Kazknplit ygacTHUK OTy9daeT KOMILIEKT U3 6 3a/1a4, TP 3TOM KaxKIasd U3 HUX CAyUdaiiHbIM 0Opa3om
BbiOUpaeTcsd u3 4-x BapuanTos. [IpejicraBiiensl penenns Jijis OJIHONO U3 Y€ThIPeX BAPUAHTOB, OCTAJIbHBIE
PEIaTcsd aHAJOTUIHO.

[Tepsbie 4 3a/1aumn moIpazyMeBalOT KpaTKUil 4ucjIoBOi OTBeT. Ec/in 9uco B oTBeTEe UMeeT OOJIbIe
JIBYX IUMP MOCTae JeCATUYHON 3aIlIATOH, TO 9TO YHCJIO TpeOyeTcss OKPYIVIUTH JO COTBIX. 3aJladd IO
HOMepaMu 5 u 6 TpeGyIoT pasBepHYTOrO pellieHus] U TOYHOTO (T.e. 6e3 OKpYIJIeHuii) oTBeTa.

Each participant gets a set of 6 tasks, with each of them randomly selected from 4 versions. Solutions
are presented for one of the four versions, the rest are solved similarly.

The first 4 tasks imply a short numerical answer. If the number in the answer has more than two
digits after the decimal point, then this number must be rounded to 2 decimal digits. Tasks numbered
5 and 6 require a detailed solution and an precise (i.e. without rounding) answer.

7t degree

Task 1.

1. TTuparckuil 3aKOH TIACHT, YTO CMPABEIHBBINA CIOCOD MejeKKH T0ObIai (COCTOsIIEH 13 OINHAKO-
BBIX 30JI0TBIX MOHET) TAKOli: KAIIUTAH OIPeJIeIsieT, KOr0 U3 KOMAH/Ibl CYUTALT JOCTORHBIM HATDAJIbI
(3TO KAK MHHUMYM OJIMH TIHPAT), U ITUM [MHPATAM JAET MAKCHMAJIBLHO BO3MOXKHOE OJIHHAKOBOE KO-
JIMYECTBO 30JI0TBIX MOHET 13 100b4ur. OCTaTOK MOHET IOCTe TaKOW Meaé:KKH - I0J1d KaluTaHa.

Kanutan Kpiok He MOXKeT pemuTh M0 KAKOMY U3 IPUHIUIOB BBLIEIUTDH ~ITOCTONHBIX HArpPaJbI.
Hanpumep, eciim kanuran Bbideper 99 nuparos, TO j10Jis KaluTaHa B TAKOM Cjiydae cocraBuT 51
MOHETA; & €CJHU YK€ OH BblOepeT 77 MUpaToB, TO ero maoja oymaer yxe 29 moHeT. CKOJBKO MOHET
OBLIIO B J00BIYE, €CJN W3BECTHO, UTO 3TO YuCa0 MeHbIme 10007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 99 “worthy” pirates, the captain’s share in this case is 51 coins; and if he chooses 77 pirates,
the captain’s share will be 29 coins. How many coins were in the loot if it is known that their
amount is less than 10007

Answer: 645

2. TlupaTckuii 3aKOH IJIACHT, 94TO CIIPABEIINBbIH CHOCO0 IeIeKKH H00bdn (COCTOSMEH 13 OAMHAKO-
BBIX 30JI0THIX MOHET) TAKO¥i: KAIIUTaH OMPeessieT, KOro U3 KOMaH/Ibl CYUTALT JOCTONHBIM HATDAJIbI
(3TO KAK MUHUMYM OJTMH TIHPAT), U ITUM [HPATAM JAET MAKCUMAJIBLHO BO3MOXKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JI0OTBIX MOHET u3 100b4ur. OCTaToK MOHET IIOC/Ie TaKOH Meaé:KKH - 10/ KaluTaHa.

Kanutan Kpiok He MOXKeT pemuTh 0 KAKOMY U3 IPHHIUIOB BBLICIUTDH ~JTOCTONHBIX HArpaJbl.
Hampumep, ecin kanutan BbIOepeT 81 mupara, TO 0/ KAIIUTaHA B TAKOM CJIydae cOCTaBUT 64
MOHET; a €CcJiu zKe oH BbioepeT 99 nuparos, TO ero joJs oyaer yxe 19 moner. 3BecTHo, 4T0 4ncjIO
moHeT MeHbIre 800. CKoJIbKO MOHET OBLIO B T00BIUE, €CJAN W3BECTHO, ITO ITO IUCA0 MeHbIne 8007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one



pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 81 “worthy” pirates, the captain’s share in this case is 64 coins; and if he chooses 99 pirates,
the captain’s share will be 19 coins. How many coins were in the loot if it is known that their
amount is less than 8007

Answer: 712

[Tuparckuii 3aKOH IVIACHT, 9TO CIPABEINBBI COCOD IeIeKKH H00bI4n (COCTOSIIEH U3 OMHAKO-
BBIX 30JI0THIX MOHET) TAKOii: KAIIUTaH OMPeIessieT, KOro U3 KOMAaH/ bl CIUTALT JOCTONHBIM HATDAJIbI
(3T0 KAK MUHUMYM OJTMH TIHPAT), U ITUM [HPATAM JAET MAKCUMAJIBLHO BO3MOXKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JIOTBIX MOHET u3 100b4ur. OcTaToOK MOHET IIOC/Ie TaKoH HIeaé:KKH - 10/ KaluTaHa.

Kanutan Kpiok He MOXKeT pemuTh 0 KAKOMY U3 IPHHIUIOB BBLIEIUTDH ~ITOCTONHBIX HArpaJbl.
Hanpumep, ecm kanutan BbiOepeT 143 mupata, TO 0/ KAUTaHa B TAKOM CJIydae cocTaBHT 61
MOHETA; & €CJIU K€ OH Bbioeper 88 muparos, TO ero Ao oOyaer yxe 39 moHeT. CKOJBKO MOHET
ObLTO B 100BIYE, €CJIH W3BECTHO, ITO 3TO YUCI0 MeHbine 14007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if
he picks 143 “worthy” pirates, the captain’s share in this case is 61 coins; and if he chooses 88
pirates, the captain’s share will be 39 coins. How many coins were in the loot if it is known that
their amount is less than 14007

Answer: 919

[Tuparckuil 3aKOH IVIACHT, 9TO CHPABEWIMBbBII CLOCOD JIeJIeKKH J100bI4n (COCTOSIEH U3 O/MHAKO-
BBIX 30JI0TBIX MOHET) TAKO¥i: KAIIUTAH OMPeIessieT, KOro U3 KOMAaH/ bl CYUTAeT JOCTONHBIM HATDAJIbI
(3T0 KAaK MUHUMYM OJIMH TIHPAT), U ITUM ITHPATaM JAET MAKCHMAJIbLHO BO3MOXKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JIOTBIX MOHET u3 100bI4un. OCTaToOK MOHET IIOC/Ie TaKO# eaé:KKH - 10/ KaluTaHa.

Kanutan Kpiok He MOXKeT pemuTh 0 KAaKOMY U3 IPHHIUIOB BBLICIUTDH ~JOCTONHBIX Harpabl.
Hanpumep, ecin kanurtan Beibeper 91 mupart, TO J0Js8 KalUTaHa B TaKOM CJIydae cOCTaBHUT 87
MOHET; & €CJIM Ke OH BbIOepeT 77 MUpaToB, TO ero JoJjs Oymer y:ke 17 moner. CKOJIBKO MOHET
ObLIO B J00bBIYE, €CJAN U3BECTHO, YTO 9TO YUCJA0 MeHbIne 9507

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 91 “worthy” pirates, the captain’s share in this case is 87 coins; and if he chooses 77 pirates,
the captain’s share will be 17 coins. How many coins were in the loot if it is known that their
amount is less than 9507



Answer: 633

Solution (RUS). IlycTh B mepBoM ciydae Harpaja KaxJIoro mupaTta paBHa t, a BO BTOPOM - .
Toryia obias narpaja paBua coorsercseHno 99t +51 u 775+ 29. 1o ycioBuio B 060ux ciiydasix Harpa/a

onunakoBasd, 0osibiie 0 u menbire 1000. meem 99t 4 51 = 77s + 29.

949 50
Bo-nepspix mosryaaem, uro 99¢ + 51 < 1000, To ecth 99t < 949 mm t < — = 9®. Tak kax t - mesoe,

to umeeMm 0 < t < 9. Bo-Bropwix, yupoimast paBeHCTBO, moay4daem 99t + 22 = 77s, 9T0 MOKHO COKPATUTh
ere pas, nojeaus Ha 11. [lomygaem 9t 4 2 = 7s.

[lepebpas BapuanTsl t or 0 10 9, HAXOIUM, YTO TOJBKO IPHU ¢t = 6 MOJyUEeHHOE YUCIO JEJTUTCS 7, ITOOBI
CIIpaBa MOTJIO MOJIYUHUTCS BbIpaxKkenume 7S. VlToro momydaercd, aro t = 6,5 = 8, a caM0O YUCJIO PABHO
645.

Solution (ENG). Let each pirate’s reward be ¢ in the first case, and s in the second. Then the
total reward is 99t 4+ 51 and 77s + 29, respectively. According to the condition, in both cases the reward
is the same, more than 0 and less than 1000. We have 99t + 51 = 77s + 29.

First, we get that 99¢ + 51 < 1000, that is, 99t < 949 or t < % = 9%. Since t is an integer, we have
0 <t <9. Secondly, simplifying the equality, we get 99¢ + 22 = 77s, which can be reduced again by
dividing by 11. We get 9t 4 2 = 7s.

After going through the options ¢ from 0 to 9, we find that only when ¢ = 6 the resulting number
is divisible by 7, so that the expression 7s can be obtained on the right. In total, it turns out that
t =6,s = 8, and the number itself is 645.

Task 2.

1. Kneryaryro tabsmiy pasmepom 6 x 6 BeIpe3aw W3 JHCTa OyMard W CKJIEHJIH y Hee MPOTHUBO-
MOJIOYKHBIE CTOPOHBI. Kakoe MakCcHMaIbHO BO3MOYKHOE KOJTUYECTBO KOHEN MOYKHO PACCTaBHUTH HA
TaKoil j;ocKe, YTOObI HUKAKKE JIBa KOHs HE Omjiu JApyr apyra’

A 6 x 6 checkered table was cut out of a sheet of paper and its opposite sides were glued together.
What is the maximum possible number of chess knights that can be placed on such a board so
that no two knights beat each other?

Answer: 18

2. Kneruaryio Tabaumy pasmepoM 8 X 8 BbIpe3aJid U3 JUCTa OYMarw M CKJIEWIN Y Hee TPOTUBO-
HOJIOKHBIE CTOPOHBI. Kakoe MakCcMMabHO BO3MOYXKHOE KOJUYECTBO KOHEH MOYXKHO PACCTaBUTDH HA
Takoil mocKe, YTOOBI HUKAKWE JIBa KOHS He Oman JApyr apyra?’

A 8 x 8 checkered table was cut out of a sheet of paper and its opposite sides were glued together.
What is the maximum possible number of chess knights that can be placed on such a board so
that no two knights beat each other?

Answer: 32

3. Kneruaryio Tabaumy pasmepom 10 x 10 BbIpe3ann u3 Jjiucta OyMaru u CKJACHJIH Y Hee TPOTUBO-
MOJIOYKHBIE CTOPOHBI. Kakoe MakcuMaabHO BO3MOYXKHOE KOJIUYECTBO KOHEH MOYKHO PAaCCTaBUTH HA



Takol JOCKe, YTOOBI HUKAKHe JBa KOHs He Omanm Japyr apyra?

A 10 x 10 checkered table was cut out of a sheet of paper and its opposite sides were glued
together. What is the maximum possible number of chess knights that can be placed on such a
board so that no two knights beat each other?

Answer: 50

4. Knergaryoo Tabauny pa3zMepoMm 12 X 12 BeIpe3aJu U3 JuUCTa OYMard U CKJACHIN y Hee MPOTHBO-
IMOJIO2KHbIC CTOPOHBI. KaKOG MaKCUMaJbHO BO3MOXKHOE€ KOJMYECTBO KOHEH MOXKHO paCCTaBUTL Ha
TaKoi MoCcKe, YTOOBI HUKAKWE JIBa KOHS HE Oman JApyr apyra’

A 12 x 12 checkered table was cut out of a sheet of paper and its opposite sides were glued
together. What is the maximum possible number of chess knights that can be placed on such a
board so that no two knights beat each other?

Answer: 72

Solution (RUS). 3amernMm, 910 MOKHO DACCTaBHTh KOHell Ha OesbIX KJIeTKax, U HUKAKWe JBa
KOHA JIpYyT Apyra He moOboT. Jokarkem, uTo Gosblne 32 KOHell paccTaBUTb He Tory4utcd. [leiicTBu-
TeJIbHO, KaKIbIil KOHb ObeT POBHO 8 KJIETOK, H KaxKIylo KJeTKy ObeT He Oosee 8 KoOHeil, IO3TOMY

k komeii, He OBIOIIUX JApPYr JApyra, 3aHUMAIOT Kk KJETOK u OIbT He DoJee % = k xkuerok. IToaromy
kE+k<64 = k<32.
BamMerbre, 9TO /I JOCKH 1M X N OTBET OyAeT [m—Qn], rie [a] obo3HAUAeT MEsyIo 4acTh YHCIA .

Solution (ENG). Notice that it’s possible to place the knights at all white squares so that they
would not attack each other. Let’s now show that it’s not possible to place more than 32 knights. Since
each knight attacks 8 squares (not less, not more), then k knights attack no more than % = k squares.
Hence, k+ k <64 —= k < 32.

Note that for for desk m x n the answer would be [m—;], where [a] denotes whole part of number a.

Task 3.

1. B crpane HECKOJBKO TOPOJOB, HEKOTOPHIE TMapbl KOTOPHIX COEIMHEHBI joporaMm. 3BectHo, 4To
Bcero 2025 mopor, U u3 JIIOOBIX TPeX JOPOI MOKHO BBIOPATH JBE, KOTOPbIE HE BBIXOJAST U3 OIHOTO
ropojia. Kakoe MakcuMaIbHOE KOJTUIECTBO JIOPOT, HUKAKHE JIBEe U3 KOTOPHIX He BRIXOAAT U3 OTHOTO
ropoja, rapaHTHPOBAHHO MOXKHO HafiTh?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 2025 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 810

2. B crTpane HECKOJILKO TOPOJIOB, HEKOTOPbIE TApPbhl KOTOPLIX COEJIMHEHBI jAoporaM. 3BecTHo, 4TO
Bcero 2000 mopor, n u3 JIIOOBIX TPEX JOPOT MOYKHO BBIOPATH JBE, KOTOPHIE HE BBIXOJAAT U3 OJHOTO



ropoga. Kakoe MakcuMaaIbHOE KOJTHIECTBO JOPOT, HUKAKME IBE U3 KOTOPBIX HE BBIXOAAT U3 OTHOIO
ropoja, rapaHTHPOBAHHO MOXKHO HaifTH?!

