Kaxkplii y9acTHHK IOJy9aeT KOMILIEKT 3 6 3a/a4, IIPH 9TOM KayK/asl U3 HUX CJIVYAiHBIM 00pa30M
BbIOUpaeTcs: u3 4-x BapUaHTOB.
Ilepspre 4 3aa4un MoApa3yMeBaiOT KPATKH OTBET B BUJIE I[€JIOTO YHCJa HJIH JIECITHIHOH TpoOH, OKPYT-
JIEHHOTT J10 coThIx. Bajadn 1noJ HoMepaMu 5 i 6 TpeGyioT pasBepHYTOro pereHnst  (eCJiH 9T Mpeiy-
CMOTPEHO YCJIOBHEM) OTBETA.

7" degree

Task 1.

1. Pon Yuzju noB3pocJies1 u HOHAI, YTO B XOIBapTCe OH U3Y4U/l MAaruio, HO He U3y4Yu/l MATEeMAaTUKU.
I/I3yquI/Ie MaTE€eMaTHUKHW OH HavaJl C TEOPHUU MHOXKECTB U HaTyPaJIbHBIX YHUCEJT (BKJIIOLIaH YUCJIO O)
HepBbIM AeJIOM OH 3aJdyMaJICd, KaK IPEACTaBUTh HaTypaJbHbBIE YUCJ/Ia MHO2KECTBAMHU.

Pon paccyxman cieayromuM o6pa3oM: HOJIb €CTECTBEHHO MPEJCTABILATb IIYCTHIM MHOMKECTBOM
(. Hy a ecm mag Kakoro-1moo HaTypaJbHOro uuciaa n > 0 OpejacTabBlIeHEe 3TOro dmeaa A,
yZKe [OCTPOEHO, TO HOHpoOdyeM HpejacTaBuTh cjieipyoniee ducyao (n + 1) muoxecrBom A,y =
{A,,{A,}}: ero ssmemenTbl — 910 BCe 3jeMeHTHl A, 1, KPOMe TOr0, MHOXKECTBO, COCTOSINEe U3 BCEX
9JIeMEeHTOB A,,.

Pon Yusiu He MOJIEHUJICSA ¥ BBIKCAT MPeJICTaBIeHNe TpexX MepBeiX (HaunHas ¢ ) HATYDATbHBIX

qUCeJI:
[ ] AO = @,
o A ={0.{0}}

o Ay ={0,{0},{0.{0}}}.

CKOJILKO 3JIEMEHTOB COIEPAKUT MHOKECTBO Agy?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, = {An, {A,}}: its elements are all the elements of A, with
the set consisting of all the elements of A,,.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AO = @;
o A ={0,{0}};
o Ay ={0,{0},{0,{0}}}.

How many elements does the set Ay, contain?

Answer: 25

2. Pon Ywusgm noB3pocsien u moHsJI, YTO B XOorBapTce OH U3YUHJI MAarnio, HO He U3yUUI MaTeMATHKH.
l3yueHne MaTeMaTHKK OH HAYAJ ¢ TEOPHU MHOYKECTB U HATYPAJbHBIX dnces (BKI0UYas duco ().
[TepBbIM J1€/10M OH 3aJIyMaJICs, KaK HPEJICTABUTH HATYPAJIbHbIE YMC/Ia MHOKECTBAMU.

Pou paccyzxpan caeayionumM oOpa3oM: HOJb €CTECTBEHHO TPEJICTABIATH MYyCTBIM MHOZKECTBOM
(). Hy a ecam mas Kakoro-mmOo HaTypasJbHOro uuciaa n > 0 mpeacrapieHwe 3TOro umcaa A,



yZKe MOCTPOEHO, TO TMOHpOoOyeM IMpeICTaBUTh Claemyiomee ducao (n + 1) MHOKecTBOM A,yq =
{A,,{A,}}: ero ssemenTbl — 910 BCe djieMeHTHl A, 1, KpOMe TOr0, MHOXKECTBO, COCTOSINEe U3 BCEX
9JIeMEeHTOB A,,.

Pon Yusiu He MOJEHNIICS W BBITTHCAT PeJICTaBIeHNe TpeX MepBhiX (HaunHas ¢ 0) HATYpaThbHBIX
JHCeI:

o Ay =10
o A ={0,{0}};
o Ay ={0,{0},{0,{0}}}.

CKOJILKO 3JIEMEHTOB COIEPAKUT MHOKECTBO Aszr?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, 11 = {A,, {A,}}: its elements are all the elements of A, with
the set consisting of all the elements of A,,.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

) AO = @;
o Ay ={0,{0}};
o Ay ={0,{0},{0,{0}}}.

