejocrasiena napraepom Oummmmnuaisl — kommnanueii « Tuabkodd Obpasopannes )
Ha ctome nexkat 16 KapTodek: Ha OJHOW W3 HUX HAIMMCAHO YUCJIO 1, HA BTOPO#t — 2, HAa TpeThelt — 3, .. .,
Ha nocjeaaeit — 16. Bacs nepesepyst ux Bce n ObICTpO nepemerntas tak, 4ro [lers ve ycmesn 3anoMuuTh
MECTOTIOIOZKEHIe HU OJHON KapTOYKHU, a caM Bacs 3amoMHII BCE.

[Terst xouer BBLIOKHUTH BCe 16 KapTOUeK B psij, HE MEPEBOPAYNBAs WX, TaK, 9TOOBI YNCJIA HA HUX
ILIA CJIeBa HAIIPaBoO JIMOO 110 BO3pAaCTaHUIO, JUOO IO yObIBaHUIO. Bacs Xo4deT eMy B 9TOM IOMOYb. 3a
OJIHY TOJCKA3Ky Bacst MOxKeT yKa3aTh Ha JiBe KAPTOYKHU U cKa3aTh lleTe, yeMy paBeH MOIY/Ib PA3HOCTH
quces Ha HUX (He COOBINAst, KAKOe U3 UUCes GOJIbIIe).

3a Kakoe HanMeHbIIlee KOJIMIeCTBO MOICKa30K Bacs moxker momous [lere rapanTtupoBanuo J00UTHCs
nean’?

There are 16 sheets on a table with the number 1 written on the first one, number 2 on the second
one, number 3 on the third one, ..., and number 16 on the last one. Vasil turned them all over and



quickly mixed them so that Peter did not have time to remember the location of any sheet, while Vasil
remembered all of them.

Peter wants to put all 16 sheets in a row (without turning them over) in such way that the numbers
on them go from left to right either in increasing or in decreasing way. Vasil wants to help Peter in
this. For one hint, Vasil can point at two sheets and tell Peter the difference between numbers on them
without telling which of the numbers is larger.

For what smallest number of tips can Vasil help Peter to achieve the goal for sure?

Solution (RUS). Tlepeseaém 3amady Ha 36K rpadoB: BeprimHAME OY/yT HAIIH KAPTOYKH C HO-
Mepamu ot 1 10 16, a jaBe Bepiuubl OyjieM coeuHATh pedpoMm, ecyin Bacd ykasbiBaJ Ha JAHHBIE JIBE
KapTOYKU U TOBOPWJ HUX MOAYJb pasHocTH. PaccMoTpuM cirydanm, KaKHMU MOTYT OBITb KOMIOHEHTBI
CBSI3HOCTH JaHHOTO Tpada. IIpeanosoKum, 910 ecTh X0Tst Obl J[Be W30JUPOBAHHBIE BEPIIUHbBI (TO €CTh
JIBE KAPTOUKH, TIPO KOTOPbIe HU Pa3y HUYEro He TOBOpUN). B aTom cayuae Ilerst He CMOXKET PACIofio-
JKUTh KaPTOYKH B MOPs/IKE BO3pACTaHus/yObIBaHWsI, TAK KaK CJIydad, KOTJa 3TH JIBe KAPTOYKH JIEXKAT
B IPaBUJILHOM TOPSJIKE W KOTJIA 3TH JIBE KAPTOYKH TOMEHSHBI MeCTaMU, OH PAa3JUYUTb HE CMOZKET.
IIporuBopeune.

[IpeAnoaoKuM, 9TO €CTh KOMIIOHEHTa CBSI3HOCTH, COCTOAIIAs W3 2 BepHIMH i U j (TO ecTh mapa
KapToYeK, Ha KOTOpYyIo Bacs ykaswsiBas, HO OOJIbIIe HU HA OHY W3 9THX JBYX KapTOUYEK OH He YKa3bl-
BaJs1). AHAJIOIMYHO MPONLIOMY ciydato [leTs He ¢MOXKeT PACIOJOKATH KAPTOYKH B MOPS/IKE BO3PACTA-
Husl/yOBIBaHNS, TAK KaK CJAydan, KOrJa KADTOYKHU ¢ U j JIeXKaT B IPABUIBHOM MODSJIKE M KOTJA 3TH OHH
MOMEHSIHBI MecTaMu, [leTs pa3mduTh HEe CMOYKET, BeJIb OH PO HUX 3HAET TOJHKO MOJIYJIh UX PA3HOCTH,
a B 9TUX CJyYadgX MOIYJIb PA3HOCTU OJWHAKOBHIH. [IporuBopeune.

Urak, B rpade Ha 16 BepmmuHax MAKCUMYM 1 W30JUPOBAaHHAS BEpINUHA, & BCe JIPYTHe KOMIOHEHTHI
CBSI3HOCTH MMEIOT MUHUMYM 3 BEPIIUHBI. SHAYUT, KOMIOHEHT CBSI3HOCTH MakcuMyM 6, a pédep He meHee
16 — 6 = 10 (kak u3BecTHO, pEOEp B Tpade He MEHbIIIe KOJHIeCTBA BEPIITHH, YMEHBIITEHHOIO Ha KOJIH9e-
CTBO KOMIIOHEHT CBsI3HOCTH). TeM caMbiM, KOJTHYIECTBO MOACKA30K JMOIKHO ObITH He Menee 10.

Teneps npusesém mpumMep 10 moacka3ok, mo KOTOpeIM lleTd cmokeT pacmonoKuTh KapTOYKU B
HykHOM 1opsjike. Llycrs Bacs ykaxker Ha ciiejyroliye mnapbi:

(1,16), (1,14),(15,3), (15,4), (2,12),(2,11), (13,6), (13, 7), (5, 10), (5,9)
Co cropounbt [lern 31 nojckaszku 0003HAUUM CJICAYIOMUM 00PA30OM:

(a'17 a2, 15)a (ala as, 13)7 (CZ4, as, 12)7 <a47 Qg 11)7 (CL7, as, 10)7 (a77 Qyg, 9)a (a’lov aiy, 7)7 (a107 a2, 6)7

(0137 Qi4, 5)7 (a13, ais, 4)7

rje a; — 9T0 0DO3HaUYeHHe KapTodeK, a TPeTbe YHUCJIO — 3TO MOJYJIb Pa3HOCTH YHCEJ Ha JABYX JAHHBIX
KapTOYKaX.