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 2000 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 800

3. B cTpane HeCKOJILKO TOPOJIOB, HEKOTOPbIE TApPbhl KOTOPLIX COEJIMHEHBI jgoporam. 3BecTHo, 4TO
Bcero 1915 mopor, n u3 JIIOOBIX TPeX JOPOI MOXKHO BBIOpATH JBE, KOTOpPbIe HE BBIXOJST U3 OIHOTO
ropojia. Kakoe MakcuMaIbHOE KOJTUIECTBO JIOPOT, HUKAKHE JIBe U3 KOTOPHIX He BHIXOJAT U3 OJTHOTO
ropoja, rapaHTHPOBAHHO MOXKHO HAHTH?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 1915 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 766

4. B crTpane HeCKOJBKO TOPOJIOB, HEKOTOPbLIE Mapbl KOTOPBIX COEIUHEHbI jgoporam. M3BecTHO, 4TO
Bcero 1875 nmopor, n u3 JIIOOBIX TPEX JOPOT MOYKHO BBIOPATH JBE, KOTOPbIE HE BBIXOJAAT U3 OHOTO
ropoja. Kakoe MakcuMaIbHOE KOJTMIECTBO JIOPOT, HUKAKWE JIBe U3 KOTOPBIX HE BBIXOAAT U3 OJTHOTO
ropojia, rapaHTHPOBAHHO MOYKHO HaWTH?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 1875 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 750

Solution (RUS). 3amerum, 9T0 u3 J1060ro ropoja BHIXoAAT win (), WM OJHA, UK JIBE JTOPOTH.
SHAYUT, BCe TOpoja PacHaIaioTcs Ha OJUHOYHO CTOSINUE, el U MUKIbl. TakxKe 3aMeTuM, 4TO Tpe-
YTOJIbHBIX ITUKJIOB HET. Tenepb OTMETHUM, 9TO B Ka}K,ZLOfI nennu MOXKHO B34ATb HE MEHee ITOJIOBUHbI JOPOT,
a B KayKJIOM IMKJIE - He MeHee 2/5 10por, TOCKOJIBKY ecJi B IiuKJie k J0por, TO IPU YeTHOM k MbI GepemM
k/2 mopor, a npu Hedernom k — (k — 1)/2, aro He MeHbIie %k upu k > 5. [lpumep maerca nukaaMu
AJIAHBL O,

Solution (ENG). Note that either 0, or one, or two roads come out of any city. So all cities break
up into singles, chains, and cycles. Also note that there are no triangular cycles. Now note that in each
chain we can take at least half of the roads, and in each cycle we can take at least 2/5 of the roads,
because if a cycle has k roads, then for even k we take k/2 roads, and for odd k we take (k — 1)/2,



which is not less than %k at k > 5. An example can be given by cycles of length 5.

Task 4.

7

1. Haitaure naubonbinuii odImuii IeJuTeIb BCeX Y4ucesl BUIA n' — n g JII0O0TO HATYPAJILHOTO N.

Find greatest common factor for all numbers of type n” — n for any positive integer n.

Answer: 42

3

2. Haiinure nanGoabmmil obIuil 1enTesh BeeX ances Buga n'® — n s moboro HaTypagbHOTO 1.

Find greatest common factor for all numbers of type n'® — n for any positive integer n.

Answer: 2730

9

3. Haiinure nanboapmmil obmuil nemTesanb BeeX gncea puga n'® — n aag moboro HaTypagbHOTO 1.

9

Find greatest common factor for all numbers of type n'® — n for any positive integer n.

Answer: 798

5

4. Haiijure nanbobmmii o0muil JeuTesb Beex duces Buga n?° — n g J10b0ro HATYPaJIbHOTO N.

5

Find greatest common factor for all numbers of type n?> — n for any positive integer n.

Answer: 2730

Solution (RUS). 3amerum, uto nckombiii HOJ meaut unciao 27 — 2 = 2 - 32 - 7. Taxxe HOJI

He jesnted Ha 9, T.K. Ha 9 He jgesutca uncao 37 — 3. [losromy nox He Goabmre 2 - 3 - 7. OpHAKO 4nCI0

n’ —n gemmTed W Ha 2, W Ha 3, m Ha 7 1o MaJtoii Teopeme ®epma. Takum 06pazoM, HanGoIbITi 00MIIil
JennuTenb paBeH 42.

B octanpHBIX 3a/1a4ax IPUHITUIT PEeIleHUs aHAJTOTHIHbIN: paCKIabIBBIEM YUCI0 2™ — 2 Ha, MHOYKHUTE-

JIH, 3aTeM C MOMOIIBIO MPOBEPKH JEJUMOCTH uucaa 3" — 3 orbpaceiBaem 3% (M BCe OCTATbHBIC CTEIICHH,

OOJIbLIE 1EPBOH, €CJIM OHU €CTh, HaupUMep 272), a OcTa/IbHbIe Je/IUTe/U IIPOBEPsIeM ¢ HOMOIIbIO MaJION

teopeMbl Pepma u cBoiicTBaMu apuMETUKU IO MOLYJIIO.

Solution (ENG). Note that the desired greatest common factor divides the number 27 — 2 =
2-32.7. Also, the greatest common factor is not divisible by 9, because the number 37 — 3 is not divisible
by 9. Therefore, the greatest common factor is no more than 2 - 3 - 7. However, the number n” — n is
divisible by 2, 3, and 7 by Fermat’s little theorem. Thus, the greatest common factor is 42.

For other tasks the principle of solution is the same: we factor the number 2" — 2, then we remove
the divisors like 3% (and other divisors with degree higher than 1, if any, for example 2%) with checking
of 3" — 3. Other divisors are checked with Fermat’s little theorem and properties of modular arithmetics.

Task 5.



1. Ha nnunHO# JTeHTe B psifi 6€3 MpoOe/IoB 3alliMcalbl Bce HATYypaabHble ducaa oT 1 g0 2022, obpasys
0/1HO orpomuoe uncsio: 1234567891011...20212022. [lersa u Bausg 1o odepe/in BBIYEPKUBAIOT 1TUPPHI
9TOr0 YHCIa (BBIYEPKHYTYIO DY 3ampernieHo BblaepKUBaTh BTOPOil pa3). B KoHIe urpel ocra-
érca ojHO3HAUYHOE YHuCa0. Eeim oHO jietuTes Ha 3, TO BHIMUTPHIBAaeT BaHs, nnade — BBIMTPHIBAECT
[Ietst. MoxkeT Jtn KTO-TO 0becrednTh cebe mobely HE3aBUCHMO OT UI'PBI IPOTUBHUKA!

On a tape all positive integers from 1 to 2022 are written in a row without spaces, forming one
huge number: 1234567891011...20212022. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

2. Ha pyimunoit ienTe B psij 6e3 mpobesioB 3anncanbl Bce HATYpaJibHbIe uncia ot 1 1o 1999, obpasys
0/iHO orpomuoe uncyio: 1234567891011...19981999. [lets u Baus no odepe in BHIYEPKUBAIOT U PHI
3TOro YuCIa (BBIYEPKHYTYIO UMDY 3alpenieHo BbIYepKUBATh BTOPOil pa3). B KoHIe urpsl ocra-
éTcd OHO3HAaYHOe 4Hucyao. Beim oHO jgeuTeda Ha 3, TO BHIUTPHIBaeT BaHs, nHade — BBIMTPBIBAET
[Tersi. Moxker Jjin kTO-TO ObeciednTh cebe modely HE3ABUCHMO OT MI'Pbl TPOTHUBHUKA

On a tape all positive integers from 1 to 1999 are written in a row without spaces, forming one
huge number: 1234567891011...19981999. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

3. Ha mnmunnoit jente B psij 6e3 mpoOesioB 3alUCaHbl Bce HATYPaJbHble yncia oT 1 o 2077, obpasys
OJIHO orpomMuoe uuco: 1234567891011...20762077. [lets u Bans mo odepenu BHIYEPKUBAIOT UM PHI
9TOro Yucaa (BBIYEPKHYTYIO Iudpy 3alpenieHo BblYepKUBATh BTopoil pas). B KoHme urpel ocra-
ércd ofHO3HAYHOE YuCa0. [cam OHO jieuTed Ha 3, TO BHIUTPbIBaeT BamHg, nnade — BBIMTPBHIBAECT
[Terst. Moxker jin kTO-TO ObecrieanTh cebe mobe Iy HE3ABUCHMO OT MTPHI TPOTHBHUKA?

On a tape all positive integers from 1 to 2077 are written in a row without spaces, forming one
huge number: 1234567891011...20762077. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

4. Ha jymmnHoit jiente B psiji 0€3 1po0esioB 3alucanbl Bce HaTypajibabie yncia ot 1 g0 2007, obpazys
o/iHo orpomuoe uncyao: 1234567891011...20062007. [Tera u Bansg no odepein BBIYEPKUBAIOT 1A PHI
9TOr0 Yncaa (BBIYEPKHYTYIO MDY 3ampernieHo BbIaepKUBaTh BTOPOil pa3). B KoHIE urpel ocra-
érca ojHO3HAaYHOE YHuCa0. Ecim oHO jietuTcsd Ha 3, TO BHIMTpbIBaeT BaHs, nHade — BBIMTPHIBACT
[Ietst. MoxkeT Jtn KTO-TO 0becrednTh cebe mobely He3aBUCHMO OT UI'PHI TPOTUBHUKA!

On a tape all positive integers from 1 to 2007 are written in a row without spaces, forming one
huge number: 1234567891011...20062007. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

Solution (RUS). Crparerust misa [leru: noka ectb mudpsl, pessinipecst Ha 3, B cBoit xox [Ters
BhIUEpKHBaeT Takyio nudpy. /lasee, ecin emé norpedyercs jgenarhb Xoibl, [lers BoiaepkuBaeT mudpobl
HPOU3BOJIBLHO.



Bamernm, uro ecau Ilere ymactest 100UThCS BBIUEPKUBAHUS BCEX UMD, Jessmuxca Ha 3 (Takue
MbI Jajiee Oy1eM Ha3blBaTh XOPOIIMME), TO (GUHAJILHOE OJHO3HAYHOE YUCI0 He OyaeT JeJuThCd Ha 3, a
Bamns, coorBercrBenno, npourpaer. [lokaxkem, aro [lere xBatut x0710B 7151 3T0r0. CHAYMAIA BBIICHUM
obIree 9uCI0 X0J0B (Ha JBOWX): 9TO B TOYHOCTH KOJIMYECTBO MH(bD N3HAYAILHOTO YUCIA.

Crparerus ang Iletu: moka ecth mudpsol, Jensdimuecd Ha 3, B ¢Boit xof [leTs BrIUEpKHBaeT TaKyio
nudpy. Hanee, ecotm ené morpebyercs nenarsh Xo/bl, 1leTs BeraépkuBaeT nudpbl TPOU3BOJIBHO.

Bamerum, uro ecan [lere ygacrest 1o6uThesi BBIYEpKUBaHus Beex 1udp, JAesIuXcs Ha 3 (Takue Mbl
nasee OyeM Ha3biBaTh XOPOITHMH ), TO (DUHATBHOE OJHO3HAYHOE THCJIO He Oy/JeT JeJUThCs Ha 3, a
Bans, coorsercrBento, npourpaet. [lokaxkem, uro [lere XBaTuT X0I0B /15 ITOTO.

CHauasa BBISICHAM 00IIiee KOJIMIECTBO XOJ0B (HA JBOUX): 3TO B TOYHOCTH KOJUYECTBO IMudp U3HA-
YAJIBHOTO YUCJIA. DTO KOJUYECTBO COCTABJIEHO U3 MUuMpP OJHOZHAYHBIX dHceN (KOTOPbIX 9 B 3amucu),
asysnadnbix (koropeix 90), rpéxsnaunsix (ux 900), u dersipéxsnaunsix (ux 2022 - 999 = 1023). To
eCTh BCEro KOIMYeCTBO NMUMp B 3alUCH H3HAYATHHOIO JUIMHHOTO 4ducia (OyneM ero HasbiBaTh 1abiio-
HOM) paBHO 9+2-90+3-900-+4-1023 = 9+4180+2700+4092 = 6981.

KomaecTBO X0/I0B 2Ke COBIAJIALT ¢ KOJIUIECTBOM BBIYEPKHYTHIX YuCes B KOHIE, a uX 6980 (Tak Kak
OCTAJIOCH OJTHO).

[Tokazkem, 9To XOporux nudp B 3anucu mabaoHa Meree nonoBuabl o 6980 (To ecTh Menee 6980 /2 =
3490). st 5TOr0 OTAEIBHO MOCYUTAEM KOJIUIECTBO TAKUX UMD, KOTOPHIE MOy YAI0TCS U3 OJHOZHATHBIX
YUCe/T 3alUCH, U3 JIBY3HAYHBIX U TaK JaJjee.

3aMeTuM, 9TO BCEro B 3allUCU 4duce oT 1 10 9 KomdecTBO Xopomux nudp pasno 3.

Cpe/i IBy3HAUHBIX YHCEJT B 3AIUCH [Ta0JOHA KOJIXIECTBO XOPOIIHX 1P Ha TTePBOM mo3uIuu (cooT-
BETCTBYIOIIEro Ynciaa) paBuo 3 X 10, Tak Kak Ha MepBOii MO3UIUK, JOMYCTUMBI JHIIb XOPOITHe Tudphl
3, 6 u 9 - Bcero Tpu Bapuanta. g Kaxoit u3 arux mudp Berperdarcd Bce 10 BAapuaHTOB BTOPOI
nu@pbI, TO €CTH B Pa3psiie eInHnI. AHAJOITIHO BHIYUCISIEM, 9TO KOJUIECTBO XOPOIMuX Mudp Ha BTO-
PBIX MO3UIHUAX JIBYX3HAUHBIX dmces B mabsaone paBHO 4 x 9. MToro, xopomux mudp, HOJTyIeHHBIX U3
JIBY3HAUHBIX YUCesI B 3amucu mabJiona, scero 3 - 10 + 4 - 9 = 30 + 36 = 66.

AHalIormnyHo 3 TPEX3HAUHBIX Yuces B madaoHe moaydatored 3 - 100 + 4 - 90 + 4 - 90 = 300 + 360
+ 360 = 1020 xopomux mudp.

JInst 9eThIPpEX3HAYHBIX YHCE TaKKe pa3aeauM moJcyér Ha ase yactu: jyig ducest ot 1000 1o 1999 u
qist gucen ot 2000 o 2022. B nepBoit nojarpyirine BO BCeX YuCIaX nepBas 1mudpa He aBIAeTCsS XOPOIei,
a KOJIMYECTBO XOPOINHMX NU(MP Cpeau ITUX Thicadu yucea papuo 4-100x3 = 1200.

Bo Bropyto noarpymmy (ot 2000 no 2023) monasu 23 ducyaa. BpydHyto npoBepsieM, 9To KOJIUIECTBO
xopomux nudp B paspsiie roicsd pasao 0 (Bce JBOKH), a B pa3psjie coreH - pasHo 23 (Bce Hysun). B
paspsje jecatkoB xopomux mudp 10, a B pazpgae eaunut 9. Utoro uz 4 x 23 = 92 nudp arux 23x
yncena 23 + 10 + 9 = 42 xopomwux.

OcTaérest OTMETUTH, YTO B KaXKJIOH M3 PACCMOTPEHHBIX MDY KOJIMIECTBO XOPOIIHX MUMP MeHbIIe
MOJIOBUHBIL:

B OJTHO3HAYHLIX 3 u3 9, B ABy3Haunnix 66 m3 180, B Tpéxzmaunbix 1020 m3 2700, B 4YeTHIpEX-
3HauHbIX B mepBoil moarpymme 1200 u3 4000, Bo BTOpOit mogrpynme 42 n3 92.

Taku obpazom, xopomux mudp B MabJIOHE MeHbIIe KOJndecTBa X0/g0B lleTn, TO €cTh OH CMOXKeT
BBIYEDKHYTH UX BCe (KPOME TeX, KOTOPble BhIUepKHeT BaHs) u rapaHTHpOBaTh cebe mobey.

Solution (ENG). Strategy for Peter: as long as there are digits that divide by 3, on his turn Peter
crosses out such a digit. Then, if Peter needs to make more moves, he crosses out the digits randomly.
Note that if Peter manages to cross out all digits divisible by 3 (we’ll call such digits good), then
the final single-digit number will not divide by 3, and Ivan, correspondingly, will lose. Let’s show that
Peter has enough moves for that.

First find the total number of moves (for two): this is exactly the number of digits of the initial
number. It is the number of digits of one-digit numbers (of which there are 9 in the entry), two-digit
numbers (of which there are 90), three-digit numbers (of which there are 900), and four-digit numbers
(of which 2022 - 999 = 1023). So, the total number of digits in the original record of a long number (we
will call it a pattern) is 9+2-90+3-900+4-1023 = 9+180+2700+4092 = 6981.