How many elements does the set As; contain?

Answer: 38

. Pon Yusymm nos3pocsies1 u moHsiJI, 9TO0 B XOrBapTCEe OH U3YUH MAruio, HO He U3YYHI MaTeMAaTHKH.
l3yuenne MaTeMaTHKH OH HAYAJ ¢ TEOPHU MHOYKECTB U HATYPAJBHBIX dnces (BKIUYas ducio ().
[TepBBIM IEI0M OH 3ayMAJICS, KaK IIPEICTABATL HATYPAJbHBIC YHCIA MHOXKECTBAMHE.

Pon paccyzKaaJ C/iejiyIomuM 00pa3oM: HOJIb €CTECTBEHHO HPEICTaBJILaTh [yCTHIM MHOXKECTBOM
(. Hy a ecam mig Kakoro-aumbo HarypaibHOro umuciaa n > 0 npeacrabieHue 3roro dmcaa A,
YK€ MOCTPOEHO, TO HOMPOOYeM MPEJCTaBUTH Cjeayomee unciao (n + 1) muoxkecTBOM A,y =
{A,,{A,}}: ero s;memeHTHI — 9TO BCe 2JeMEHTHI A,, ¥, KPOMe TOr0, MHOXKECTBO, COCTOSIIEe U3 BCEX
9JIEMEeHTOB A,,.

Pon Yusziu He 1OJICHUIICS ¥ BBIIIKCAJ PEJACTABICHAE TPeX 1nepBhiX (HadnHas ¢ 0) HATypaIbHBIX
YHCEJL:

) AO = @;
o Ay ={0,{0}};
o Ay ={0,{0},{0,{0}}}.

CKOJIBKO 3JIEMEHTOB CONEPKHUT MHOKECTBO Ayp?
Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.

He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers



as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer
n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, 11 = {A,, {A,}}: its elements are all the elements of A, with
the set consisting of all the elements of A,,.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

) AO = @;
o Ay ={0,{0}};
o Ay ={0,{0},{0,{0}}}.

How many elements does the set A4s contain?

Answer: 43

. Pon Yuznu nosspocsen u noHsaa, 4ro B Xorsaprce OH W3Y4YUI MAIUIO, HO HE U3YYUI MATEMATUKH.
I/I3yquI/Ie MaTEMaTHUKHW OH Ha4aJl C TCOPpHUU MHOXKECTB U HaTyPaJIbHbIX YUCEJI (BKIHOLIaH YUCJIO O)
HepBbIM AeJIOM OH 3adyMaJICd, KaK IPEACTaBUTh HaTypaJbHbBIE YUCJ/Ia MHO2KECTBaAMHU.

Pon paccyzman ciaeayrommM o0pa3soM: HOMb €CTEeCTBEHHO MPEeACTABIAThL IYCTHIM MHOMKECTBOM
(). Hy a ecm mag Kakoro-1mdo HaTypasJbHOro uuciaa n > (0 mpeacTaBlIeHEe 3TOro dmcaa A,
yZKe MOCTPOEHO, TO MOHPOOyeM IMpeICTaBUTh Claeayiomiee ducyao (n + 1) MHOXKeCTBOM A,yq =
{A,,{A,}}: ero ssemenTol — 910 BCe djieMeHTHl A,, 1, KpOMe TOr0, MHOXKECTBO, COCTOSINEE U3 BCEX
9JIeMEeHTOB A,,.

Pon Yusiu He TOJEHNJICA W BBITIHCAT PEJCTaBIeHNe TPeX MepBhiX (HaunHas ¢ 0) HATYpaThbHBIX
JHCeI:

° AO = @;
o A ={0.{0}};
o Ay ={0,{0},{0,{0}}}.

CKOJIBKO 3JIEMEHTOB CONEPKHUT MHOKECTBO A777

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set 4,11 = {A4,,{A,}}: its elements are all the elements of A, with
the set consisting of all the elements of A,,.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AO = ®7
o A ={0,{0}};
o Ay ={0,{0}.{0,{0}}}.

How many elements does the set A7; contain?

Answer: 78



Solution (RUS). 3amerum,uro, COrJIACHO ONpeIeeHnto A, I KayKJI0ro HATYPATbHOrO n > 1
TAKOE MHOXKECTBO COJEPIKUT BCE DJIEMEHTHl MHOXKECTBAa A, | M, KpOMEe TOr0, CaMO MHOXKeCTBO A, 1 —
3Ha4NT, B MHOXKecTBe A, Ha 1 37memenT Gosbie, 1eM B MHOXKeCcTBe A, 1, HA 2 dj1eMeHTa OOJIbINe, YeM B
A,_o W T
Urak, B MmuOKecTBe A, Ha (n — 1) ssement Gosbie, uem B A; — 3Ha9uT, B HeM 2+ (n — 1) = n + 1
9JIEMEHTOB.