ITokazkem, kak [leTe mo 3TUM JaHHBIM pPACIOJOXKUTH KapTOYKH B HYXKHOM Mmopsgake. /Ias sToro
OH Oy/IeT MOCJIeI0BATEIbHO BHIKJIAIBBATE KapTouku Ha nosunuu ¢ 1 mo 16. Ilo moackaske (ag, as, 15)
[leTs monuMaeT, UTO Ha KAPTOUKAX a1 U (g JOJKHBI OBITH Hanucauel ducaa 1 u 16. Torma mycrs [leTs
MOJIOYKHUT @1 Ha MEePBYIO MO3UIHIO, Ay — Ha 16-10 1 TOT/1a 110 BTOPOH MOACKa3Ke MOHATHO, 9TO G3 JTOJYKHO
JiexKaTh Ha 14-i1 nmosunuun:

al? |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 |:|7 0/37 |:|7 a2

Ecte n1Ba BapnaHTa, KakKne UMEHHO YMCJIa HANKWCAHBI HA BBIJIOYKEHHBIX KapTOUKaX:

1,0,0,0,0,0,0,0,0,0,0,0,0,14, 4, 16 v 16, 0, 0, 00, O, O, U1, O, U1, U1, O, 01, O, 3, O, 1. 1o moa-
ckaske (ay,as, 12) TleTss moHMMAET, 9TO KAPTOYKH a4 U (5 JOJZKHBI JI€’KaTh Ha MO3UNUAX 3 U 15 (11s
JOOBIX JIPYTHUX JABYX HO3UIUI MOY/IH PA3HOCTH GyaeT MeHbinel2), mpuduéM 1o clieayommedi moackaske
(a4, a6, 11) MOXKHO TIOHSATH, YTO G4 HE MOXKET JIeXKaThb Ha 3-i MO3UIMK (MHAYE KAPTOUYKA g JOJIZKHA



ObLIa OBl MOMACTh Ha 14-10 TO3UIUIO, KOTOpas 3aHsaTa). [loaydaeM, Um0 KAPTOUKH Ay, A5, Ag OJHO3HATHO
MOLAJIAI0T Ha no3unuu 15, 3,4 cOOTBETCTBEHHO:

ay, |:|7 as, e, |:|7 Da |:|7 |:|7 Dv |:|7 Da |:|7 |:|7 as, ay4, Az

ECTb ABa BapuaHTa, KaKne KMCHHO YUCJIa HallUCaHbl Ha BbIJIO2KCHHBIX KapTOYKaX:
1,00,3,4,0,0,0,0,0,0,0,0,0, 14, 15, 16 wau 16,0, 14,13,0,0,0,0, 0, 0,0, 0,0, 3, 2, 1.

Amnanornvno jgajee no mojickaskam (ar, as, 10) u (ar, ag,9) moHMMaeM, 4To a7, dg, g CTOAT HA TO3W-
musx 2,12, 11 coorBeTcTBEHHO:

ai,ay, as, Gg, Da E|7 D» D7 |:|7 Du Gg, asg, D7 as, aq4, a2

EcTb 1Ba BapHaHTa, KaKie UIMEHHO YUCJIA HAMCAHLI HA BBIJIOXKEHHBIX KAPTOUKAX:
1,2,3,4,0,0,0,0,0,00,11,12, 00, 14, 15, 16 wmu 16,15, 14, 13,0, 0,0,0,0,0,6, 5,01, 3, 2, 1. Tlpososs
Te 2Ke PACcCyKJIeHHs ellé JiBa pa3a Jijis nap mojCcKa3ok (aig, a1, 7), (@10, @12, 6) u (a13, a4, 5), (a13, as,4),
HeTH BBIJIOZKHT KapTOqKI/I B HOpH,ZLKe

ai, ar, as, g, @13, @11, @12, L, a15, @14, g, ag, aig, as, aq, as

OHHTB 7Ke, eCThb JABa BapHaHTa, KaKHe¢ NMEHHO YUCJ/Ia HAIIMCAaHbl Ha BBIJIOZKEHHBLIX KapTO4YKaX:
1,2,3,4,5,6,7,00,9,10,11,12, 13, 14, 15, 16 nsm 16, 15, 14,13,12,11,10,3,8,7,6, 5, 4, 3, 2, 1. OcTaock 1mo-
JOKUTDH MOCJICTHIOI0 KAPTOUIKY (16 (KOTopon Baca He yHOMI/IHaﬂ) Ha 8-10 MO3UINAI0, U TOTJIA B Oy YeH-
HOM P4y

ai, ar, as, g, @13, A11, A12, d16, A15, 14, A9, Ag, 10, A3, A4, A2

yucjia ot 1 1o 16 OyayT uaru ubo B MOPsiIKe BO3pacTaHusd, JIMOO B MOPs/IKE YObIBAHUS.

Solution (ENG). Let’s translate the problem into the language of graphs: the vertices will be
our sheets with numbers from 1 to 16, and we will connect two vertices with an edge if Vasil pointed to
these two sheets and spoke the difference in their numbers. Consider the cases of what the connected
components of a given graph can be. Suppose that there are at least two isolated vertices (that is, two
sheets about which nothing has ever been said). In this case, Peter will not be able to arrange the sheets
in ascending or descending order, since he will not be able to distinguish between the cases when these
two sheets are in the correct order or when these they are swapped. By that, we have a contradiction.

Suppose that there is a connected component consisting of 2 vertices i and j (that is, a pair of
sheets that Vasil pointed to, but he did not point to any of these two sheets separately). Similarly to
the previous case, Peter will not be able to arrange the sheets in ascending/descending order, since the
cases when the sheets ¢ and j lie in the correct order, and when they are swapped, Peter will not be
able to distinguish, because he only knows about their difference. Again, we have a contradiction.

So, in a graph on 16 vertices, at most 1 is an isolated vertex, and all other connected components
have at least 3 vertices. This means that there are at most 6 connected components, and at least
16 — 6 = 10 edges (as you know, the number of edges in a graph is not less than the number of vertices
reduced by the number of connected components). Thus, the number of hints must be at least 10.

Now let’s give an example of 10 hints, according to which Peter will be able to arrange the sheets
in the right order. Let Vasil point out the following pairs:

(1,16), (1,14),(15,3), (15,4), (2,12),(2,11), (13,6), (13,7), (5, 10), (5,9)
From Peter’s point of view, these hints will be denoted as follows:
(ala a2, 15)7 (ala as, 13)7 (a4a as, 12)7 <a47 Gg, ]-1)7 ((17, as, ]-0)7 (a77 Gy, 9)a (a'107 aii, 7)7 (a107 a2, 6)7

(@13, a14,5), (a13, a15,4),



where a; is the designation of the sheets, and the third number in each triple is the difference between
the numbers on the two sheets given.