The number of moves coincides with the number of crossed out numbers at the end, and they are
6980 (since there is one left).

Let us show that the good numbers in the pattern entry are less than half of 6980 (that is, less
than 6980/2 — 3490). To do this, we separately count the number of such digits that are obtained from
single-digit numbers in the record, from two-digit numbers, and so on.

Note that the total number of good digits in the record of numbers from 1 to 9 is 3.

Among two-digit numbers in the pattern, the number of good digits in the first position (the
corresponding number) is 3 x 10 (as in the first position, only good numbers 3, 6 and 9 are allowed
- a total of three options. For each of these digits will meet all 10 cases of the second digit. Similarly,
calculate that the number of good digits on the second positions of two-digit numbers in the pattern
is4x9 S03*10+4%9 =230+ 36 =66 good digits obtained from the two-digit numbers in the
pattern.

Similarly, the three-digit numbers in the template obtained 3 * 100 + 4 * 90 + 4 * 90 = 300 + 360
+ 360 = 1020 good numbers.

For four-digit numbers we will also divide the calculation into two parts: for numbers from 1000
to 1999 and for numbers from 2000 to 2022. In the first subgroup, the first digit is not good, and the
number of good digits among these thousand numbers is 4*100x3 = 1200.

In the second subgroup (from 2000 to 2023) only 23 numbers. Manually check that the number of
good digits in the thousands division is 0 (all two), and in the hundreds division is 23 (all zeros). The
number of good digits in the tens division is 10, and in the units division - 9. The total of 4 x 23 = 92
digits of these 23x numbers is 23 + 10 + 9 = 42 good.

And we have 2331 good numbers and it is less than half. So Peter can cross them all out (except for
those that Ivan crosses out) and guarantee victory.

Task 6.

1. Anuca u Bob urpatot B urpy. IrpoBoe moJie npegcraBiasieT 3 cebs KJIeTIATYIO MOJOCKY PpazMepoM
1 x 2022. Urpoku no ouepenn (HaunHaer Ajmca) BHIUCHIBAIOT B IYCTYIO KJIETKY JOOYIO U3 OYKB
O u I'. [ToGexx1aeT TOT, MOCIE THETO XOA B TPEX coceaunx Kjerkax mogssrcs Oykeel OT'O. Ecan
BCe KJIETKH 3all0THeHbl, a cjoBa OI'O HeT, urpa 3akanumBaercd BHUUIbIO. KakoB OyeT mexos npu
HPaBUIBHON Urpe 000UX COIIEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 2022. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there

would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

2. Aumca u Bob urparor B urpy. rposoe mosie npeacrapisger u3 cebst KJIeTIaTyio MOJ0CKY Pa3MepoM
1 x 1111. Urpokwu no ouepenn (HaunHaer Ajnca) BHIMUCHIBAIOT B IYCTYIO KJIETKY JIO0YI0 n3 OYKB
O u I\ [lobexktaeT TOT, OCJE YbEI0 XOJ/Ia B TPeX coceqHux KJieTkax mnosaBarcs OyKBol O'O. Eciu
BCe KJIETKH 3aIl0/HeHb, a cjoBa OI'O HeT, urpa 3akaH4uBaeTcs BHUUYLIO. KakoB O6ymIeT ucxon mpu
IPaBUIBLHOI Urpe 000UX COIEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 1111. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there
would be a work WOW on the desk wins. If all cells are filled without WOW word, the players

draw. How the game would end with a optimal play of both players?

3. Aumca n Bob urparor B urpy. Irposoe mosie npeacrapiser n3 cebst KJIeTIaTyIo MOJI0CKY Pa3MepoM
1 x 2048. Urpoku no ouepeu (HaunHaer Ajinca) BHIMUCHIBAIOT B IYCTYIO KJIETKY JIOOYIO U3 OYKB
O u I. [lobexk1aeT TOT, MOCJE YBETO X0/ B TPeX coceqHuX KJieTkax mnosparcs OyKBbl O'O. Eciu
BCe KJETKH 3aII0/HeHb, a coBa OI'O HeT, urpa 3akaHuuBaeTcs BHUULIO. KakoB OyIeT ucxox mpu



IpPaBUILHOI Urpe 000UX COIEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 2048. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there
would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

4. Ammca u Bo6 urpator B urpy. lrposoe moJie npeacrapisieT u3 ceds KJIETIATYIO MOJOCKY Pa3MepoOM
1 x 777. Urpoku no ovepe/u (HaunHaeT Ajnca) BHIIIUCHIBAIOT B IyCTYIO KJIETKY JIIOOYI0 13 OYKB
O u I. [lobexk1aeT TOT, MOCJE YBETO X0/ B TPEX coceqHuX KJieTkax mnosparcs OYKBbl O'O. Eciu
BCe KJETKH 3aII0/HeHbl, a cioBa OI'O HeT, urpa 3akaHYuBaeTcs BHUULIO. KakoB OyIeT mcxon mpu
HPaBUJILHOI HIpe 000X COEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 777. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there
would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

Solution (RUS). /lokaxkem, ato Bob6 Bbrurpaer. [lag 3Toro eMy Hy:KHO €O31aTh KOMOMHAIHIO
O[][|O (]] obosnavaeT mycTyio KIeTKy). flcHO, 9TO He TO3/HEe YeM 3a 2 XOja OH CMOXKET 3TO CJeaTh,
PacIoIOKuB cHagaa OyKBy O Ha J0CTATOYHO OOJIBIIOM PACCTOAHUM OT KJIETKH AJIMCH B Kpas JOCKH,
a BTOPBIM XOJIOM — pachosiokuB 6ykBy O Ha paccTOSTHHU 2 KJIETKH OT ¢Boeii mepBoit 6ykBel O (¢ 01HOM
M3 CTOPOH, IJie OH CMOZKET 3TO C/ejaTh, Takas cTOpoHa Beerja Haiigercs). Ilocae sroro momenra on
Oymer Kaarh, Korja Ajmca cieraeT CBOM XOA B OJHY M3 KJIETOK Mexay ero OykBamu O — Torja B
J000M caydae MOKHO Oyaer monmoiHunTh 10 ciaoBa OI'O u mobeanrh. Asmca BHIHYXKIeHA OyaeT 5TO
CJIeJ1aTh, ITOCKOJIBKY IIOCJE JIFOOOr0 ee X0[a Ha JIOCKe OCTaHeTCd HeYeTHOE KOJUIECTBO IYCTHIX KJIETOK,
a 3HAYMT, HaligeTcs KJIeTKa, clipaBa M CJIeBa OT KOTOpoit Jimbo HeT OyKB, JinOO ecTh 00e OYKBLI. o0
MOKET HOCTABUTH ' B 9Ty KJIETKY U He MPOUTPAET.

ZLTIH APYTHX BapHaHTOB, BCE 3aBUCUT OT Y€THOCTU KOJIMYECTBa KJIETOK: €CJIN UX Y€THOC KOJINYECTBO,
10 BRIUTPEIBaeT bob. B mporusHOM ciiygae — Asuca.

Solution (ENG). Let’s prove that Bob would win. For that he should create combination O[|[]O
([} denotes empty cell). It’s clear that no later than after 2 moves he would be able to do that: first he
could put letter O far away from Alice’s letter and borders, then he could put another letter O on one
of the sides. After that he would wait until Alice would make a move between his letters O — then it
would be always possible to complete this combination to WOW and win. This situation would happen
since after any her move there would be odd amount of empty cells, hence there would be a cell which
is surrounded by two empty cells or by two filled cells. In both situations there is a possibilty to choose
the letter and don’t lose.
For other variants, it depends on the parity of cells amount: if there are even amount of cells, then
Bob wins. Otherwise — Alice wins.



8-9'" degree

Task 1.

1. Tluparckuii 3aKOH TJIACAT, YTO CHPABEIHBBINA CIIOCOD MeJeKKH 100bIdu (COCTOsMIEH U3 OHHAKO-
BBIX 30JI0TBIX MOHET) TAKOM: KATIUTAH OIPEJIeIsieT, KOr0 U3 KOMAH/Ibl CYUTAET JOCTORHBIM HATDAJIbI
(3T0 KAaK MHHUMYM OJIMH IIUPAT), U ITUM [IHPATAM JIAET MAKCHMAJIbLHO BO3MOXKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JI0THIX MOHET U3 J00brar. OCTaToOK MOHET MOC/Ie TaKOH AEMEKKH - M0 KAIMTAHA.

Kanuran Kpiok He MOXeT pemuTh 10 KaKOMY U3 HPUHIUHIOB BBIJIEIUTDL JOCTONHBIX HArpabl.
Hanpumep, ecin kanurtan Bbioeper 99 nmuparos, TO J0Jd KalUTaHa B TAKOM CJIydae cOCTaBHT 51
MOHeTa; a eCJI ¥Ke OH BBhIOepeT 77 mMupaToB, TO ero JoJud OyiaeT yxe 29 moHeT. CKOMTBKO MOHET
OBLIO B J00ObIYE, €CJIU U3BECTHO, YTO ITO YKCJI0 MeHbIne 10007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 99 “worthy” pirates, the captain’s share in this case is 51 coins; and if he chooses 77 pirates,
the captain’s share will be 29 coins. How many coins were in the loot if it is known that their
amount is less than 10007

Answer: 645

2. TlupaTckuii 3aKOH [JIACHT, YTO CIPABEIUBbIH CHOCO0 JIeJIeXKKH T00bIUu (COCTOSAMIeH 13 OJMHAKO-
BBIX 30JI0TBIX MOHET) TAaKOMi: KAIIUTAH OIPEJIeIsieT, KOr0 U3 KOMAH/Ibl CIUTALT JOCTORHBIM HATDAJIbI
(3TO KAK MUHUMYM OJIMH TIHPAT), U ITUM IMUPATAM JAET MAKCHMAIBLHO BO3MOXKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JI0TBIX MOHET 13 00br4n. OCTaroK MOHET IOC/Ie TaKOW JeaEKKH - 10/ KAluTaHa.

Kanuran Kpiok He MOXkeT pemuTb 110 KAaKOMY U3 HPUHIUIOB BBLJIEJIUTDH JIOCTONHBIX HArpaJbl.
Hanpumep, ecin kanutan BbeiOeper 81 nupara, TO A0/ KallUTaHa B TAKOM Cjydae cocTaBuT 64
MOHET; a €CJIu ¥Ke OH BbioepeT 99 nmupartos, TO ero o oyaer yzxe 19 moner. MI3BecTHO, 9TO YncIO
MoHeT Menblrne 800. CKoJIbKO MOHET OBLIO B JI00BIYE, €CJU U3BECTHO, YTO ITO YUCI0 MeHbIne 8007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 81 “worthy” pirates, the captain’s share in this case is 64 coins; and if he chooses 99 pirates,
the captain’s share will be 19 coins. How many coins were in the loot if it is known that their
amount is less than 8007

Answer: 712

3. Tluparckuii 3aKOH TJIACHT, 9TO CIPABEINBbIH COCO0 JeIeKKH 100bIdn (COCTOsIe 13 OMHAKO-
BBIX 30JI0TBIX MOHET) TAaKOli: KAIIUTAH OIPEJIeIsieT, KOr0 U3 KOMAH/Ibl CIUTALT JOCTORHBIM HATDAJIbI



(STO KaK MUHUMYM OJHNH HI/IpaT), 1 9TUM IUpaTaM ,HaéT MaKCUMaJIbHO BO3MOZKHO€ OJJUHAKOBOE KO-
JINYEeCTBO 30JI0TBIX MOHET U3 ﬂO6bIQH. OcTrarok MOHET II0CJe TaKoi ,ZLeJIé}KKI/I - J0JId KalluTaHa.

Kanuran Kpiok He MOXkeT pemuTh 110 KAaKOMY U3 HPUHIUIOB BBLJIEJIUTDH JIOCTONHBIX HArpa/bl.
Hanpumep, eciu kamuran Bbioeper 143 mupara, TO JI0/id KamuTaHa B TAKOM cjydae coctaBuT 61
MOHETA; & €CJU yKe OH BhloepeT 88 muparos, TO ero Ao oyaer yxe 39 MoHeT. CKOJBKO MOHET
OBLIO B J0OBIYE, €CJIU U3BECTHO, YTO TO YHCJI0 MeHbIne 14007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if
he picks 143 “worthy” pirates, the captain’s share in this case is 61 coins; and if he chooses 88
pirates, the captain’s share will be 39 coins. How many coins were in the loot if it is known that
their amount is less than 14007

Answer: 919

4. Tluparckuii 3aKOH IJIACHT, 9TO CHPABEINBHI CMOCOD IeTeKKH H00bIUN (COCTOSIEH U3 OMHAKO-
BBIX 30JI0TBIX MOHET) TAKOli: KAIIUTAH OIPeJIeisieT, KOr0 U3 KOMAH/Ibl CYUTALT JOCTORHBIM HATDAJIbI
(3TO KAK MHHUMYM OJIMH TIHPAT), U ITUM [UPATAM JAET MAKCHMAJIBHO BO3MOXKHOE OJIHHAKOBOE KO-
JIMYECTBO 30JI0TBIX MOHET 13 H00b4ur. OCTaTOK MOHET IOCIe TaKOi Meaé:KKH - I0/1d KaluTaHa.

Kanutan Kpiok He MOXKeT pemuTh MO0 KAKOMY U3 IPUHIUIOB BBLISIUTDH ITOCTONHBIX HATrpPaJbI.
Hanpumep, ecin kanutan Boibeper 91 mupar, TO JI0d KallUTaHa B TaKOM ciydae cocraBuT 87
MOHET; & €CJIN K€ OH BbIOepeT 77 muparoB, TO ero aojsa Oymer y:ke 17 moner. CKOJIBKO MOHET
OBLIO B J00BIYE, €CJN W3BECTHO, UTO 9TO YUCI0 MeHbIne 9507

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 91 “worthy” pirates, the captain’s share in this case is 87 coins; and if he chooses 77 pirates,
the captain’s share will be 17 coins. How many coins were in the loot if it is known that their
amount is less than 9507

Answer: 633

Solution (RUS). Ilycts B nepsoMm ciydae Harpaja Kax/Joro nupara paBHa t, a BO BTOPDOM - .
Tora obias Harpajia paBaa coorsercBeHHO 99t +51 u 775+ 29. 1o ycimoBuio B 060ux ciydasx Harpa/a

oaunakoBasd, 0osibiie 0 u menbire 1000. meem 99t 4 51 = 77s + 29.

949 0
Bo-nepspix mosryaaem, uro 99¢ + 51 < 1000, To ecth 99t < 949 mm t < — = 9®. Tak kax t - mesoe,

to umeeM 0 < t < 9. Bo-Bropwix, ynpoimast paBeHCTBO, noay4daem 99t + 22 = 77s, 9T0 MOYKHO COKPATUTH
eme pas, nmojeaus Ha 11. [Tomygaem 9t 4 2 = 7s.
[Iepebpas BapuanTsl t or 0 10 9, HAXOIUM, YTO TOJBKO IPH ¢t = 6 MOTYyUEHHOE YUCIO JEJTUTCS 7, ITOOBI



CIIpaBa MOTJIO MOJYUHUTCS BbIpaxKenwme 7S. VlToro momydaercd, uro ¢ = 6,5 = 8, a caM0O 9YUCJIO PABHO
645.

Solution (ENG). Let each pirate’s reward be ¢ in the first case, and s in the second. Then the
total reward is 99t 4+ 51 and 77s + 29, respectively. According to the condition, in both cases the reward
is the same, more than 0 and less than 1000. We have 99t + 51 = 77s + 29.

First, we get that 99¢ + 51 < 1000, that is, 99t < 949 or t < % = 9%. Since t is an integer, we have
0 <t < 9. Secondly, simplifying the equality, we get 99¢ + 22 = 77s, which can be reduced again by
dividing by 11. We get 9t + 2 = 7s.

After going through the options ¢ from 0 to 9, we find that only when ¢ = 6 the resulting number
is divisible by 7, so that the expression 7s can be obtained on the right. In total, it turns out that
t =6,s = 8, and the number itself is 645.

Task 2.

1. Ha 6okosoii cropone C'D tpanenun ABCD (AD > BC') ormedena takasg touka P, auro PC =
2-DP. Yepes 31y TOUYKY IPOBeIeHA psiMas, mapaJuienbias AB, kotopast mepecekaetr AD B Touke
R. Haiinure miomans tpeyroabanka ABR, ecan miomans ABCD pasna 40, a BC = RD.

On the side C'D of trapezoid ABC'D (with its base AD being larger than base BC') there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 40 and BC = RD.

Answer: 24

2. Ha 6okosoii ctopone C'D tpanenuu ABCD (AD > BC') ormedena takas Touka P, aro PC =
2-DP. Yepes 31y TOUYKY IIPOBEICHA IIpsiMast, mapaJuienbias AB, koropas nepecekaer AD B TouKe
R. Haiinure mnomaab Tpeyroabauka ABR, ecim miomans ABCD pasna 80, a BC' = RD.

On the side C'D of trapezoid ABC'D (with its base AD being larger than base BC) there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 80 and BC = RD.

Answer: 48

3. Ha 6okosoit ctopone C'D tpanenuun ABCD (AD > BC') ormedena takadg Touka P, aro PC =
2-DP. Yepes 3Ty TOUYKY IIPOBeIeHA psiMasd, mapaJuienbias AB, koTopas mepecekaer AD B ToUKe
R. Haiinure miomans tpeyroabanka ABR, ecau mwiomans ABCD pasua 100, a BC' = RD.

On the side C'D of trapezoid ABCD (with its base AD being larger than base BC) there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 100 and BC' = RD.

Answer: 60



4. Ha 6okosoii ctopone C'D tpanenuu ABCD (AD > BC') ormeuena Takas Touka P, uro PC =
2-DP. Yepes 31y TOUYKY IPOBeIeHA psiMast, napaJuienbias AB, koTtopas nmepecekaer AD B Touke
R. Haiinure mnomaab Tpeyroabauka ABR, ecim maomans ABCD pasna 60, a BC' = RD.

On the side C'D of trapezoid ABC'D (with its base AD being larger than base BC) there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 60 and BC = RD.

Answer: 36

Solution (RUS). O6o3naunm kak (Q TOUKY HepecedeHus MpoBeiennoii mpsmoit RP ¢ mpsimoit BC.
Torna, mo paBeHCTBY COOTBETCTBYIONINX BHYTPEHHUX HAKPECT JIeYKAIuX yIriaoB, TpeyroibHuku PDR u
PCQ nomobust apyr apyry ¢ koaddunuentom mo06us 1 : 2 (Tak Kak 3T70My PABHO OTHOIIEHHE CTOPOH
PD & CP no ycmosuwo). Torga CQ = 2RD = 2BC.

m

Bamernm, 4ro deThipéxyronbauk ABQR mo onpeesienuto gapasgeTcs napaiieorpaMMoM (Tak Kak maphl
IPOTUBOIIOJIOKHBIX CTOPOH HapaJliefbHbl ). 3HauuT, cropoda AR pasaa cropore BQ, 1o ects AR = BC
+ CQ = 3RD.

Ormerum Takyio Touky F wa ocaoBanun AD, auro BC = AF. Torna ABCF rak:xke sBisiercs mapaJi-
negorpammoM (1o npusHaky, Tak kak AF u BC paBubr u napasiensus). Kpome Toro, ecium orMeruTh
U COeMMHUTH OTpe3koM cepeauabl cTopoH CQ m FR mapaminenorpamva FCQR, To cranoButcs owue-
BHJIHO, 9TO OH COCTABJIEH U3 JBYX IMapaJLIeJOrPAMMOB, KaKIblii M3 KOTOpbIX coBMmemaerca ¢ ABCF
apaJUIeIbHBIM TIEPEHOCOM (TO €CTh OHM PaBHBI KakK TeoMeTpudeckue (GUrypsl). 3HAYHUT, [IOMAJb Ta-
pasiesorpamma CQRFE B aBa pasa Oouibiie miomaan mapaJsieasorpamva ABCF.

[Tycts maomanes Tpeyrosbanka RPD pasua S. Torma Tak Kak, ymOMHHAJIOCH paHee, TPEYTrOJTbHUK
PCQ momoben mamnomy Tpeyroabanky PDR ¢ kosdbdunmentom 2, To miomans Spog = 2% -s = 4 - s.
Anajiorugso, Jierko BuaeTh, 4To Tpeyroabauk CDF momoben Tpeyronpauky PDR ¢ kosddurmsaTom 3.
Buaunt, Scpr = 3%+ s = 9 - s. Takum obpaszom, mwiomaas napawiensorpamva FCQR pasna Spcgr =
Srepr + Spcg = Srcp — Srpp +Spcg =95 —s5+4-5=12-s.

Takum 06pa3omM, Kak yKazaHo Ha aABa ad3aua Bble, Sapcr = SroQr/2, 910 PABHO 6 - § MO Pe3yib-
TaTaM mIpeablayiero adzana. Ocraercd 3aMeTuTh, 9T0 Sapep = Sapcr +Srep = 6-5+9- s, Kak ObLIO
BIUHCIeHO panee. To ectb Sypep = 15+ s = 40, orkyna s = 40/15 = 8/3.

Haiitu xe tpebyercss Sapr = (Sapor/2, Tak kak ABQR - napasrenorpamM, a BR ero auaronasis.
To ects Sapr = (Sapcr + Srcor)/2 = (6-s+12-5)/2 = 9 - 5. lToro, uckomas IIOMAAN DaBHA
SABR:9829(8/3):24

Solution (ENG). Denote by Q the point of intersection of the drawn line RP with line BC. Then,
by equality of the corresponding internal crossover angles, the triangles PDR and PCQ are similar to



each other with similarity coefficient 1:2(since this equals the ratio of the sides PD to CP by convention).
Then CQ = 2RD = 2BC.

Note that the quadrilateral ABQR is by definition a parallelogram (since pairs of opposite sides are
parallel). Thus the side AR is equal to the side BQ, i.e. AR = BC + CQ = 3RD.

Mark a point F on the base of AD such that BC = AF. Then ABCF is also a parallelogram (by the
principle since AF and BC are equal and parallel). Besides, if we mark and connect by a segment the
midpoints of sides CQ and FR of the FCQR parallelogram, then it becomes obvious that it is composed
of two parallelograms, each of which is combined with ABCF by parallel transfer (that is, they are equal
as geometrical figures). It means that the area CQRF is twice the area of the parallelogram ABCF.

Let the area of triangle RPD be S. Then since, as mentioned earlier, triangle PCQ is similar to
triangle PDR with factor 2, the area Spcg = 2% - s = 4 - s. Similarly, it is easy to see that triangle
CDF is similar to triangle PDR with factor 3. So Scpr = 3% -5 = 9 - 5. Thus, the area of the FCQR
parallelogram is Spcor = Srcpr + Spcg = Srep — Srpp + Spcg =9-5s—s+4-s=12-s.

Thus, as indicated two paragraphs above, Sapcr = Srcgr/2, which equals 6 - s according to the
results of the previous paragraph. It remains to be seen that Sapcp = Sapcr + Srep =6-5s+9 - s, as
calculated earlier. That is, Sapcp = 15+ s = 40, whence s = 40/15 = 8/3.

Finding Sapr = (SaBor/2, since ABQR is a parallelogram and BR is its diagonal. That is, Sapr =
(Sagcr + Srcgr)/2 = (6-s4+12-5)/2 =9 - s. Total, the required area is Sapr =9-s=19-(8/3) = 24.

Task 3.

1. JTana mocka 6 X 6, packpalreHHas B maxMaTHOM Topsiake. CKOTbKAME CIIOCOOAMK MOXKHO MOCTa-
BUTH Ha OeJible KJIeTKH 9 Ialek Tak, YTOObl HUKaKWe /IBe MIAITKA He CTOSIH Obl Ha OJHON KJIeTKe
1 9TOOBI HUKAKWe JBe TMAITKW He PACHOJIATaIiuch Obl B KJIeTKaX, COCeHUX 10 YIIy?!

Given a board with size 6 x 6 colored in a checkerboard pattern. How many ways to put 9 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?

Answer: 20

2. /lanma jmocka 8 X 8, packpallleHHasd B IIaxMaTHOM Hopgake. CKOJbKAME CIIOCODAME MOXKHO HOCTa-
BHUTD Ha OeJible KJIeTKH 16 malreK Tak, 9Tobbl HUKaKue JIBe MAIIKK He CTOAIH Obl Ha OJHOM KJIeTKe
1 9TOOBI HUKAKHUE JBe MIANIKHA He PACIoIaraanch Obl B KJIETKAX, COCETHUX IO YTy’

Given a board with size 8 x 8 colored in a checkerboard pattern. How many ways to put 16 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?



Answer: 70

3. /lana jmocka 4 X 6, packpallleHHasd B IIaxMaTHOM HopsiKe. CKOJbKUME CIIOCODAME MOXKHO IOCTa-
BHUTDb Ha OeJible KJIeTKH 6 Iamiek Tak, 9ToObl HIKaKue JIBe MAINKK He CTOSIN Obl Ha OJHOU KJIeTKe
1 9TOOBI HUKAKHUE JBe MIANIKHA He PACIOIaraauch Obl B KJIETKAX, COCETHUX 10 YTy’

Given a board with size 4 X 6 colored in a checkerboard pattern. How many ways to put 6 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?

Answer: 10

4. Jlana mocka 6 X 8, packpallleHHas B ITaXMaTHOM Hopsake. CKOJIBKAME CIIOCODAMEI MOYKHO MOCTa-
BHUTDH HA OeJibie KJIeTKH 12 mianieK Tak, 4To0bl HUKaKue JBe MAITKN He CTOSAIM Obl HA OJHOM KJIETKe
u 9TOOBI HUKAKWE J[BE IMAITKH HE PACIOJIATranuch Obl B KJIeTKAaX, COCEIHUX 110 YIIy?!

Given a board with size 6 x 8 colored in a checkerboard pattern. How many ways to put 12 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?

Answer: 35

Solution (RUS). Paznenum tabauiy Ha kBagparhl 2 X 2. flcHo, 9T0 B KazxKJI0M KBajapare 2 X 2
ecTh POBHO OJHA MIamKa. 1[03TOMYy HaM HYKHO TOCYMTAThL, CKOJILKUME CIIOCOOAMH MOYKHO PaCCTABUTh
110 OJTHOI INAIIKE B KAzKABIH KBAJAPAT 2 X 2, 9TOObI KJETKH ¢ MIANIKAMA HE TPAHHYIIA Obl 110 YIJIY.

Bes orpannuenus obmiaOCTH OyIeM CYATATH, YTO Y BCeX KBAJIPATOB 2 X 2 TpaBas HUMKHAS KJIETKA
besiag. Byner naswiBarh KBaspar [TH-kBajgparom, ecyiu manika CTOUT B IpaBOil HUZKHEH ero KJeTKe, u
JIB-KBaIpaTOM, €CJIM IIAIIKA CTOUT B JIEBOM BEPXHEM YTULY.

BaMeTuM, 4TO ecjim Kakoil-To kBajpar spisercd [IH-kBaaparoMm, To u KBaJaparTbl clpaBa U CHU3Y OT
Hero spigoTea [TH-kpagparamu. Anasormaroe Bepao un 114 JIB-kBaaparos. Takum obpasom, see [TH-
KBaJI[paTbl 00pa3yloT CBsI3HYIO obJsiacTh, 1 Bce JIB-KBajpaTsl 00pa3yoT CBI3HYIO 00/1aCTh.

fcHo, 9TO KOJMYECTBO PACCTAHOBOK IMAIIEK 3aBUCHUT OT KOJHMYECTBA CIOCODOB pa3dUTHL HAIl MPIMO-
YTOJbHUK Ha JBe Takue 00JacTu. JIMHWS IPaHUIB MeXK Y STUMU ODJIACTIMU BeJleT U3 JIEBOIO HUZKHETO
yTJIa TaOJIUIBI B MPaBi BEPXHUN yTOJI IO JTUHUAM ceTKU. KoanaecTBo cioco00B TPOBECTU TAKYIO JIMHUIO
PaBHO COOTBETCTBYIOLIEMY OGunoMua/ibuomy Koaddunuenry C3 = 20.

Solution (ENG). Split the given table into 2 x 2 cells. There can fit only a single checker inside
of each such cell. Hence, we should calculate in how many ways we can place one checker inside each of
these 2 x 2 cells, so that these cells with checkers would not be adjacent by their corners.

Without the loss of generality, assume that all these 2 x 2 squares’ bottom-right cell is white. Let
us denote a square as a BR-square if the checker is placed in the bottom-right cell of this square, and
TL-square if the checker is placed in the top-left cell.



Notice, that if some square is a BR-square, then squares to the right and to the bottom of it are
also BR-squares. The same is true for the TL-squares. Therefore, all BR-squares form a connected ares,
and all TL-squares form a connected area.

It is clear, that the number of checkers permutations depends on the number of way to split the given
board into two such areas. The border line between them starts from the board’s bottom-left corner
into top-right corner and it follows the lines of the grid. The number of ways to draw this border equals
to the corresponding binomial coefficient Cg = 20.

Task 4.

1. Haiitn kosimuecTBO HATypaJbHBIX TUCET N > 1, JIJsi KOTOPBIX NPHU JIIOOOM HATypPaJIbHOM T pas-

HOCTDH I25 — T KpaTHa Nn.

Find the amount of integers n > 1 such that for any positive integer = the number 2?° — z is

divisible by n.

Answer: 31

2. Haiitu komdecTBO HATypaJbHBIX 4Yncesg n > 1, JJ1 KOTOPHIX IPHU J0OOM HATYypPaJIbHOM X Pas3-

HocTh 2! — z KpaTHa N.

Find the amount of integers n > 1 such that for any positive integer x the number z*' — x is

divisible by n.

Answer: 15

3. Haiitu koamdecTBO HATypaJbHBIX 4Yncesg n > 1, s KOTOPHIX MPH J0OOM HATYypPaJIbHOM X Pas-

HOCTBb 37 — T KpaTHA 1n..

Find the amount of integers n > 1 such that for any positive integer = the number 23" — z is

divisible by n.

Answer: 127

4. Haiitu KoamdecTBO HATYpPAJbHBIX duce]a n > 1, JJIS KOTOPHIX TpK JI0OOM HaTypaJhbHOM T pa3-

HOCTBb T'' — = KpaTHa n.

Find the amount of integers n > 1 such that for any positive integer z the number x'7 — z is

divisible by n.

Answer: 15



Solution (RUS). Ilycte n = p®*m, tae (m,p) = 1,p— nupocroe u o > 2. Toryja moacraBum
r = p®~'m u noayuum cpasrenue 0 =, x, 4TO HEBEPHO. SHAYMT, YUCJIO N CBOOOIHO OT KBaIPATOB.
[TycTh p - MPOM3BOAHBIA HpocToil aemurenas uucaa n. Torma z°* =, 1 ana seex z = 1...,p — 1. Ho
2P~ =, 1 s stux x. O6oznaunm vepes d HOJI(p - 1, 24). Torma 2% =, 1 aust seex z = 1,...,p — 1.

d _
Ionyyaerca, uro y ypasnenua z° — 1 =, 0 ecTb p - 1 KOpeHb.

Buaunr, d — p-1mu24:p—1.

Wrak, Mbl IOJIy9aeM, 4To Jjid J000r0 HPOCTOro JeJUre/is P Yucja I UMeeT MeCTO JeIuMocTb 24 ip — 1.
Orciona, p = 2,3,5,7,13. Takum 00pa3oM, n sBISETCS ITPOU3BEIEHNEM KAKHX-TO U3 9THX 4ncesa. Toro
MOIy9aeM KOIMIecTBO n, pasroe 2° — 1 = 31 wmco.