Let’s show how Peter can arrange the sheets in the right order according to these data. To do this,
he will sequentially lay out sheets in positions from 1 to 16. At the hint (aq, ag, 15) Peter understands
that the numbers 1 and 16 should be written on the cards a; and a,. Then let Peter put a; in the first
position, as in the 16th position, and then it is clear from the second hint that a3 must be in the 14th
position:

a, 0, 0,0,0,0,0,0,0,0,00,0,0, a3, [, as

There are two options for which numbers are written on the laid out sheets:
1,0,0,0,0,0,0,0,0,0,0,0,0,14,0,16 or 16,0, 0, 0, 0,0, 0, 0, 0,0, 0, 0, [0, 3,,1. By the hint
(a4, as,12) Peter understands that sheets ay and as must lie at positions 3 and 15 (for any other two
positions, the difference will be less than 12), and according to the hint (a4, ag, 11) it can be understood
that a4 cannot lie on the 3th position (otherwise the sheet ag would have to fall on the 14th position,
which is occupied). We get that sheets a4, a5, ag uniquely fall into positions 15, 3,4, respectively:

aq, |:|7 as, ae, |:|7 D7 |:|7 |:|7 D7 |:|7 D7 |:|7 |:|7 asz, a4, a2

There are two options for which numbers are written on the laid out sheets:
1,00,3,4,0,0,0,0,0,0,0,0,0,14, 15,16 or 16,7,14,13,0,0, 0, 0,0, 0, , 3,0, 3, 2, 1.
Similarly, using hints (a7, ag, 10) and (a7, ag, 9), we understand that a7, as, ag are at positions 2,12, 11,
respectively:
ay,ar,as, ag, 1, UL UL UL UL U, ag, ag, U, ag, aq, as

There are two options for which numbers are written on the laid out sheets:
1,2,3,4,00,0,0,00,00,0,11,12,0, 14, 15, 16 or 16, 15,14, 13,0, 0,0, 0,0, [, 6, 5,1, 3, 2, 1. Carrying out
the same reasoning two more times for pairs of hints (a9, a11,7), (a10, @12, 6) and (a3, a4, 5), (a13, a5, 4),
Peter will lay out the sheets in order

a,ar,as, ag, A13, A11, A12, D7 15, A14, A9, ag, @10, A3, A4, A2
Again, there are two options for which numbers are written on the laid out sheets:
1,2,3,4,5,6,7,01,9,10,11,12,13,14, 15,16 or 16,15,14,13,12,11,10,1,8,7,6, 5,4, 3,2, 1. It remains to
put the last sheet a;s (which Vasil did not mention) to the 8th position, and then in the resulting row

a1, a7, a5, Ge, 13, A11, @12, A16, @15, 14, A9, A8, A410, A3, A4, A2

numbers from 1 to 16 will either be in ascending or descending order.



10-12"" degree

Task 1. B mpocTpancTBe maHbl 4eThIpe TOMapHO HEPABHBIX W MOMAPHO MapaslielbHbIX oTpe3ka A;B;,
1 = 1,2,3,4. Jlokaxkute, 9TO TOYKU TEpPecedeHus MPOJOJIZKeHNIT OOKOBBIX CTOPOH IMIECTH TpPalleruii
A;B;A;B; (1 <i<j<4)mekar B OAHOH ILIOCKOCTH.

In a space there are four pairwise unequal and pairwise parallel segments A;B;, ¢ = 1,2,3,4.
Prove that the intersection points of the extensions of the side edges of the six trapezoids A;B;A;B;
(1 <i<j<4)lie in the same plane.

Solution (RUS). O6o3xa«mm gepe3 O;; TOUKY Hepecederns G0KOBBIX cTOpoH Tpamnernn A;B; A, B;.
Torna Touka O;; ABAAETCS HEHTPOM TOMOTETHH € HOJTOKUTETLHBIM KOI(DMUIMENTOM, TepeBoIdAIeil oT-
pe3ok A;B; B orpesok A;B;. Ilo Teopeme o Tpex menrpax romorerun Touku O;;, Oji, Op; JexKaT Ha
onnoit nmpamoil. O6o3HAUUM 3Ty IPAMYIO depe3 [;;; U J0KazKeM, 4TO Bce TaKue IpaMble JexKaT B OJHON
ILJIOCKOCTH.

st 3Toro Oymem moce0BaTeIbHO pucoBaTh nx. CHava1a MPOBEIEM IPAMbIe [1o3 1 [104: OHHU JI€XKaT B
OJIHOI TIJTIOCKOCTH T, T.K. mepecekatorcst B Touke Oqo. [psmast [134 mepecekaer l193 B Touke (13, & MPAMYIO
l124 — B TOuKe (J14, HOITOMY OHA TAKzKe JIE2KHUT B ILTOCKOCTH 7. Hakonerr, npsaMas [z epecekaeT MpsaMyTo
l123 B TouKke (a3, a NPAMYIO [194 — B TOUKe (Joy, TAK YTO M OHA JIEKHT B ILIOCKOCTH 7.

Utak, Bce 4eTbIpe ImpsAMBIe JIeKaT B OTHOIl IJIOCKOCTH, U B Hell 2Ke JleKaT Bce IIecTb Todek O;;, 14To
1 TpeboBaJIOCh JIOKa3aTh.

Solution (ENG). Lets denote by O;; the intersection point of the side edges of the trapezoid
A;B;A;B;. Then the point O;; is the center of a homothety with a positive coefficient transforming
the segment A;B; into the segment A;B;. By the theorem on three homothety centers, the points
Oij, Ojk, Oy; lie on the same line — lets denote the line as [;j;, and prove that all such lines lie in the
same plane.

To do that, we will draw them one-by-one. First, let’s draw the lines [1o3 and [1o4: they lie in the
same plane m because they intersect at the point Oq. The line ly34 intersects [1o3 at the point O;3, and
the line l194 at the point Oy4, so it also lies in the plane 7. Finally, line l534 intersects line /193 at point
O3, and line l154 at point Oy, so that it also lies in the same plane 7.

Thus, all four lines lie in the same plane, and all six points O;; lie in the same plane, which was to
be proved.

Task 2. Harypaabubie uncaa suga 11 ... 1 (qecarnanas 3amuch cocTouT u3 n eanHuI) Gyaem 0b03Ha-

n

yaTh R,. [lokaxkuTe, 9T0 CyIIecTBYeT TakKoe HATypaJbHOe 4Ymcjao k, uro R, Aeaurcsa Ha 41 Torma u
TOJIKO TOIJIa, KOIJa N JAeJUTCs Ha k.

Lets denote positive integers of the form 11...1 (the decimal notation consists of n digits «1») as R,,.

Prove that there exists a positive integer k such that R, is divisible by 41 if and only if n is divisible by k.