Solution (ENG). Let n = p®m, where (m,p) = 1,p— is prime and a > 2. Then substitute
r = p* 'm and get a comparison of 0 =,, x, which is wrong. So the number n is free of squares.
Let p be the derived prime divisor of the number n. Then 2** =, 1 forallz = 1...,p— 1. But 277! =, 1
for these x. Denote by d NOD(p - 1, 24).Then 2% =, 1 for all x = 1,...,p — 1. It turns out that the

equation z¢ — 1=, 0 has a p - 1 root.
Sod=p-1and24:p—1.

So we obtain that for any prime divisor p of n there is a divisibility 24 :p — 1. Hence, p = 2,3,5,7,13.
Thus, n is the product of some of these numbers. Total we get a number n equal to 2° — 1 = 31 number.

Task 5.

1. Ha anunHO# JeHTe B psia 6e3 mpoOeloB 3allicanbl Bce HATypaabHble dncaa oT 1 a0 2022, obpasys
o/iH0 orpomuoe uncyio: 1234567891011...20212022. [lera u Baunsg no odepein BBIYEPKUBAIOT 1A PHI
9TOr0 YuCaa (BBIYEPKHYTYIO DY 3ampernieHo BbIYepKIUBaTh BTOPOil pa3). B KoHIE urpel ocra-
érca ojHO3HaYHOE Yuca0. Ecim oHO jietuTcsd Ha 3, TO BHIMTpbIBaeT BaHg, nHade — BBIMTPbIBAET
[letst. MoxkeT tn KTO-TO 0becrednTh cebe mobely He3aBUCHMO OT UI'PBI TPOTUBHUKA!

On a tape all positive integers from 1 to 2022 are written in a row without spaces, forming one
huge number: 1234567891011...20212022. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

2. Ha pymmunoit tenTe B psij 6e3 mpobesioB 3anncanbl Bce HATYpaJibHbIe unciaa or 1 1o 1999, obpasys
0JIHO orpomuoe 4ucjo: 1234567891011...19981999. [leta u Bausg no odepe i BHIYEPKUBAIOT MU PHI
3TOro YncIa (BBIYEPKHYTYIO MHMDPY 3alpenieHo BhYepKUBATh BTOPOil pa3). B KoHIe urpsl ocra-
éTcd OJIHO3HAYHOEe YHuCT0. Ecam oHo menwTed Ha 3, TO BRIUTPbIBaeT BaHsda, WHaYMe — BBIUTPHIBAET
[Tersi. Moxker jin kTO-TO ObecednTh cebe mobey HE3ABUCHMO OT MTPbI TPOTHBHUKA?

On a tape all positive integers from 1 to 1999 are written in a row without spaces, forming one
huge number: 1234567891011...19981999. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

3. Ha mnmunnoit jente B psij 6e3 mpoOesioB 3alUCaHbl Bce HATYPaJbHbIe yncaa oT 1 1o 2077, obpasys
OJIHO orpoMHuoe uuc10: 1234567891011...20762077. [lets u Bans no odepenu BHIYEPKUBAIOT UM PHI
9TOr0 Yucaa (BBIYEPKHYTYIO 1Py 3alpenieHo BblYepKUBATh BTOpoil pa3). B KoHme urpel ocra-
ércd ofHO3HaUYHOE YHuCa0. [eam OHO jieuTed Ha 3, TO BHIUTPbIBaeT Bamng, nnadye — BBIMTPHIBAECT
[Terst. Moxker jin kTO-TO 0becrednTh cebe mobe Iy HE3ABUCHMO OT MTPHI TTPOTHBHUKA?



On a tape all positive integers from 1 to 2077 are written in a row without spaces, forming one
huge number: 1234567891011...20762077. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

4. Ha pnwmnHOM JeHTe B psifi 0e3 MpoOesioB 3alcanbl Bce HaTypadbabie uncia oT 1 g0 2007, obpazys
0JIHO orpomuoe uuco: 1234567891011...20062007. [lets u Bansg mo odepe i BHIYEPKUBAIOT 1A PHI
3TOro Yncaa (BBIYEPKHYTYIO MHMDPY 3alpenieHo BhYepKUBATh BTOPOil pa3). B KoHIe urpsl ocra-
éTcd oIHO3HAYHOEe YuCT0. Ecam oo menwTesa Ha 3, TO BRIUTPHbIBaeT BaHga, nHavMe — BBIUTPHIBACT
[Terst. Moxker jin kTO-TO ObecmednTh cebe mobey HE3ABUCHMO OT MTPbI TPOTHBHUKA?

On a tape all positive integers from 1 to 2007 are written in a row without spaces, forming one
huge number: 1234567891011...20062007. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

Solution (RUS). Crparerus misa Iletu: noka ects mudpsl, gensiiuecst Ha 3, B cBoit xox [lers
BBIUEpKHUBaeT Takyio mudpy. Hatee, ecou emé morpebyercs nenarh Xouabl, [lers BerdyepkuBaer mudpb
HPOU3BOJIBHO.

Bamernm, uro ecam Ilere ynacress g00MThCsi BblYepKUBaHUs BCeX nudp, jessiuxcs Ha 3 (Takue
MBI Jasee OyneM Ha3biBaTh XOPOITHME), TO (GUHAILHOE OJHO3HAYHOE YUCI0 He OymeT JequThCda Ha 3, a
Bamnsi, coorBercrBenno, npourpaet. [lokaxkem, aro [lere xBatut x0710B A71s1 3T0r0. CHAYAIA BHIICHUM
obIee 9uCI0 XOJ0B (Ha JBOMX): 9TO B TOYHOCTH KOJHUIECTBO MU(bD U3HAYAILHOTO YUCIA.

Crparerug mig Iletu: moka ectb mudpsl, geasdiiuecs Ha 3, B ¢cBoil xox Ilers BHIYEpKHUBaeT Takyio
uucdpy. lagee, ecin enié norpedyercst jiesiarb xo/ibl, [lersd Boruépkubaer 1udpbl HIPOU3BOJIBHO.

Bamernm, uro ecan [lere yaacrest 1o0UThCs BEIYEpKHUBaHus BeeX 1D, AEANUXCS Ha 3 (TaKue Mbl
nasee OyjeM Ha3biBaTh XOPONTMMH ), TO (DUHATHHOE OJHO3HAYHOE THCJIO He OyJIeT JeJUThCs Ha 3, a
Bamng, coorBercTBenHO, npourpaetT. Ilokazkem, uto IleTe XBaTUT XOH0B Ml STOTO.

CHauasa BBISICHAM 00Iee KOJIMIECTBO XOJ0B (HA JIBOUX): 3TO B TOYHOCTH KOJHYECTBO IMudp U3HA-
YAJBHOTO YUCJIA. DTO KOJUUECTBO COCTABJIEHO U3 MUuMP OJHOZHAYHBIX 4HCeT (KOTOPHIX 9 B 3ammcu),
asysuadubix (Kotopbix 90), TpéxsHaunbix (mx 900), u wersipéxsnaunbix (ux 2022 - 999 = 1023). To
eCTh BCEro KOJIMYeCTBO NUdP B 3alUCH W3HAYATHHOIO JUIMHHOTO 4ducia (OyneM ero HasbiBaTh 1mabio-
HOM) paBHO 9+42-90+3-900-+4-1023 = 9+180+2700+4092 = 6981.

KoimaecTBO XO/I0B 7Ke COBIAIAELT ¢ KOJIUIECTBOM BBIYEPKHYTHIX YHCeT B KOHIE, a nX 6980 (Tak Kak
OCTAJIOCH OJTHO).

[Tokazkem, uro xoporux nudp B 3anuc mabaoHa Meree nogoBuabl 0T 6980 (1o ectb Menee 6980/2 =
3490). 151 5TOr0 OTAEIBHO MOCYUTAEM KOJINIECTBO TAKUX UMD, KOTOPHIE TOJIYIAITCS W3 OJHOZHATHBIX
YHCesT 3allMCH, U3 JIBY3HAYHBIX M TaK JaJee.

3aMeTuM, YTO BCEro B 3allUCH 4Yucea oT 1 10 9 KomdecTBO Xopouux nudp pasno 3.

Cpe/iu IBY3HAUHBIX YHCEJT B 3AIUCH MTA0JOHA KOJIXIECTBO XOPOIIHUX 1ibp HA TTePBOM mo3uIuu (cooT-
BETCTBYIOIIEro 4uc/ia) paBuo 3 X 10, Tak Kak Ha HePBOii MO3UIUH, JOLYCTUMBI JHIIb XOPOIIHe I PHI
3, 6 9 - Bcero Tpu Bapuanta. g Kaxmoit u3 arux mudp Berperdarcd Bce 10 BaApHAHTOB BTOPOI
nudpHI, TO €CTHh B pa3psijie eInHnI. AHAJOTTIHO BBIYUCISIEM, 9TO KOJUIECTBO XOPOIHX Mupp HA BTO-
PBIX HO3MIUAX JABYX3HAUHBIX YHCeJ B Iad/0He paBHo 4 X 9. MToro, xopomux nudp, HOJTYyIEeHHBIX U3
JIBY3HAUHBIX YUCET B 3alMcH mabJiona, scero 3 - 10 + 4 - 9 = 30 + 36 = 66.

Anajiornauo u3 TpExX3HAYHBIX Yuces B mabsone nosaydaores 3 - 100 + 4 - 90 4+ 4 - 90 = 300 + 360
+ 360 = 1020 xoporux mudp.

JInst 9eThIPpEX3HAYHBIX THCE TaKKe pa3jaeuM MoJcuéT Ha jaBe yactu: jyid duces ot 1000 1o 1999 u
qist gucen ot 2000 o 2022. B nepBoit moarpylIine Bo BcexX YucIaX nepBas mudpa He aBIgeTcd XOPOoIIei,
a KOJIMYECTBO XOPOIMHMX IHU(MP Cpeau ITUX Thicadu ducea papuo 4-100x3 = 1200.



Bo Bropyio noarpymmy (ot 2000 no 2023) nonasu 23 unciaa. BpyduHyto npoBepsieM, 4To KOJIUIECTBO
xopormux nudp B paspsiae toicsd pasHo 0 (Bce JBOKH), a B pa3psje coTeH - paBHo 23 (Bce Hyan). B
paspsiae jecatkoB xoporux nmudp 10, a B paspane eanauit 9. toro u3 4 x 23 = 92 nudp stux 23x
yncesa 23 + 10 + 9 = 42 xopommx.

Ocraércsd OTMETHTD, YTO B KazKJIOH U3 PACCMOTPEHHBIX IPYIIT KOJUYIECTBO XOPOIIUX (P MeHbIIe
MOJIOBUHBI:

B OJIHO3HA4YHBIX 3 n3 9, B ABy3Haunbix 66 u3 180, B Tpéxznauynbix 1020 uz 2700, B 4YeTbIpEx-
3Ha4YHBIX B mepBoil moArpynme 1200 u3 4000, Bo BTOpOit mogrpynme 42 n3 92.

Taku obpazom, xopomux mudp B MabJIOHe MeHbINe KOandecTBa Xog0B lleTn, To ecTh OH CMOXKeT
BBIYEPKHYTH UX BCe (KPOME TeX, KOTOpble BhIUepKHeT BaHs) u rapaHTHpoBaTh cebe mobey.

Solution (ENG). Strategy for Peter: as long as there are digits that divide by 3, on his turn Peter
crosses out such a digit. Then, if Peter needs to make more moves, he crosses out the digits randomly.
Note that if Peter manages to cross out all digits divisible by 3 (we’ll call such digits good), then
the final single-digit number will not divide by 3, and Ivan, correspondingly, will lose. Let’s show that
Peter has enough moves for that.

First find the total number of moves (for two): this is exactly the number of digits of the initial
number. It is the number of digits of one-digit numbers (of which there are 9 in the entry), two-digit
numbers (of which there are 90), three-digit numbers (of which there are 900), and four-digit numbers
(of which 2022 - 999 = 1023). So, the total number of digits in the original record of a long number (we
will call it a pattern) is 9+2-90+3-900+4-1023 = 9+180+2700+4092 = 6981.

The number of moves coincides with the number of crossed out numbers at the end, and they are
6980 (since there is one left).

Let us show that the good numbers in the pattern entry are less than half of 6980 (that is, less
than 6980/2 = 3490). To do this, we separately count the number of such digits that are obtained from
single-digit numbers in the record, from two-digit numbers, and so on.

Note that the total number of good digits in the record of numbers from 1 to 9 is 3.

Among two-digit numbers in the pattern, the number of good digits in the first position (the
corresponding number) is 3 x 10 (as in the first position, only good numbers 3, 6 and 9 are allowed
- a total of three options. For each of these digits will meet all 10 cases of the second digit. Similarly,
calculate that the number of good digits on the second positions of two-digit numbers in the pattern
is4x9.S03*10+ 4*9 =230+ 36 =66 good digits obtained from the two-digit numbers in the
pattern.

Similarly, the three-digit numbers in the template obtained 3 * 100 + 4 * 90 + 4 * 90 — 300 + 360
+ 360 = 1020 good numbers.

For four-digit numbers we will also divide the calculation into two parts: for numbers from 1000
to 1999 and for numbers from 2000 to 2022. In the first subgroup, the first digit is not good, and the
number of good digits among these thousand numbers is 4*100x3 = 1200.

In the second subgroup (from 2000 to 2023) only 23 numbers. Manually check that the number of
good digits in the thousands division is 0 (all two), and in the hundreds division is 23 (all zeros). The
number of good digits in the tens division is 10, and in the units division - 9. The total of 4 x 23 = 92
digits of these 23x numbers is 23 + 10 + 9 = 42 good.

And we have 2331 good numbers and it is less than half. So Peter can cross them all out (except for
those that Ivan crosses out) and guarantee victory.

Task 6.

1. PemuTh cucremy HepaBeHCTB:
42 + day + 19y < 2
r—y< —1



Solve the following system of inequalities:

422 + 4oy + 19y% < 2
r—y < —1

2. Pemurh cucreMmy HEpaBEHCTB:
112% — 102y + 3y?> < 3
x4+ y < —10

Solve the following system of inequalities:

1122 — 102y + 3y* < 3
Sz +y < —10

3. Pemuth cucteMy HEepaBeHCTB:

1122 + 8xy + 8y? < 3
x—4y < =3

Solve the following system of inequalities:

1122 + 8xy +8y? < 3
r—4y < -3

4. PemmuTh cucTeMy HepaBeHCTB:
1322 — 4oy + 4y* < 2
20 — 4y < -3

Solve the following system of inequalities:

1322 — 4oy + 4y* < 2
20 — 4y < =3

Solution (RUS). (BapuanT 3) BoijeinM B nepBoM HepaBeHCTBe HOJHBIE KBajparhl: (T + 2y)% +
2(39{:)2 < 3. llpeanonoxum u = x + 2y, v = 3x. Torma 2u? + 12 <3 uv—2u < —3. Tenepb JOMHOKIM

BTOPOE HEPABEHCTBO Ha 2 U CJIOZKUM ¢ TIepBbIM: moayanm 2(u—1)? + (v+1)? < 0, orkyma v = 1,0 = —1

1,2

(BapmanTbr 1,2,4) Boijesnm B mepBoM HepaBeHCTBe ToJHbIe KBajparTs: (2z + y)? + 2(3y)? < 2.