Solution (RUS). Bamernm, uro R, = %=1 Tax kak uncaa 9 n 41 Bsaumno upocrsi, To R,
kpatHo 41 Torga u TobKO Toraa, koraa 10" — 1 kparno 41. [Tockosbky 41 — npocToe, corylacHO MaJIoii
teopeme ®epma 1070 — 1 xparmo 41. Pacemorpum Bee maTypanabibie d, mpu kotopsix 10?7 — 1 kparno 41;
HanMeHbIllee Takoe d 0OO3HAYHM 3a M.

Ecau n genutes ma m, To 10" — 1 = 10 — 1 = (10™ — 1)(10¢=D™ 4 10¢=2m ... 4 10™ + 1), Te.
10™ — 1 pesurea na 10™ — 1, a 3nauut, u Ha 41, 410 U TPEOOBAJIOCD.
B obparhyto cropony: ecaun 10" —1 kparuo 41, To pacemorpum HOJI(10™—1, 10™—1). Bocnonbayemest

H3BECTHBIM CBOficTBOM Hanbosbimero obmiero pennrens: HO(a, b) = HO/(a — kb, b) ayist HATYpaTbHBIX



a, b, k. Temepn
HOJ(10™ — 1,10™ — 1) = HOJ(10™ — 1 — 10" ™(10™ — 1), 10™ — 1),
HOJ(10™ — 1 — 10" + 10™™,10™ — 1) = HO (10" ™ — 1,10™ — 1).
[ToBTopsisi aTH JieiicTBUSA, yOEXKIAeMCs, YTO B KOHIIE MOJYyYaeTCA YHUCJIO 10HOAmm) g,
Ecau n we peqnrea va m, ro HO(n, m) < m, a 3Ha4nuT, m — He MUHUMAaJbHOE HATYDAJIbHOE THC-
J10, mpu KotopoM 10™ —1 kpatno 41 — nporuBopedne. 3HAYUT, 1 KPATHO M, 9TO U TPeOOBAIOCH JI0KA3aTh.

Solution (ENG). Note that R, = %=1, Since the numbers 9 and 41 are co-prime, then R, is a
multiple of 41 if and only if 10™ — 1 is a multiple of 41. Since 41 is prime, by Fermat’s Little Theorem
10%° — 1 is a multiple of 41. Consider all positive integers d such that 10¢ — 1 is a multiple of 41; the
smallest such d is denoted by m.

If n is divisible by m, then 10" — 1 = 10 — 1 = (10™ — 1)(10¢=D™ 4 10¢=2m 4 ... £ 10™ + 1), i.e.
10™ — 1 is divisible by 10™ — 1, and hence also by 41, as required.

Lets prove it backwards: if 10" — 1 is a multiple of 41, then consider ged(10™ — 1,10™ — 1). Let’s
use the well-known property of the greatest common divisor (or greatest common factor): ged(a,b) =
ged(a — kb, b) for integers a, b, k. Now
ged(10™ — 1,10™ — 1) = ged(10™ — 1 — 10" ™(10™ — 1), 10™ — 1),
ged(10™ — 1 — 10" 4+ 10"™,10™ — 1) = ged (10" — 1,10™ — 1).

Repeating these steps, we ensure that at the end we get the number 108cdtm) _ 1.

If n is not divisible by m, then ged(n, m) < m, which means that m is not the smallest positive
integer such that 10™ — 1 is a multiple of 41 — that gives us a contradiction. Hence, n is a multiple of
m, which was to be proved.

Task 3. Ilycts a, b, ¢ — B3aUMHO NPOCTHIE B COBOKYITHOCTH HATYPaJIbHbIE YUCA, U
D, = (a+b+c,a®+b*+ca"+b"+c").

Haiiaure Bce Bo3MOXKHBIE 3HAUeHUS [),,, TJe n — HATYypaJbHOE YUCJI0, KpaTHOe 3.

Bamuco (ay, ag,ag, . . ., ax) 0603HaTAT HAHOOIBIINI OOIUIT JETHTETH HEJIBIX THCET A1, A9, A3, - . . , Q.
Ieanre uncaa aq, as, as, . .., ay HA3BIBAIOTCSI B3aUMHO MPOCTHIMH B COBOKYITHOCTH, €CJTH
(al, ag, as, . .. ,ak) = 1.

Let a,b, c be mutually co-prime positive integers, and
D, = (a+b+ca®+b*+ca"+ b+ ).
Find all possible values of D,, while n is a positive integer divisible by 3.

The notation (ay, as, as, . .., a;) denotes the greatest common divisor of the integers ay, as, as, . . . , a.
Integers ay, as, as, .. .,ay are being called mutually co-prime if (a1, as,as, ..., a;) = 1.

Solution (RUS). Ilycte 01,09, 03 — 3/1eMeHTApHbIE CHMMETDHYECKHe MHOTOUICHB U S, = a” +
b"™ + ™. Bocnosibzyemcest popmyaioit Heiorona

Sk = 01Sk—1 — 0285k—2 + 03Sk—3.

Hoxaxewm, uro D, = 1,2,3 wian 6. [Ipeanosoxknm, 94T0o CyIMECTBYIOT TaKue B3aUMHO MPOCTHIE B COBO-
KyIHOCTHU a, b, ¢, aro D,, oruden ot 1,2, 3,6. lokaxkem, 94TO TOTIa 01, 09, 03 KMEIOT OOIIHH JIeJTUTEb,
oonpmuit 1. B camom mese, u3 dpopmyn HeloToHa ciaeayer, 9To IpHU pas3sIoKeHUH S, Uepe3 oy, 09,03
MOHOM, He COJIepKAIlUil 01 U 09, ¢ TOYHOCTHIO JIO0 3HAKA UMeeT BU/I 30:?/ 5, [Tosromy eciu D,, penur
$1 =01 u D, neaur sq = a% — 209, T0 D, neautr o1, 209, 303.



[Ipu D, orauunom ot 1,2,3,6 y 4mcesn 01, 05,03 €cTh obmmit geaurenanb, doabmuit 1. Ilycts p —
IIPOCTOfi MHOXKUTEJIb, BXOJAAIIUIT B 9T0T Jejauresb. Torna p geaur abe, orkyna (6e3 orpanndenus o01-
Hoctu) p aenut a. Ho torma p geaur (ab + be + ca) u p nenur be, t.e. (6e3 orpanmdeHus o6IMIHOCTH)
p neant b. Hakower, u3 Toro, uro p aeaut (a + b+ ¢), moaydaem, 9T0 p JeJUT ¢ — MPOTHBODEUHE C
(a,b,c) =1.