2

[peamonoxum u = 2r + y, v = 3y. Torna % + 1?2 < 1wuu—v < —2. B KoopanHATHO#H cHCTeMe

OTHOCUTEJIBHOI U, ¥ IePBOe HEPABEHCTBO MOKHO H300pasuTh B B 00JACTH BHYTPHU 3JLIAICA. Bropoe
HEPABEHCTBO 00pa3yeT MOJIYILIOCKOCTh HaJ OpAMOil v = u + 2.

v=u+2
Jlokazkem, 9TO 9TH JBe MOMYIJIOCKOCTH He MMEIOT 00mux To1eK. Pemmm cncremy ypasrennii: < » )
) + v° — 1=
I[Ipu mojcTapIeHnE epBoro Bo Bropoe noaydaem 3u® + 8u+ 6 = 0. Ero auckpumunant D = b? — dac =
64 — 72 < 0, cirenoBaTebHO CUCTEMa He UMeeT JefCTBUTEIBHBIX pelteHnit, mpeanoioyKeHe HeBEPHO,



MOITOMY HpAMasd U JJUIUIC He UMEIOT obmux Tovek. [losTomy cucrema HepaBecTB He UMeeT JIeHCTBU-
TeJbHBIX PelleHuil 1 u, v, a CaeJ0BaTeIbHO, U AJs T, Y.

Solution (ENG). (version 3) In the first inequality group up the full squares: (x+2y)*+2(3x)? <
3. Next, assume u = x + 2y, v = 3z. Hence, 2u? + v? < 3 and v — 2u < —3. Next by multiplying the
second inequality by 2 and adding it to the first one we obtain 2(u—1)%+ (v+1)? < 0 and subsequently:
u=10v=-1 andx:—é,y:%

(versions 1,2,4) In the first inequality group up the full squares: (2z + y)? + 2(3y)? < 2. Next,
assume u = 2x 4+ y, v = 3y. Hence, % +1v2 <1 and u—v < —2. In the coordinate system relative to
u, v the first inequality is a half-plane inside an ellipse, the second inequality forms a half-plane above
the line v = u + 2.
v=u+2
% +0v2—-1=0
Substituting the first into second yields 3u? + 8u + 6 = 0. Its discriminant D = b? — 4ac = 64 — 72 < 0,
therefore the system has no real solutions, the initial assumption was incorrect, hence the line and the
ellipse do not have any common points.

These two half-planes are neither enclosed nor touching, therefore the given system has no real solutions
for u,v and so for x,y.

Prove that these half-planes do not coincide. Lets solve the system of equations:



10-12"" degree

Task 1.

1. Haiitn kosmm4uecTBO HATypaJbHBIX YUCET 1 > 1, JIJIsT KOTOPBIX MPHU JIIOOOM HATypaJabHOM T pas-

HOCTb T2° — T KpaTHa n.

Find the amount of integers n > 1 such that for any positive integer x the number 2% — x is

divisible by n.

Answer: 31

2. HaiitTu xom4yecTBO HATYpPaAJbHBIX YHCeg 1 > 1, JIs KOTOPBIX MPH JI0OOM HATYPAJIbHOM X Pas-
nocts 22! — x xpaTHa N.

Find the amount of integers n > 1 such that for any positive integer z the number 2?* — z is

divisible by n.

Answer: 15

3. Haiitn koamdecTBO HATypaJbHBIX 4ncesg n > 1, g KOTOPHIX MPH J0O0OM HATYypPaIbHOM X Pas-

HOCTBb 37 — o KpaTHA 1n..

Find the amount of integers n > 1 such that for any positive integer x the number 237 — x is

divisible by n.

Answer: 127

4. HaiiTu KOIM4IeCTBO HATYPAJIbHBIX YUCET N > 1, I KOTOPBIX IIPH JIIOOOM HATYPAJIHHOM T Pas3-

HOCTD 1'17 — I KpaTHa N.

Find the amount of integers n > 1 such that for any positive integer z the number x'7 — z is

divisible by n.
Answer: 15

Solution (RUS). Ilycte n = p®*m, tae (m,p) = 1,p— npocroe u o > 2. Torpa nomcraBum
r = p* 'm u noay4nm cpasHerne 0 =, x, 9TO HeBepHO. SHAUAT, YNUCJI0 I CBOOOIHO OT KBAIPATOB.

IlycTh p - TPOM3BOMHBIH TPOCTOil JeinTenab 4ucaa n. Lorma x2* =, 1 mna seex x = 1...,p — 1. Ho
P71 =, 1 g stux x. O6osnaunm wepes d HO(p - 1, 24). Torma 2% =, 1 ana seex z = 1,...,p — 1.
[Toayuaercs, uro y ypasuenns x¢ — 1 =, 0 ecTb p - 1 KOpeH..

Buaunt, d = p-1m 24 :p— 1.

MTak, MBI IOJIy9aeM, 4TO JJId J60r0 IPOCTOro JeJNTe/s P YUcja I UMeeT MeCTO JIeJUMOCTh 24 ip — 1.



Orciona, p = 2,3,5,7,13. Takum o6pa3oM, n sBIsIeTCsS ITPOU3BEJICHUEM KAKUX-TO U3 3THX 4nces1. Toro
O/Iy9aeM KOAMIecTso n, pasnoe 2° — 1 = 31 uuco.

Solution (ENG). Let n = p®m, where (m,p) = 1,p— is prime and a > 2. Then substitute
r = p* tm and get a comparison of 0 =,, x, which is wrong. So the number n is free of squares.
Let p be the derived prime divisor of the number n. Then 2** =, 1 forall z = 1...,p— 1. But 277! =, 1
for these x. Denote by d NOD(p - 1, 24).Then 2% =, 1 for all x = 1,...,p — 1. It turns out that the

equation 27 — 1=, 0 has a p - 1 root.
Sod=p-1and24:p—1.

So we obtain that for any prime divisor p of n there is a divisibility 24 :p — 1. Hence, p — 2,3,5,7,13.
Thus, n is the product of some of these numbers. Total we get a number n equal to 2° — 1 = 31 number.

Task 2.

1. Anuca u Bo6 urpator B urpy. Ha crose jexar k jucros 6ymaru. CHavasa Ajuca muimeT Ha Kayk-
JIOM JIHCTe HADOp KAaKuX-TO 4ucesg or 1 70 2022 (Ha pasHBIX JIHCTAX YHCIA MOTYT MOBTOPSTHCS;
Takke AJTICca MOZKET He HAIMCATh HU OJHOTO YUC/Ia HA KAKOM-TO JIMCTKE WJIM HAIIMCATH CPA3y BCE
grcsia). 3aTeM AJtnca mumreT Ha 06paTHON CTOPOHE KazKI0r0 JIHCTa BCe OCTABIIHeCs] 9ucaa oT 1 10
2022 (T.e. HA KayKJIOM JINCTE 3amucanbl Bee gucsa ot 1 g0 2022). 3arem Bob mepesopadnBaer HeKo-
TOPBIE JILCTHI JIPYTO#l CTOPOHOIT BBEPX (OH TaK:Ke MOXKET He MePeBePHYTb HH OJHOTO JINCTA WJIH
nepe- BEPHYTH ¢pa3y Bee). BoO BHIMIPHIBAET, €CTH HA BEPXHUX CTOPOHAX BCEX JIMCTOB OY/IyT 3aIu-
caubl Bce uncia ot 1 10 2022. [pu kakom Hanmenbiiem k Bob rapanTupoBaHHO CMOZKET BHIMIPATH?

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 2022 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 2022 (that is, each sheet contains all the
numbers from 1 to 2022). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 2022 are written
on the top sides of all sheets. What is the minimum k& for which Bob is guaranteed to win?

Answer: 11

2. Aunca u Bob urpatot B urpy. Ha crosie jexkat k quctos 6ymaru. Cuadassa Anuca Mumrer Ha Kak-
JIOM JIUCTe HADOp KakuX-1T0 4uces or 1 g0 2077 (Ha pasHbIX JIECTAX YUCIA MOLYT HOBTOPSTHCS;
Takzke AJca MOYKeT He HAIUCATh HE OJHOTO YHC/Ia HA KAKOM-TO JIUCTKE WJIH HAIUCATH CPa3y BCe
ancsia). 3aTeM AJtnca muIreT Ha 06paTHON CTOPOHE KazK 00 JIKCTa BCe OCTABIIHeCs] 9ucaa oT 1 10
2077 (T.e. Ha KazKOM JIHCTE 3alUCAHBI Bee dnciaa ot 1 mo 2077). Barem Bob nepeBopadnBaer HEKO-
TOPBIE JILCTHI JIPYTO#l CTOPOHOIT BBEPX (OH TaK:Ke MOXKET He MePeBepHYTb HH OJHOTO JINCTA WJIH
nepe- BEPHYTH ¢pa3y Bce). BoO BHIMIPHIBAET, €CTH HA BEPXHUX CTOPOHAX BCEX JIUCTOB OYIyT 3aIu-
caubl Bce uncia ot 1 10 2077. Ilpu kakom HanMmenbIiem k Bob rapaHTHPOBAHHO CMOXKET BHIMTPATH?

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 2077 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 2077 (that is, each sheet contains all the
numbers from 1 to 2077). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 2077 are written
on the top sides of all sheets. What is the minimum k& for which Bob is guaranteed to win?



Answer: 12

3. Aunca u Bob urpatot B urpy. Ha croie jexkat k quctos 6ymaru. Cuadasa Anuca Mumrer Ha Kak-
JIOM JicTe Habop Kakux-1o 4ucest or 1 10 1005 (Ha pasHbIX JMCTax 4ucjaa MOIYT HOBTOPSITbCH;
Takzke AJica MOYKeT He HAIUCATh HE OJHOTO0 YHC/Ia HA KAKOM-TO JUCTKE WIH HAIUCATH CPa3y BCe
ancsia). 3aTeM AJtnca mumreT Ha 06paTHON CTOPOHE KazK 00 JIHCTa BCe OCTABIIHECs] 9ucaa oT 1 10
1005 (T.e. Ha KazKJIOM JILCTE 3amucanbl Bee dncaa ot 1 a0 1005). 3arem Bob mepeBopadnBaeT HEKo-
TOPBIE JILCTHI JIPYTO#l CTOPOHOIT BBEPX (OH TaK:Ke MOXKET He MePeBepHYTb HH OJHOTO JINCTA WJIH
nepe- BEPHYTH ¢pa3y Bce). BoO BHIMIPHIBAET, €CIH HA BEPXHUX CTOPOHAX BCEX JIMCTOB OyIyT 3aIu-
canbl Bce uncia ot 1 10 1005. pu kakom Hanmenbiiem k Bob rapaHTHPOBaAHHO CMOXKET BHIMTPATH?

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 1005 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 1005 (that is, each sheet contains all the
numbers from 1 to 1005). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 1005 are written
on the top sides of all sheets. What is the minimum k& for which Bob is guaranteed to win?

Answer: 10

4. Anuca u Bo6 urpator B urpy. Ha ctone sexar k suctos 6ymarn. CHadana Annuca MUIIET HA KazK-
JIOM JincTe Habop Kakux-1o 4ucesa ot 1 g0 5000 (Ha pasHBIX JHCTAX YUCIA MOIYT HOBTOPSTHCS;
Takzke AJica MOYKeT He HAlUCaTh HE OJHOTO YHC/Ia HA KAKOM-TO JIUCTKE WJIH HAIUCATH CPa3y BCe
ancsia). 3aTeM AJtnca muIreT Ha 06paTHON CTOPOHE KAZKIOr0 JIKCTA BCe OCTABIIIECs] 9UCIa OT 1 10
5000 (T.e. HA KazKIOM JHCTe 3amucanbl Bee ncia ot 1 mo 5000). Sarem Bob nepeBopadnBaer HeKO-
TOPBIE JILCTHI JPYTOH CTOPOHOIT BBEPX (OH TaK:Ke MOXKET He MePeBepHYTb HU OJHOTO JINCTA WJIH
nepe- BEpHyTh cpa3y Bce). Bob BHIMIPHIBAET, €C/Ii Ha BEPXHUX CTOPOHAX BCEX JIMCTOB OYIyT 3ali-
caubl Bce uncia ot 1 10 5000. [Ipu kakom HanmenbIiiem k Bob rapaHTHPOBAHHO CMOYKET BHIMTPATH?

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 5000 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 5000 (that is, each sheet contains all the
numbers from 1 to 5000). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 5000 are written
on the top sides of all sheets. What is the minimum k for which Bob is guaranteed to win?

Answer: 13

Solution (RUS). /lokaxkem Gosee ofIee yTBEpKIEHUE: €CJIU JaHbl 9ucia oT 1 10 2", TO MUHU-
MaJIbHOE KOJIMYECTBO KapTodeK, HeoOXOoauMoe Jijis BhIUrpbIiia, paBHo n. To, uro Bob Bhiurpaer na n
KapTOYKaX, CJeayeT u3 Takoro ajropurva. OH CMOTPHUT HA MEPBYIO KAPTOUYKY, W €CJIM Ha Hell HaIICa-
HO MEHDbIIIe TTOJIOBUHBI YUCEJI, OH €€ TIepeBOpadYuBaeT. 'lerneph XoTs Obl MOJOBUHA YUCE MPUCYTCTBYET.
lasee OH CMOTPUT HA BTOPYIO KapTOYKY, M €CJIM HA Hell HallMCaHA MeHbIle MOJOBUHBI U3 OCTABIIAXCS
JUCesI, OH ee TaK:Ke MepeBOpavuBaer, n T.J. Takmm o0pasoM, Mmocje KaxKJIOro CBOEro Imara OH YMeHb-
IAeT KOJNYIECTBO HEHAIMCAHHBIX HA KAPTOYKAX YHCE/ KAaK MUHUMYM B 2 pa3a. JHAYUT, HOCJIE N TAKUX



neiicteuit Bob mobnercs xkemaemoro. To, uTo n — 1 He XBATUT, MOXKHO JI0OKa3aTh WHAYKINEH 0 n. s
9TOI'0 3aHyMEPYeM BCe YUC/Ia B JIBOMYHON cucTeMe, U Ha HepPBOil KapTOYKe Ha OJHON CTOPOHE 3alluiieM
YUC/Ia, Y KOTOPLIX nepBas nudpa B JBOUYHONH cucTeMme paBHa 0, a Ha JAPYyroit — y KOTOpBIX paBHa 1.
Ha Bropoit kapTouke — y KoTopbix Bropas nudpa pasia 0 wiu 1, u T.1. Torma, youpas mepByio Kap-
TOYKY, HAIIPUMep, ¢ YUCIaMi, HAaUMHAIOMUMACA Ha 1, MBI ocTaBUM n — 2 KapTodku u 2"~ — 1 yuceu,
HaunHamMuXxcsd Ha (), 9TO J1aeT BO3MOXKHOCTDH MPUMEHUTH MPe/INoa0KeHne HHAYKIUU. ba3za nHayKnun
odeBusiHA. B Halem ciydae HyKHO B35Th B KadecTBe orBera k = [log, 2022] = 11.

Solution (ENG). Lets prove a more general statement: if the numbers from 1 to 2" are given,
then the minimum the minimum number of cards needed to win is n. It follows from this algorithm
that Bob will win on n cards. He looks at the first card, and if less than half of the numbers are written
on it, he turns it. Now at least half of the numbers are present. Next, he looks at the second card, and
if it has less than half of the remaining numbers written on it, he turns it, and so on. Thus, after each
step he reduces the number of numbers not written on the cards by at least 2 times. So, after n of
such actions Bob will get what he wants. The fact that n - 1 is not enough can be proved by induction
on n. To do this, we will number all the numbers in binary, and on the first card, on one side, write
the numbers whose first digit in binary is 0, and on the other side, those whose first digit is 1. On the
second card, write numbers whose second digit equals 0 or 1, and so on. Then, removing the first card,
for example, with numbers beginning with 1, we will leave n - 2 cards and 2"~ !-1 numbers beginning
with 0, allowing us to apply the induction assumption. The basis of induction is obvious. In our case,
the answer is k = [log, 2022] = 11.

Task 3.

1. Ha maxmarnoit gocke 6 X 6 paccraBjeHbl JIaJbd TaK, 9TO OHH ObIOT BCce YepHble KjaeTKu. Kakoe
HanboJIbIIIee BO3MOYKHOE KOJIMYECTBO HEIOOUTHIX OeJbIX KJIETOK MOXKET OBbITh?!