Urak, D, = 1,2,3 wim 6. Hadopwr (1,1,2),(1,1,1),(1,4,7) peamusytor D, =2,3 u 6. I D, =1
BO3bMEM IIPOCTOE YHCJI0 p > 3 U nojgoxkuMm a = b =1, ¢ =p— 2. Torma a+ b+ ¢ = p u p He geaur
a?+ b+ =p?—4p+ 6, orkyna D, = 1.

Solution (ENG). Let 01,05, 03 be elementary symmetric polynomials and s, = a™ + b" + ¢".
We'll use Girard-Newton’s formula

Sk = 01Sk—1 — 025k—2 + 03Sk—3.

Lets prove that D, = 1,2,3 or 6. Assume that there are mutually co-prime a,b,c such that D, is
different from 1,2, 3,6. Lets prove that then oy, 09,03 have a common divisor greater than 1. Indeed,
it follows from Girard-Newton’s formula that when s,, is represented in terms of oy, 09, 03, a monomial
that does not contain oy and oy has (up to sign) the form 30;}/3. So, if D,, divides s; = o7 and D,
divides sy = 0} — 205, then D,, divides oy, 209, 303.

For D,, being different from 1,2,3,6 the numbers o, 09, 03 have a common divisor greater than 1.
Let p be a prime factor of the divisor. Then p divides abc, whence (without loss of generality) p divides
a. But then p divides (ab+ bc+ ca) and p divides be, i.e. (without loss of generality) p divides b. Finally,
from the fact that p divides (a + b + ¢), we get that p divides ¢, which gives us a contradiction with
(a,b,c) = 1.

So, D, = 1,2,3 or 6. The sets (1,1,2),(1,1,1),(1,4,7) realize D,, = 2,3 and 6. For D,, = 1, we
take a prime number p > 3 and set a =b =1, ¢c=p—2. Then a+ b+ ¢ = p and p does not divide
a?+ 0+ =p>—4p+6,and D, = 1.

Task 4. Ha 1m10ckocTu HapuCOBAHO HECKOJILKO OKPYZKHOCTEH, npudeM KarkJas lapa OKPYzKHOCTei
MEPeceKaeTCs POBHO B JIBYX TOYKaX, U HUKAKHE TPU OKPYZKHOCTH HE UMEIOT 00IIe#l Touku. Kpyriocro-
POHHHK — 3TO YaCTh IJIOCKOCTH, CO BCEX CTOPOH OTpaHWYeHHas JyTaMW 3TUX OKPYKHOCTeil, TpaHuma
KOTOPOU COCTOUT W3 KAKUX-TO JYT ITUX OKPYXKHOCTEl, HpudeM MeyKIy JIOOBIMH IBYMS BHYTPEHHUMH
TOYKAMU KPYTJIOCTOPOHHUKA MOYKHO NMPOUTH, He MepeceKas HU OJHON JIYTU JAHHBIX OKPYKHOCTEN.
Hanpumep, Hmxe m30bpazkeHBI JBe OKPYXKHOCTH, 0bpasyroline 3 KpYILJIOCTOPOHHUKA, 00O3HATCHHBIE
aomepamu 1,2 m 3.

CmesKHBIE KPYTJIOCTOPOHHUKN — 3TO KPYTJIOCTOPOHHUKH, HMEIOIHE OOIILYIO0 YTy OKPY’KHOCTH B Ka-
YeCcTBe I'PAHUIIBI, IPUYEM JyTa JIOJKHA ObITh HEBBIPOXKJIEHHOM, TO €CTh He CBOJALIIeHica K OJTHOU TOYKeE.
Hanpnmep, Ha prcyHKe BBIIIE CMEXKHBIMH SIBJISIOTCS KPYTJIOCTOPOHHUKH 1 w2, 2 m 3, HO HE 1 1 3.

Jlns kakoro nHammenbinero C' > 2023 MOXKHO HAPUCOBATH OKPYZKHOCTH TaK, ITO BBITTOJTHEHBI YCIOBHUSI,
NePedCIeHHBIe BBIIIE, U 3TU OKPYKHOCTH 00pa30BbiBai poBHO C' KPYTJIOCTOPOHHUKORB?

Jokaxkute, 9T0 J1j1sI JIIOOOTO PACIIOIOKEHHST HAPUCOBAHHBIX OKPYKHOCTEH Ha IJIOCKOCTH, Y/IOBJIETBO-
PSIONIUX MEePEUNCIEHHBIM YCJIOBUSIM H 0Opa3yiomux He MeHee 2023 KpYrJIOCTOPOHHUKOB, 00s3aTe/IbHO



HalieTcd KPYyTJIOCTOPOHHUK, OTPAHUYEHHBIH MeHee ueM 4-Md JTyTaMH.

Several circles are drawn on the plane, with each pair of the circles intersecting at two points, and no
three circles have a common point. Let’s call round-gon a part of a plane with its boundaries consisting
of some arcs of these circles, such that it is possible to pass between any two internal points without
crossing any of the arcs of these circles .

For example, below are two circles that form a 3 round-gons labeled 1,2, and 3.

Adjacent round-gons are those having a common circular arc as a boundary, and the arc must be
not be a single point.
For example, in the picture above the round-gons 1 and 2, 2 and 3 are adjacent, but round-gons 1 and
3 are not adjacent.

For what smallest C' > 2023 can circles be drawn in such way that the conditions listed above are
satisfied and these circles form exactly C' round-gons?

Prove that for any arrangement of the circles on the plane that satisfies the conditions listed and
forms at least 2023 round-gons, there must be a round-gon bounded by less than 4 circular arcs.

Solution (RUS). Paccmorpum HapucoBanuble OKPY?KHOCTH Kak II0CKui Mysabrurpad (rpad c
KPATHBIME pebpaMu MeK/ Ty BeDIIHHAME ): BEPITHHBI — TOYKHI Mepecedenuii, pebpa — Ayru HapHCOBAHHBIX
OKPY2KHOCTE{l, OrpaHNYeHHbIe TOYKAMHU ITepecedennii. B Takoit maTeprnperamnyu KpyrjiOCTOPOHHUKH — 3TO
BCe I'paHu 3T0oro rpada, KpoMe «BHeIlIHel» (T.e. 9aCTH IIOCKOCTH, JieyKalleil BHe BCeX OKPYKHOCTEIH ).

[IycTs HapucoBanbsl poBHO m oKpyzkHocTeil. Corsacno dpopmyrie Dittepa jiis mIocKuxX rpados, V —
E+F =2, rne V — gucyio Bepumd rpada, E — qucyio pedep, a F' — uncio rpaneil (BKI0Yas BHEITHION).
TaK KaK KazK/ad IMapa Opr}KHOCTeﬁ nepeceKkaeTCd pOBHO B JIBYX CBOUX YHHUKaJIbHBIX TOYKaX, TO YHUCJIO
Bepmua V = 2 - w = m(m — 1). Tak Kax KazK/Jas BepIIHHA — ITO TOYKA MEPECeUeHNsI POBHO JBYX
OKDYZKHOCTel, To Haml rpad sBISETCd PEryIspHBIM cTerneHd 4 (TO ecTh B KaXK/YI0 BepIIUHY BXOJIAT
poBHO 4 pebpa). ITocKoJIbKY Kazkiaoe pebpo COoeUHSET JIBe BEPINUHBI, 00iiee duciao pebep E = % =
2V = 2m(m — 1). CnegoBaTeIbHO YHUCIO TpaHell HANIETO MJIOCKOTO MYIbTHTpada MTOMKHO OBITH PABHO
F=24+FE-V=2+2m(m—1) —m(m —1) =2+ m(m — 1). Tak kax 9ucj0 KPyrJI0CTOPOHHUKOB
C=F—-1,uveem C =1+ m(m—1).

Haiitu nammenbiiee m, takoe, aro C' > 2023 — 3HAYUT HATH HAMMeEHbIIEe HATYPAJIbHOE DeIleHHe
HepapeHcTsa m? — m — 2022 > 0. Takoe 4ncJI0 JIerKo HafiTH XOTh HOJ00POM, XOTh pelllasg KBaJpaTHOe
HepaBencTBo: m = 46. (ITpoeepka eme mporte: 45 - 44 + 1 = 1981 < 2023 < 2071 = 46 - 45+ 1.)

Tenepsb 3ameTuM, 410 117151 1106010 M > 1 (B TOM dunce st m = 46) MOKHO PACIIOJNOKUTH M OKPY 7K-
HOCTEH Ha ILJIOCKOCTHU TaK, 9TO KazKdad ITapa IepeCceKaeTCd POBHO B JBYX CBOUX YHUKaJIbHBIX TOYKaX.
JleficTBUTE/ILHO, HAPUCYEM TTPOM3BOJIBLHYIO OKPYXKHOCTH B Ha IMJIOCKOCTH W BBIOEpPEM MPOU3BOJIHHYIO
touky O BHYTpH Hee (HO He SIBJISIONIYIOCS €€ MEHTPOM), & IMOTOM PACCMOTPHM M OKPYKHOCTel By,
0 < k < (m — 1), KoTOpBIe TMOIYIAIOTCS B PE3YJIbTATE MOBOPOTA OKPYZKHOCTH B BOKpYT Touku O Ha

yroJ % (okpyzxuOoCcTh By coBnagaer ¢ B). Ha pucynke npusejen upumep st m = 4.
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Teneps goKarkem, 9T0 0043aTEIHHO HANJAETCA KPYTJIOCTOPOHHUK, OTPAHUYEHHBI MeHee dem 4-Ms -
ramu. [Ipenmosiozkmm, 970 Bce KpyrJIOCTOPOHHUKHM OFpaHUIeHbl He MeHee deM 4 myramu. Torma obriee
IHCIO «CTOPOH» (JIyT, OrPAHUYUBAIOIINX KPYTJIOCTOPOHHUKH) He Menbre, deMm 4C' = 4(1 + m(m — 1)).
[Tycrs K — 4uc/i0 rpasul BHEIIHEH rpaHu 1JI0CKoro mysbrurpada, roraa K +4C = K+4+4m(m—1) <
2m(m — 1) (obiee ancsio pebep B Hatem mwiockom rpade), To ectb K 44+ 2m(m —1) < 0, aro zHeBos-
MOYKHO, — CJIeJIOBATE/IbHO, HEBEPHO MPEJINOJIOKEHIE, UTO BCe KPYTJIIOCTOPOHHUKHN OTPAHUYEHBI HE MEHEee
yeM 4 gyramu. [losromy obsg3areibHO HaieTCsa KPYTIIOCTOPOHHHK, OTPAHUIEHHBII MeHee 4eM 4 JTyraMu,
9TO U TpeDOBAIOCH JOKA3aTh.
3ajada MOJHOCTBIO PeIeHa.

Solution (ENG). Consider the drawn circles as a flat multigraph (a graph with multiple edges
between the vertices): the vertices are the circles’ intersection points, the edges are their arcs between
the intersection points. In this interpretation, round-gons are faces of this graph, except for the «outer»
(i.e., the part of the plane that lies outside all circles) one.

Let exactly m circles be drawn. According to Euler’s formula for planar graphs, V — E+F = 2, where
V is the number of graph vertices, F is the number of edges, and F' is the number of faces (including the
outer one). Since each pair of the circles intersect at exactly two unique points, the number of vertices
sV =2 w = m(m — 1). Since each vertex is the intersection point of exactly two circles, our
graph is regular of degree 4 (i.e., each vertex touches exactly 4 edges). Since each edge connects two
vertices, the total number of edges is £ = % = 2V = 2m(m — 1). Therefore, the number of faces of
our planar multigraph must be equal to F =2+ FE -V =242m(m—1)—m(m—1) =2+ m(m —1).
Since the number of round-gons C'= F' — 1, we have C' =1+ m(m — 1).

To find the smallest m such that C' > 2023 is to find the smallest positive integer solution to the
inequality m? — m — 2022 > 0. Such a number is easy to find: m = 46. (45 - 44 +1 = 1981 < 2023 <
2071 =46 - 45+ 1.)

Now note that for any m > 1 (including m = 46) one can arrange m circles on the plane so that
each pair intersects in exactly two of its unique points. Indeed, let’s draw an arbitrary circle B on the
plane and choose an arbitrary point O inside it (but not being its center), and then consider m circles
By, 0 < k < (m—1), which are obtained by rotating the circle B around the point O by the angle %
(circle By coincides with B). The picture below shows an example for m = 4.
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Now let’s prove that there is a round-gon bounded by less than 4 arcs. Assume that all round-gons are
bounded by at least 4 arcs. Then the total number of «sides» (arcs bounding round-gons) is not less than
4C =4(1+m(m —1)). Let K be the number of boundaries of the outer face of the planar multigraph,
then K +4C = K + 4+ 4m(m — 1) < 2m(m — 1) (the total number of edges in our planar graph), i.e
K+442m(m—1) < 0, which is impossible, hence the assumption that all round-gons are bounded by at
least 4 arcs is false. Therefore, there is a round-gon bounded by less than 4 arcs, which was to be proved.