Some chess rooks are placed on a 6 x 6 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 9

2. Ha maxmaTtHoii mocke 8 X 8 paccTaBieHb! JIaJibl TaK, 9TO OHU OBIOT BCe YepHbie KiaeTkn. Kakoe
HanOoJIbIIIee BO3MOYKHOE KOJIMYECTBO HEIOOUTHIX OeJbIX KJIETOK MOXKET OBbITh?

Some chess rooks are placed on a 8 x 8 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 16

3. Ha maxmatnoii qocke 10 x 10 paccraBjeHbl JaJbl TaK, YTO OHU OBIOT BCe UYepHble KaeTKu. Kakoe
HanOoJIbIIIee BO3MOXKHOE KOJIMYECTBO HEIOOUTHIX OeJIbIX KJIETOK MOXKeT OLITh?

Some chess rooks are placed on a 10 x 10 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 25



4. Ha maxmarroit 1ocke 12 X 12 paccTaB/IeHbBI JaIbH TaK, 9TO OHH OBIOT BCe YepHble KiaIeTKr. Kakoe
HarOOJIbIIIEe BO3MOXKHOE KOJINIECTBO HEIIOOUTHIX OEJIBIX KJIeTOK MOXKET ObITh?

Some chess rooks are placed on a 12 x 12 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 36

Solution (RUS). Paccmorpum Genyio Hemoburyto KieTky jgocku 6 X 6. I[TockoibKy B OJHOI
CTPOKe ¢ Heil ecTh He DoJiee 3 YepHBIX KJAETOK, KayKIVI0 U3 KOTOPBIX J0IKHA OUTh KaKas-TO J1aIbs, TO
B COOTBETCTBYIOIIUX CTOJIONAX CTOUT XOTsI OBl OJHA JIaAbd. AHAJOIHIHO, B OQHOM CTOJIOIE ¢ HEMOOHTOI
OeJI0it KJIETKOM eCcTh He DoJiee 3 YePHBIX KJIETOK, KaXKIyI0 W3 KOTOPBIX JOJKHA ONTh KaKas-TO JIaIbsd, TO
B COOTBETCTBYIONUX CTPOKAX CTOUT XOTsI ObI OJHA J1a/Ibsl. SHAYHUT, €CTh He MeHee 3 IeJUKOM IIOOMTHIX
cTOJIOIOB U He MeHee 3 IEeJIUKOM IOOUTBHIX CTPOK. 3HAYUT, OCTaHETCs He OoJiee 3 IMEJIUKOM HEImoOUTHIX
CTOJIONOB U He OoJiee 3 MeIUKOM HemoOUThIX cTpok. Ha mx mepecedenuu Oyaer He 6osee 9 HeMOOUTHIX
0eJIbIX KJIETOK.

JIerko mpuBeCTH HpUMeP, MOKA3BIBAIOIINA TOYHOCTH HAIleil OIEeHKN: IMOCTAaBbTE JaJbI0 B OJHY H3
VIJIOBBIX OEJIbIX KJIETOK. 3aTeM MOCTaBbTe 1Mo 2 Jaabi depe3 1 u depe3 3 KJIeTKH B CTPOKE W B CTOJIOIE
BBIOPAHHOM YIJIOBOM KJIETKH.

Solution (ENG). Consider the white unbroken cell of the 6 x 6 board. Since there are no more
than 3 black cells in the same row with it, each of which must be beaten by some rook, then there is at
least one rook in the corresponding columns. Similarly, in one column with an unbroken white cell there
are no more than 3 black cells, each of which must be beaten by some rook, then there is at least one
rook in the corresponding rows . This means that there are at least 3 completely broken columns and
at least 3 completely broken rows. This means that there will be no more than 3 completely unbroken
columns and no more than 3 completely unbroken lines. At their intersection there will be no more than
9 unbroken white cells.

It is easy to give an example showing the accuracy of our estimate: put a rook in one of the corner
white squares. Then put 2 rooks through 1 and through 3 cells in the row and column of the selected
corner cell.

Task 4.

1. /lana kosioga u3 11 xkaprt. Pazpemntaercs TacoBaTh KOJIOLY CJIEAYIOINIUME CIIOCODAMMU.
1) Cuarb J1000€ KOJMYECTBO KapT ¢ BepXa KOJOJbI H He MeHssl WX HOpPsijiKa MOJOKHUTH MOJ, HU3
KOJIOJTBI.
2) Cuarb 5 KapT ¢ BepxXa KOJOIBI M HE MEHsisl UX MOPSIKA MOJOKUTH B MPOMEXKYTKU MEXKIY
ocTaBmuMucsd 6 KapTamu.
Kakoe KOJM49eCTBO pa3/MYHBIX MOJOKEHUE KapT B KOJIOJE MOYKHO IOJIYYUTD, BBIMOJIHAS ITH Ta-
COBKMI?!

A deck of 11 cards is given. It is allowed to shuffle the deck in the following ways.

1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.

2) Remove 5 cards from the top of the deck and put them in the gaps between the remaining 6
cards without changing their order.

How many different positions of cards in the deck can be obtained by performing these shuffies?



Answer: 110

2. Jlana kosioma u3 13 kaprt. Paspemaercs TacoBaTh KOJOLY CJIEIVIONIMMU CIOCODAMH.
1) CHﬂTb JIIO60€ KOJIMYECTBO KapT C BEPXa KOJIOJAbI U HEC MCHAA HNX HOPAdAKa IOJO2KHUTH 110/ HU3
KOJIOJIbI.
2) CusaTh 6 KapT ¢ Bepxa KOJOAbI M He MeHssl WX HOPSIIKA MOJOKHUTh B MPOMEKYTKH MEkKIy
OCTABITUMUCS 7 KapTaMH.
Kakoe Komu4ecTBO pa3/JMIHBIX MOJIOKEHNH KapT B KOJO/Ie MOXKHO TOJYYIHUTD, BBITIOJTHSS ITU Ta-
cOBKH?

A deck of 13 cards is given. It is allowed to shuffle the deck in the following ways.

1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.

2) Remove 6 cards from the top of the deck and put them in the gaps between the remaining 7
cards without changing their order.

How many different positions of cards in the deck can be obtained by performing these shuffles?

Answer: 156

3. /lanma kososa u3 15 kaprt. Paspemniaercd TacoBaTh KOJIOLY CJIEIYIONIMMU CIIOCODAMH.
1) Cuarhb m1060€ KOJIMYIECTBO KAPT ¢ BEpXa KOJIOJAbI M He MEHs WX MOPSIKA TTOJOKHUTH MO/ HU3
KOJIOIEI.
2) Cuarb 7 KapT ¢ BepXa KOJOJbI M HE MEHsisl UX MOPSAJIKA HOJOKUTH B IPOMEKYTKH MEXKIY
OCTABITUMUCS 8 KapTaMH.
Kakoe komm4iecTBO pa3/IMIHBIX MOJIOKEHNN KapT B KOJO/Ie MOXKHO TOJYYUTD, BBITIOTHSIS ITU Ta-
coBKH?

A deck of 15 cards is given. It is allowed to shuffle the deck in the following ways.

1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.

2) Remove 7 cards from the top of the deck and put them in the gaps between the remaining 8
cards without changing their order.

How many different positions of cards in the deck can be obtained by performing these shuffies?

Answer: 210

4. Jlana xosona n3 17 kaprt. Pasperiaercss TacoBaTh KOJIOAY CJIEAYIONAMA CIIOCODAMH.
1) Cuarb J1000€ KOJMYECTBO KapT ¢ BepXa KOJOJbI H He MeHssl WX HOPsijIKa MOJOKHUTH MOJ, HU3
KOJIOJIBI.
2) Cuarp 8 KapT ¢ BepxXa KOJOIBI M HE MEHssl UX MOPSIIKA MOJOKUTH B MPOMEXKYTKU MEXKIY
ocTaBmuMucd 9 kapramu.
Kakoe koam4ecTBO pa3indHbIX MOJOKEHW KapPT B KOOI MOYKHO TOJYYHTb, BBITIOIHSIS ITH Ta-
coBKu?

A deck of 17 cards is given. It is allowed to shuffle the deck in the following ways.
1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.



2) Remove 8 cards from the top of the deck and put them in the gaps between the remaining 9
cards without changing their order.
How many different positions of cards in the deck can be obtained by performing these shuffles?

Answer: 272

Solution (RUS). IlycTh KoJmuecTBO KapT B KoJIoje paBHO 2n + 1. OB0o3HAYNM Yepes [i, TepPBYIO
TACOBKY, TJie CHUMaeTcsd Kk BEPXHHUX KapT, a depe3 A - BTOPYIO TACOBKY. 3aMeTUM, UYTO [ty = [+,
A" =1 u My At = g, tae | =941 (n + 1)k. TlosTomy moGas KOMOMHAIASA TIEPECTAHOBOK A M [ik
cBOANTCA K KoMOmHammaMm Buga A1, ...\ m g, OpHUeM Bce TaKHme HePeCTAHOBKH Pa3/IHYHEL.
flcHo, 9TO HmepecTaHOBOK KazKJ0TO BHIa POBHO 2n a Bcero ux 2n + 1. Mroro moxywaem 2n(2n + 1).

Solution (ENG). Let the number of cards in the deck be 2n + 1. Denote by py, the first shuffle,
where k of the top cards are removed, and by X - the second shuffle. Note that jyu, = pr, A** = 1 and
AN~ = gy, where [ =5,,11 (n + 1)k. Therefore, any combination of permutations A and gy reduces to
combinations of the form pA**~1, ... p\ and p,, and all such permutations are different. It is clear that
there are exactly 2n permutations of each kind, and there are 2n+1 in total. In total, we get 2n(2n+1).

Task 5.

1. Myxa cena Ha BEPXHIOW KPOMKY IHJIHHIPUICCKON KPY:KKU (6e3 pydKH) U TMOMOJI3/Ia MO eé Ha-
PY?KHO CTEHKe BHHU3 IO YIJIOM K BePTUKaJU U ropu3oHTaju. Ka3a/j0ch, 9T0 BECh CBOW MyTb
JI0 CTOJIA MyXa TePeMeIagach ¢ MOCTOSTHHBIME BEPTHKAJIBHON U YIJIOBOI CKOpoCTsiMu (yriioBas
CKOPOCTH B JIAHHON CUTYaIlnU U3MePsIETCS B OPTOTOHAJIBHON ITPOEKIINN Ha, TTOBEPXHOCTH CTOJIA OT-
HOCHTEJHHO IEHTPA MPOEKIHH KPY:KKH). Takyke 0Ka3aaoCch, 4TO MyXa COBEPIIHJIA JBA MOJTHBIX
000pOTa BOKPYT KPYKKHU U KOCHYJIACH MOBEPXHOCTU CTOJ& B TOYHOCTHU IOJ TOYKOM, U3 KOTOPO
cBoil nyrh Hadasa. Harypanucr Kosig 3aunrepecoBasics TpaeKTopueil nepeMerenns MyXu 1 Ha-
KJIEHJI TTOJIOCY JTUTIKON JE€HTHI MHUPUHBI 2cM MOBEPX MYyTH MYXHU TaK, 9TO CepeauHa MOJOCH UIET B
TOYHOCTH IO ITOMY TIyTH, 0Ope3aB 3Ty MOJOCY BIIOJIh BEPXHErO W HIUKHETO KpaéB Kpyxkku. Onpe-
JieJTATe TLIOMIA/Ih HAKJIEEHHOTO KYCKa JIUIKOM JIEHTHI, €CJIH BHICOTA KPYKKHU 7CM, & PATAYC 4/ cM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. It turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation
is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 2 e¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 7 em, and the radius is 4/7 em.

2. Myxa cesia Ha BEPXHIOI KPOMKY HUJMHIPHIECKONH KPYzKKH (06€3 PydYKH) W MOMOJI3/a 10 €€ Ha-
PYKHOIl CTeHKe BHHU3 IOJ YIVIOM K BEePTUKaJH U ropu3oHTa . OKa3ajaoch, 9TO BeCh CBOW IyTh
JIO0 CTOJIA MyXa TePeMeIaJach ¢ MOCTOSTHHBIMI BEPTHKAJIBHON U YIJIOBOH CKOpOCTSIME (yTJIoBast
CKOPOCTH B JIAHHON CUTYAIIW U3MepsieTCs B OPTOTOHAJIBHOU TPOEKITNH Ha, TTOBEPXHOCTH CTOJIA OT-
HOCUTEJIBHO 1I€HTPA IPOEKIMU KPYKKH). TaKKe 0Ka3aJ0Ch, YTO MyXa COBEPIIWJIA JIBA HOJHBIX
000poTa BOKPYT KPYXKKH M KOCHYJIACH MOBEPXHOCTH CTOJIa B TOYHOCTH TOJ TOYKOM, U3 KOTOPOIt
cBOU mMyTh Hadasga. Harypamumer Komg 3anHETepecoBasica TpaeKTopHueil mepeMenienns MyXu U Ha-
KJIEWJI TI0JIOCY JIMTIKON JIEHTHI IMUPUHBI 3CcM TOBEPX MYTH MYXHU TaK, UYTO CepeJInHa MOJOCHl UJIET B



TOYHOCTH TI0 STOMY IIYTH, 00Pe3aB 3Ty IMOJIOCY BAOJH BEPXHETO U HUXKHEro Kpaés Kpyzkku. Ompe-
JIEJIUTE [LJIOIIA/(b HAKJIEEHHOTIO KYCKa JIMIKOIl JIEHTbI, €CJIU BBICOTA KPYZKKH 8CM, & PAAUYC b/T cM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. Tt turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation
is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 3 e¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 8 ¢m, and the radius is 5/7 cm.

. Myxa cena Ha BEpXHIOI KPOMKY IHJIHHIPUIECKON KPY:KKU (6e3 pydKH) U TMOMOJ3Ja MO eé Ha-
PY?KHOI CTEHKe BHHU3 I0J YIJIOM K BePTUKaJU U ropu3oHTajn. OKa3a/j0ch, 9T0 BECh CBOW IyTb
JI0 CTOJIA MyXa TePeMeInagach ¢ MOCTOSTHHBIME BEPTHKAJIBHON U YIJIOBOI CKOpoCTsiME (yrioBas
CKOPOCTH B JIAHHON CUTYyaIlnu U3MePsIeTCs B OPTONOHAJIBbHON ITPOEKIINN Ha, TTOBEPXHOCTH CTOJIA OT-
HOCHUTEJBHO IEHTPA MPOEKIMH KPYyzKKH). Takzke 0Ka3aaoCch, 4TO MyXa COBEPIIHJIA B MTOJTHBIX
000pOTa BOKPYT KPYKKHU U KOCHYJIACH MOBEPXHOCTU CTOJA B TOYHOCTHU IOJ TOYKOM, U3 KOTOPO
cBoil nyrh Hadasa. Harypasucer Kosig 3aunrepecoBasics TpaekTopueil nepeMerenns MyXu 1 Ha-
KJIEHJI TTOJIOCY JTUTIKON JE€HTHI MUPUHBI 4cM MOBEPX MYyTH MYXHU TaK, 9TO CepeIuHa IMOJOCH UJIET B
TOYHOCTH IO ITOMY IIyTH, 0Ope3aB 3Ty MOJOCY BIOJIb BEPXHErO W HIUKHETO KpaéB Kpyxkku. Onpe-
JieJTATe TLIOMIA/IH HAKJIEEHHOTO KYCKa JIUIKOM JIEHTHI, €CJIH BBICOTA KPYKKH HeM, & PATAYC 2/ cM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. It turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation
is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 2 e¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 5 em, and the radius is 2/7 em.