Task 5. (3agaua npeiocrasiena napraepom Oummmmuaisl — kommanueii « Tuabkodd ObpasoBanmes )
HazoBéM keTuaThiil KBaJpaT, KazKjaasd KJeTKa KOTOPOTO MOKpAaIlleHa B YEPHBIN WM B XKEITHINA IBET,
2APMOHUNHBIM, €CJTH B HEM KOJTUYECTBO YEPHBIX KJIETOK OTIMYAETCS OT KOJUYECTBA YKEJTBIX KJIETOK
He Oosiee vem Ha eauuuiy. CKOJBKUMHI CIOCOOaMU MOXKHO packpacuthb Kierku tabaunst 100 x 100 B
YEPHBIH 1 YKEJTHIT nBeTa Tak, 9TOObI 0001 KBaAPAT B 3TOH TAOIUIE ObLT rapMOHUIHBIM !

Let’s call a square (with each of its cells being painted in either black or yellow) harmonious, if the
number of black cells differs from the number of yellow cells by no more than 1. How many ways are
there to paint a 100 x 100 table in black and yellow if any square in the table must be harmonious?

Solution (RUS). /lng Hauajga 3aMeTuM, 9TO B KaxKJIOM KBaJpare 2 X 2 JOJKHO ObITh 110 JBe
KJIETKHU KayKJIOro IBeTa. PaccCMOTPHM pacKpacKy caMoil BepxHeil CTpOKH KBaJIpaTa. IIpeIosoxKuM, 94To
B Heil ecTb KaKue-TO JIBe COCelHHe KJIeTKH OJUHAKOBOIO IiBera. 1orjua, paccMOTpeB KpajpaT 2 X 2,
collepzKallliii 5TH KJETKH, IIOJy9HM, 9TO JABe KJICTKH II0J HHMH JOJIKHBI OBITH IPOTHBOIOJJIOKHOIO
npera. Eciu Tenepb CABHHYTDL 3TOT KBaJIpaT Ha OJHY KJETKY BIPABO, IMOJIYIHM, U9TO B JIEBOM CTOJIOIE
JIBe KJIETKH [POTHBOIIOJIOXKHOIO [BETa, MOTOMY M B IPABOM CTOJIOHE KJIETKH TOXKE JIOJIKHBI ObITh
IPOTUBONO/I0KHOTO IBeTa. Capurag 3TOT KBaJpaT aHAJOTHYHO BIPABO U BJIEBO, IOLYYUM, YTO BTOPAL
CTPOKA JIOJIZKHA OBITH MPOTHBOIIOJIOXKHA (IO I[BETaM) MEpPBOii.




Eciu Teneppb mpoenaTh TakKue yKe paccyKIeHUd CO BTOPOH M TpeTheil CTPOKOM, MOIYyIUM, UTO TPEThs
CTPOKA JI0JIZKHA OBITH HPOTUBOIOJIOKHA BTOPOH (T.K. BO BTOPOIl TaKzKe HAfilyTCsi IBE PSAJIOM CTOSIIHE
KJIETKH OJHOTO I[BeTa). AHAJOIHYHO Jajiee CTPOKH OyayT depesoBaThCs, U BCs Tab/IHIA 3aMOJTHIETCS
oHO3HAaYHO. Termeph MONMEM, MTPH KAKUX YCJIOBHUAX HA MEPBYIO CTPOKY pacKpacka Oymer mojIXosiImeii.
[IpemosioKuM, 9TO B MEPBOH CTPOKe HAUAETCA MOJCTPOKA, B KOTOPO# KJETOK OJIHOI'O M3 IBETOB XOTS
Ob1 Ha k > 2 GoJbIme, geM APYroro. Takyoo MOACTPOKY MOXKHO COKPATHUTH 10 HMOACTPOKH A aaumHbI m
TaK, 4T00bl pasHuia Oblia PoBHO 3 (T.K. npu 0TOpACHIBAHUE OJHON KJIETKH Pa3HUIA MeHsiercs: Ha 1).
Paccvorpum kBaapar B pasmepa m X m, comepzxamuii moactpoky A. Tak kak B A pa3Huma Mexmy
[BeTAMHU PaBHA 3, TO M HEYETHO. 3HAUNT, B KBaJIpaTe B ToXKe pa3HUIA MeXK Iy BeTaMu Oy1eT paBHa 3,
T.K. BCE €r0 CTPOKH, KPOMe MepBOil, MOKHO Pa3OUTh Ha TAapbl MPOTHBOMOJIOKHBIX (IIOHITHO, YTO €CJI B
IOJICTPOKE PA3HUIIA MEXKIy IBeTaMu OoJIbIie 1, To B Heil HaiilyTcs JBe coceJHIE KJIETKH OJHOTO I[BETA).

Takum obpasom, B 1epBOi CTPOKE HE JOJKHO HAHTUCH MOJCTPOKU, B KOTOPOH KJIETOK KaKOI'O-TO
nBeta xXoTs Obl Ha 3 0oJibIe, YeMm apyroro. [Ipeamnogokum, 910 3TO yCJIOBHE BBIIOJIHEHO, TPUIEM KarK-
Jlasi CTPOKa, HadYWHAsl CO BTOPOil, MPOTUBOMOJIOKHA npeabiayiieii. Torma B 1000M KBaaparTe I€THOTO
pasmepa IBeToB OYeT IMOPOBHY, a B JIIOOOM KBaJpaTe HEYETHOIO pa3Mepa KOJIUIECTBO KJIETOK pa3HbIX
IBETOB OyIeT OTJIMYAThC Ha 1, T.K. BCe CTPOKH B HEM, KpOMeE IIepBOii, pa3dUBAIOTCS Ha MAaphl, & B IEPBOii
CTPOKE KOJIUYIECTBO KJIETOK PA3HBIX IIBETOB MOXKET OTJIHYATHCS TOJILKO Ha 1.

O060o3HAYNM KOJTUYIECTBO MOIAXO/ISIINX PACKPACOK TePBOil CTPOKH 3a . Toraa KOJudecTBO TMOIXO0 15
IMAX pacKpacok Bceil jocku Oymer paBHO T — 2 + & = 2x — 2. /leficTBuTebHO, B 1epBOii cTpoKe Oyaer
b0 YepeloBaHMe 1BETOB (2 BapHaHTa), JTUOO IJe-TO BCTPETATCS JIBe KJIETKH OJMHAKOBOIO 1BeTa. Bo
BTOPOM CJIydae BCE OCTAJIbHOE ONpPEeIesieTcss OJHO3HAYHO, & B IEPBOM BCE OIpEIeIseTcs pacKpacKoii
IePBOTO CTOJIONA (€CIM U B TIEPBOii CTPOKE, U B EPBOM CTOJIOINE He GYIET IBYX CTOSAINIUX PATOM KIETOK
OJTHOTO MBETA, TO C MOMOIIBIO HOC/EI0BATEILHOTO PACCMOTPEHHUS KBAAPATOB 2 X 2 MBI MOJYYUM, 9TO
pacKpacka J0KHa ObITh IMAXMATHOIT).