. Myxa cena Ha BepXHIOK KPOMKY IHJIHHIPUIECKON KPY:KKH (6e3 DydKH) M MOMOJ3Ja MO €€ Ha-
PY?KHOIl CTeHKe BHHU3 IOJ YIJIOM K BEPTUKAJW W ropu3oHTagu. (JKa3aJgoch, 9TO BeCh CBOU IYTh
JI0 CTOJIA MyXa TePeMeIaJach ¢ MOCTOSHHBIMI BEPTHKAJIBHON U YIJIOBOH CKOpOCTSIME (yTJIOBast
CKOPOCTb B JIAHHOI CUTYaIllMW U3MepdeTcs B OPTOTOHAJIBHON MMPOEKITUU Ha MMOBEPXHOCTH CTOJIa OT-
HOCUTEJIBHO 1€HTPA HPOEKIMU KPYKKH). TaKKe 0Ka3aJ0Ch, YTO MyXa COBEPIIWJIA JIBA HOJTHBIX
000poTa BOKPYT KPYXKKH M KOCHYJIACH HOBEPXHOCTH CTOJIa B TOYHOCTH TOJ TOYKOMH, U3 KOTOPOIt
cBoit myTh Havasaa. Harypanucr Kosg 3annTepecoBajicss TpaeKTopueil nepeMernenns MyXu 1 Ha-
KJICHJI [I0JIOCY JIUIKOHN JIEHTBI IIUPUHBL 3CM MTOBEPX NYTH MYXHU TaK, 4TO CepeIuHa IIOJIOCHl UJIET B
TOYHOCTH MO ITOMY TIYTH, 0Ope3aB 3Ty MOJIOCY BIOJIb BEPXHErO W HUYKHETO KpaéB KpyKKu. Onpe-
JIEJIUTE [JIOIIA/(b HAKJICEHHOIO KYCKA JIMIIKOf JIEHTbI, €CJIU BBICOTA, KPYZKKH TCM, & PAJAUYC 3/T CM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. Tt turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation



is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 3 e¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 7 ¢m, and the radius is 3/7 cm.

Solution (RUS). /TokazkeM, 94T0 eCJId OTKJIEHTD MOJOCY, TO OHA BYIET SBIATHCS MAapaJLIeorpaM-
MoM. Bo-miepBBIX, IIpencTaBuM, MyXa II0JI37a He 110 MOBEPXHOCTH KPYXKKH, a [0 OyMarKHO# MOIKJIaIKe,
B KOTOPYIO HPE/IBAPUTEILHO O0EPHYJIM KPYZKKY: HOJIKJIAIKA HPAMOYTO/IbHOI (HOpMbI, pazmep 7 X [, rje

[ - 1JIMHA OKPYKHOCTHU JIHA KPYKKH, TO €CTh 27 - —= 8. Kak m3BecTHO, TaKO# JUCT MOYKHO CBEPHYTH

B IIJIKH/P BBICOTH 7 U pagmyca 4/m, T0 ecTh Kak pa3 MOIXOASIIIM, 9T0ObI IIOMECTUTH BHYTPb KDY K-
Ky u3 ycjaoBus. [lomecTuM 3TOT JIMCT Tak, 9TOOB BEPTHKAIBHBIN TMTOB (BI0Jb KOTOPOTO COBMEIAIOTCS
IIPOTUBOIIOJIOXKHBIE Kpasl 3TOTO JIHCTA JJINHBL 7) HAYMHAJCS M 3aKAHIHBAJICS COOTBETCTBEHHO, B TOY-
KaxX HavaJa W OKOHYAHHd MYTH MYXW OHU KaK pa3 HAXOJATCS HA OJHONW BepTUKAIN OTHOCUTEJBHO THA
KDY KKH.

Bo-Brophix, IOBTOPUM MapmipyT MyXd Ha 3TOil 06EpTKe (KapaHmAIoM) 3To Oyaer JHuHHsI, KOTOpas Ha-
YUHAETCS B OJHOM YTJIy TTPAMOYTOJbHON OOEPTKH M 3aKAHYMBAETCH B MPOTHUBOIIOJIOKHOM YIJIY, IPUIjM
9Ta JINHUS TIepeceKaeT MoB (To ecTh 06e CTOPOHBI JIKCTA JTHHBI 7) OJUH Pa3, TAK KaK HA MOBEPXHOCTH
MUJIAHIPA, TOKPBITOTO ITUM JIUCTOM, COBEPIITAET /IBA MOJTHBIX 000poTa. /lokaxkeM, 9TO Ha Pa3BEPHYTOM
micTe GyMaru (CMOTPeTh WJLTIOCTDPAIMIO) Ta JIMHUS TPEBPAIAeTcs B JiBa oTpes3ka. [leficTBUTEIHHO,
10 YCJIOBHUIO, MyXa IepeMelaiach ¢ HOCTOSHHON BEePTUKAJIbHON CKOPOCTHIO. Bepruka/ibHas CKOPOCTD
(oTHOCHTENILHO KPYZKKH), IPU TOBTOPEHUH JBUKEHUsI HA PAa3BEPHYTOM JIHCTEe 0OjPTKH, MPEBPAIAeTCs
B CKOPOCTB IepeMelTeHs TOYKH 110 MOBEPXHOCTH JUCTA BJOJb CTOPOHBI AnuHbl 7. To ecTh BUpTYya h-
Hasd MOJIeTb MYXH, MOBTOPSIONIAS TPAeKTOPUIO MYXH Ha OOEPTKE CO CKOPOCTBIO PEAJbHON MYyXW, UMeeT
HOCTOSTHHYIO CKOPOCTB BJIOJTh HANIPABJIEHUS CTOPOHBI JTUHBI 7.

JIerko BuieTh, 4TO yrjioBasg CKOPOCTb MyXH IIPEBPAIAETCHd B CKOPOCTb BUPTYAJIbHON MyXHU BJIOJIb CTOPO-
HBI JJTUHBL 8 UCTa OyMaru IpocTo JOMHOKeHneM Ha KO3 dunuenT 277. 3HAYUT, CKOPOCTH BUPTYAJIHHOM
MYyXHM B 3TOM HAIPABJICHUN TaKyKe MOCTOsAHHA. Toraa, cautas cTopoHs! jgucta o0jpTku ocavn O, n O,
uMeeM, UYTO T W Y KOMIOHEHTHI CKOPOCTH BUPTYAJIbHOW MYXU TOCTOAHHBI. Torma m obmiunii BEKTOp CKO-
POCTH BUPTYAJBHOU MYXHU, KOTOPBINi paBeH CyMMe CBOUX T— W Y— MPOEKIWH, IBIIETCS TOCTOTHHBIM.
To ecTb, KpoMe MOMEHTA lepeceydeHus 1Ba 0O0EPTKH, TPACKTOPUS JIBUZKEHUS MYXU HPAMOJIMHENHHA.
Taxum obpazoMm, mojydaem, 4TO JIMIKAs JEHTA IIPUKJICEHA BJOJIb MPAMOil JUHUU, €CJAU CMOTPETDH IO
00€pTKe, U oOpe3aHa BJIOJb CTOPOH JTMHBI 8 3TOW OOEPTKH, TO €CTh BJIOJb IPAMBIX Tapaslie/bHbIX
JauHui Ha pa3séprke. To ecTh JunKag JieHTa uMeeT (bOPMY MapasuiesorpaMMa (IIpU OTKJIEHBAHUU U
BBIDABHUBAHWU HA IJIOCKOCTH), a CPEJHssl JIMHUS ITOrO MApasLIeJIorpaMMa COBIAIAET ¢ TPACKTOPUEH
myxu. Tpaekropust Myxu 910 JBa orpe3ka Ha 0béprke (orpesku EC — FB), KOTOpble MOXKHO IPE/JICTa-
BUTH B BH/IE OJHOI Ie/I0ii Auaronaan aucta pasmepa 7 X (2 - 8), KOTOPBIii TOJydaeTcs MpHK/IaIbIBaeM
JBYX 9K3EMILIAPOB 0GEPTKH BIOJIb MBa. TAKMM 00pa3oM, [UIHHA TpaeKTopui pasHa v/ 72 + 162 = /305,
a TJIOMA/Ib JIMIKOW JIEHTHI JJIMHA CpeiHell JIMHUH HapaJjiieorpaMMa Ha TOJIIUHY HapasiieorpaMMa
(To ecTn 2 cm). Uroro, orser 2v/305 cnm?.
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3ameuanue: MHorue y9acTHUKYN PACCMATPUBAIN CAYIail TPAMOYTOIBHON JIEHTHI, OTYEr0 B CBOUX Pe-
MMeHNSTX OHW BBIYUTAIN ' JIUTITHION '9acTh, 32 Takue pereHnss Mbl TaK YK€ CTABUJIH MOJTHBI OasLI.

Solution (ENG). We prove that if we peel off the strip, then it will be a parallelogram. First,
imagine that the fly was crawling not on the surface of the mug, but on the paper lining in which the
mug was previously wrapped: a rectangular lining, size 7 x [, where [ is the circumference of the bottom

4
of the mug, that is, 27 - — =8. As you know, such a sheet can be rolled into a cylinder with a height of

7 and a radius of 4/, tlgt is, just right to put a mug from the condition inside. Let’s place this sheet
so that the vertical seam (along which the opposite edges of this sheet of length 7 are combined) begins
and ends, respectively, at the points of the beginning and end of the fly’s path, they are just on the
same vertical relative to the bottom of the circle.

Secondly, we will repeat the route of the fly on this wrapper (with a pencil) this will be a line that starts
in one corner of the rectangular wrapper and ends in the opposite corner, so this line crosses the seam
(that is, both sides of the sheet of length 7) once, since it makes two complete turns on the surface of
the cylinder covered with this sheet. Let’s prove that on an expanded sheet of paper (see illustration)
this line turns into two segments. Indeed, by convention, the fly moved at a constant vertical speed. The
vertical velocity (relative to the circle), when repeating the movement on the unfolded sheet of paper,
turns into the velocity of the point moving along the surface of the sheet along the side of the length
7. That is, a virtual model of a fly repeating the trajectory of a fly on a wrapper at the speed of a real
fly has a constant velocity along the direction of the side of the length 7.

It is easy to see that the angular velocity of a fly turns into the velocity of a virtual fly along the
side of the 8 length of a sheet of paper by simply multiplying by a factor of 2. This means that the
speed of the virtual fly in this direction is also constant. Then, counting the sides of the sheet of paper
with the axes O, and O,, we have that the x and y components of the velocity of the virtual fly are
constant. Then the general velocity vector of the virtual fly, which is equal to the sum of its x— and
y— projections, is constant. That is, except for the moment of crossing the seam of the wrapper, the
trajectory of the fly is rectilinear.

Thus, we get that the sticky tape is glued along a straight line, if you look at the wrapper, and cut
along the sides of the length 8 of this wrapper, that is, along straight parallel lines on the scan. That
is, the sticky tape has the shape of a parallelogram (when peeling off and aligning on a plane), and the
middle line of this parallelogram coincides with the trajectory of the fly. The trajectory of the fly is two
segments on the wrapper (segments EC — F'B), which can be represented as one whole diagonal of a
sheet of size 7 x (2-8), which is obtained by applying two copies of the wrapper along the seam. Thus,
the length of the trajectory is equal to /72 + 162 = sqrt305, and the area of the adhesive tape is the



length of the middle line of the parallelogram by the thickness of the parallelogram (that is, 2 cm). In
total, the answer is 2v/305 cm?.

Note: Many participants considered the case of a rectangular ribbon, which is why they deducted the
"extra'part in their decisions, we also gave a full score for such solutions.

Task 6.

1. OyHKIyd [ HA3BIBAETC NEPHOJUYECKOI, €C/IM OHA IPUHUMAET XOTd Obl 1Ba PA3JIUIHBIX 3HAUCHHS,
u Haiigercsa takoe p > 0, uro f(z + p) = f(x) maa moboro x. Ilpu 3TOM KazKmoe Takoe YUCIO P
Ha3bIBaeTCsd nepuogoMm pyHknun f.

CymecTBylor Jjin Takue nepuoguydeckue Qyukimu g u h ¢ nepuogamu 1 u T COOTBETCTBEHHO, YTO
g + h — Toxke mepuogmaeckas pyHKImsI?

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(x + p) = f(x) for any z. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g w h with periods 1 and 7 respectively such that g+ A is also
a periodic function?

2. Oyurnus [ HA3BIBAETCS MEPUOINICCKOIT, /TN OHA TTPHHUMAET XOTs OBl J{Ba PA3INTHBIX 3HAYECHHUSI,
u Haiizercsa Takoe p > 0, uro f(x + p) = f(x) mig awboro z. Ilpu TOM KaxK10e TAKOe YUCIO P
Ha3bIBaeTCs MepuoaoM hyHKIuu f.

CymecTBYIOT JiM TaKue nepuogndeckue GYHKIMU g U h ¢ mepuojamMu 3 U T COOTBETCTBEHHO, UTO
g — h — Toxke mepuognyeckas pYHKIU?

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(xz + p) = f(z) for any x. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 3 and 7 respectively such that g — h is also
a periodic function?

3. Oyuxnus [ HA3BIBACTCS HEPHOANIECKOT, €C/In OHA ITPUHUMAET XOTsl Obl JIBa PA3JINIHBIX 3HAYCHUS,
u Haiizercs Takoe p > 0, uro f(x + p) = f(x) mia awboro z. Tlpn 3TOM KazKa0e Takoe Yucao p
Ha3bIBAaETCSA nepuoaoM pyHKIun f.



CymiecTByoT i Takue mepuojndeckue (bYHKIUU ¢ U h ¢ nepuogamMu 2 u 7/2 cOOTBETCTBEHHO,
910 g + h — TOXKe nepuoanydeckas HyHKIHA?

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(xz + p) = f(z) for any x. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 2 and /2 respectively such that g + h is
also a periodic function?

4. QOyukius f HA3BIBACTCSH MEPHOANIECKON, eCJIN OHA TPUHUMAET XOTS OBl IBA PA3JTUIHBIX 3HAYEHUS,
u Haiizercs Takoe p > 0, uro f(x 4+ p) = f(x) mia awboro z. TIpn 9TOM KaKa10e TaKoe YUCIO P
Ha3bIBaeTCA MepuoaoM MyHKIu f.

CymiecTBYIOT 71 TaKkue mepuoandeckne GYHKIUAA ¢ U h ¢ mepuogaMu 6 27 COOTBETCTBEHHO, YTO
g — h — Toxke nepuognyeckasds pYHKIU?

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(xz + p) = f(z) for any x. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 6 and 27 respectively such that g — h is
also a periodic function?

Solution (RUS). Cpa3sy ormernm, 910 Takue (bYHKIMU CYIECTBYIOT, H UX JOCTATOYHO MHOLO.
[IpuBesem B mpuMep OHY BO3MOKHYIO KOMOUHAIUIO:

m, ecaum xr =m -+ nm, vae m,n € 7
flz) =

0, B OPOTHBHOM CJIy4ae

—n, ecau xr=m-—+nm, Tae m,n € Z
g(x) =

0, B IPOTUBHOM CJlydae

Torpa B J1t060it TOUKe T, KOTOpasl He HpejcTaBuMa B Bule m + nr, dyuknus h(x) = f(x) + g(r) paBua
0. Ectn ke x = n+ mm, umeem h(z) =m—n=m+1)—(m+1)=fx+(1+n))+g(z+ (1+n)).
Buauur, h(z) — nepuogudeckast GyHknus ¢ nepuogom 1 + 7.

Solution (ENG). Let’s show that there are such functions. There are many possible options,
let’s show one of them:

m, if x =m + nw, where m,n € Z
flx) =

0, otherwise

g(z) =

—n, if x =m 4+ nm, where m,n € Z
0, otherwise

Hence for any x # m + nm, function h(z) = f(z) + g(z) equals 0. On the other hand, if z = n+mm,
obtain A(z) =m—-n=(m+1)—(m+1) = f(x+ (1 + 7))+ g(x+ (1 + 7)). Hence, h(z) — periodic
funciton with period 1 4+ .