Teneps ocTasoch HAiiTH . 3aMETHM, ITO TPEX HOAPST UAYIIHX KJIETOK OTHOTO IBeTa ObITh HE MOKET,
T.K. 9TH TPH KJETKH Yy2Ke JAIOT MOACTPOKY ¢ pasuuneir 3. Haiiaém B cTpoke mepBblii MOMEHT, KOT/Ia
PSIZIOM BCTPETUINCDH JIBe KJAETKH OfHOro IBeTa. Haliném cieayommit MOMEHT, KOIa PSI0M BCTPETSTCS
JIBe KJIETKH OJIHOTO IBeTa. Kcjm 910 TOT 2Ke caMblil BET, TO B MUHUMAJILHON TOJACTPOKE, COMePrKAIIeit
00e TH mapbl, PA3HUIA [IBETOB OyaeT paBHA 3, 9ero OBITH He MOYKET. SHAUUT, ITO JOJKHbBI OBITH KJIETKH
Japyroro npeta. Takum obpa3om, OJOKH W3 Map KJIETOK OJHOTO IBETa JOJXKHBI YepeioBaThCs, a erné
MEXKJIY 9TUMH OJIOKAMU MOTYT OBITh YYaCTKU YETHOW JITMHBI U3 dYepeylonuxcd KJieTokK. Torma s
PaCIOJIOKEeHHST OJI0KOB MOYKET OBITD JIBAa BApUAHTA: JIUOO UX MEPBBIE KJIETKH PACIOI0KEHBI HA HEIETHBIX
MecTax, Jinbo Ha YETHDBIX.

B mepBoMm ciydae pa3o0béM Bce KJIETKHU Ha Tapbl TOAPST uaymmx. Ha MecTe KaxKaoi mapbl MOZKET
ObITH OO 6JIOK M3 JIBYX OJMHAKOBBIX KJIETOK, JTUOO mapa pas3ubix KjaeTok. [lo mabopy mect 6JI0KOB u
IBETY caMoil JIeBOil KJIETKHU I[BETa BCEX OCTAJBHBIX KJIETOK OIpPeJessioTcd OJHO3Ha4dYHO. Takum obpa-
30M, BAPUAHTOB B 3TOM ciyuae 2 - 2°0 = 2°1 B ciaygae, Korja nepsble KJIeTKH 0JI0KOB paclosiararorcs
HA YETHBIX MO3BHUIUAX, €CTh Bcero 49 mMect Jas OJOKOB, M I[BETa BCEX KJIETOK TaKKe OMPEeIe/TAI0TCS
HabopaMn MecT OJIOKOB U IBETOM CaMOil JIeBoil kKiaeTku. B atom ciayuae Bapuantos 2 - 249 = 259, TIpn
9TOM Te BAPHUAHTHI, I/ie OJOKOB BOOOINE HET, Mbl IIOCYUTAIN BakK/Ibl. Taknx BapuanToB 2 (Korja Ipera
gepe/iyiorcd). 3uaunt, z = 25 + 250 — 2,

ITomyuaem orger: 27 — 2 = 292 4+ 251 — 6 = 3. 2% — 6,

Solution (ENG). First, note that each 2 x 2 square must contain two cells of each color. Consider
coloring the topmost row of the square. Suppose that it has some two adjacent cells of the same color.
Then, considering the square 2 X 2 containing these cells, we get that the two cells under them must
be of the opposite color. If we now move this square by one cell to the right, we get that there are two
cells of opposite color in the left column, so the cells in the right column must also be of the opposite
color. Shifting this square similarly to the right and to the left, we get that the second line should be
opposite (in colors) to the first one.



After the same reasoning with the second and third rows, we get that the third row must be opposite
to the second one (because the second row also contains two adjacent cells of the same color). Similarly,
further lines will alternate, and the entire table is filled uniquely. Now let’s understand under what
conditions the coloring for the first line will be appropriate. Assume that the first line contains a
substring in which there are at least £k > 2 more cells of one of the colors than the other. Such a
substring can be reduced to a substring A of length m so that the difference is exactly 3 (because when
one cell is discarded, the difference changes by 1). Consider a square B of size m X m containing the
substring A. Since the difference between the colors in A is 3, then m is odd. Hence, in the square B
the difference between the colors will also be equal to 3, because all of its rows, except for the first one,
can be divided into pairs of opposite ones (it is clear that if the difference between colors in a substring
is greater than 1, then it contains two adjacent cells of the same color).

Thus, in the first line there should not be a substring in which there are at least 3 more cells of
some color than another one. Let’s assume that this condition is met, moreover, each line, starting from
the second, is opposite to the previous one. Then, in any square of even size, the colors will be equal,
and in any square of odd size, the number of cells of different colors will differ by 1, because all rows in
it (except for the first one) are divided into pairs, and in the first row the number of cells of different
colors can differ only by 1.

Lets denote the number of suitable colorings of the first row as x. Then the number of suitable
colorings of the entire board will be equal to z — 2 + z = 2z — 2. Indeed, in the first line will either
alternate colors (2 variants), or somewhere there will be two cells of the same color. In the second case,
everything else is determined uniquely, and in the first case, everything is determined by the coloring
of the first column (if both the first row and the first column do not contain two adjacent cells of the
same color, then by successively considering the squares 2 X 2 we get, that the coloring should be like
that on chessboard).

Now it remains to find x. Note that there cannot be three consecutive cells of the same color, because
these three cells already give a substring with a difference of 3. Let’s find in the line the first moment
when two cells of the same color met side by side. Find the next moment when two cells of the same
color meet next to each other. If it is the same color, then the minimum substring containing both of
these pairs will have a color difference of 3, which cannot be. So, it should be cells of a different color.
Thus, blocks of pairs of cells of the same color must alternate, and even between these blocks there
can be even-length sections of alternating cells. Then for the location of the blocks there can be two
options: either their first cells are located in odd places, or in even ones.

In the first case, we divide all the cells into pairs of consecutive ones. In place of each pair there can
be either a block of two identical cells, or a pair of different cells. By set places of blocks and the color
of the leftmost cell, the colors of all other cells are uniquely determined. Thus, there are 2 - 259 = 25!
options in this case. In the case where the first cells of the blocks are in even positions, there are a
total of 49 places for blocks, and the colors of all cells are also determined by the sets of block places
and the color of the leftmost cell. In this case there are 2 - 2% = 2% gptions. At the same time, those
options where there are no blocks at all, we counted twice. There are 2 of such variants (when the colors
alternate). So x = 2°! +2°0 — 2,

Now we get the answer: 2z — 2 = 252 4 250 — 6 =3.2% — 6.