Solution (ENG). Note that, according to the definition of A, for each integer n > 1 such a set
contains all elements of the set A,,_; and, in addition, the set A,,_; itself — hence, in set A,, has 1 more
element than A,,_;, 2 more than A, _,, etc.

So, in the set A,, the number of elements is (n — 1) more than in A;, which means that it has
24 (n—1) =n+1 elements.

Task 2.

1. 3yoOnoit Bpau 3anperun Kare ecth 6osblie jpecaTu KOHGET B JIeHb. BoJiee Toro, ecim B KaKOR-TO
nenb Karg cbemaer Gosble ceMu KOHGET, TO B CJAEAYIOIINE I1Ba THS €if HeJIb3sl eCTh 0oJiee MATH
kKoH(eT B geHb. Kakoe MakcuMaIbHOE KOJTHIECTBO KOH(PET MOXKeT ¢bhecTh Karsa 3a 25 nHeit, moka
JIeHCTBYIOT OrPAHWYEHUsT Bpada’

The dentist forbade Kate to eat more than ten sweets a day. Moreover, if one day Kate eats more
than seven sweets, then in the next two days she can’t eat more than five sweets a day. What is
the maximum number of sweets Kate can eat in 25 days while the doctor’s restrictions are in effect?

Answer: 178

2. 3ybuoit Bpau 3anperun Kare ectsh Gosbiie necsatn kKoHdeT B JeHb. Bosee Toro, ecim B Kakoi-To
nenb Karst chemaer 0osbiie cemu KOHGET, TO B CJEAYIONINe /IBa JAH el HeJb3s ecTh boJiee MaTh
kKoHdeT B geHb. Kakoe MakcuMaIbHOE KOJTUYECTBO KOH(MET MoxKeT ¢bhecTh Kars 3a 32 jaHd, IoKa
JIeHCTBYIOT OrpaHUYeHnus Bpada?’

The dentist forbade Kate to eat more than ten sweets a day. Moreover, if one day Kate eats more
than seven sweets, then in the next two days she can’t eat more than five sweets a day. What is
the maximum number of sweets Kate can eat in 32 days while the doctor’s restrictions are in effect?

Answer: 227

3. 3yb6moit Bpau 3anperun Kare ecth OoJiblle gecaTu KoHdeT B AeHb. Bojee Toro, ecam B KaKO#-TO
Jenb Karst cbejaer 0osibiiie cemMu KOHQET, TO B CJe/IyIONINe JiBa JHs €l HeJb3s ecTh boJiee MmaTu
KoH(peT B JeHb. Kakoe MaKCcHuMaJbHOE KOJIMYeCTBO KOH(per MoxkeT checTb Kars 3a 39 jxueil, moka
JIeiCTBYIOT OrpaHUYeHnsT Bpada?!

The dentist forbade Kate to eat more than ten sweets a day. Moreover, if one day Kate eats more
than seven sweets, then in the next two days she can’t eat more than five sweets a day. What is
the maximum number of sweets Kate can eat in 39 days while the doctor’s restrictions are in effect?



Answer: 276

4. 3y6Hoit Bpau 3amnperus Kare ectb GoJble jecatu KoHder B JeHb. Bojee Toro, ecjim B KaKO#H-TO
nenb Kars cbenaer Gosbie cemu KOH(MET, TO B CJeAYIONINE ABa JHS eif HeIb3d ecTh bojiee MaTh
koHder B jenb. Kakoe MakcuMabHoe KOm4ecTBo Konder Moxker ¢bectb Kars 3a 45 jueit, noka
JIeHCTBYIOT OrPAHWYeHUsT Bpada’

The dentist forbade Kate to eat more than ten sweets a day. Moreover, if one day Kate eats more
than seven sweets, then in the next two days she can’t eat more than five sweets a day. What is
the maximum number of sweets Kate can eat in 45 days while the doctor’s restrictions are in effect?

Answer: 318

Solution (RUS). (pemenne Bapnanta 1, ocrajbHbie DEIAIOTCS aHAJTOIHYHO)
Jokazkem, ato Oosbire 178 kKouder ObITh He MOIIO. IIycTh BCE Ke MOJIYyUIMJIOCh ChecTh OoJible. Boi-
OUIIeM B PsJl CJIEBA HAIPABO KOJMYECTBA KOH(peT, cheeHHbIX Kareil 3a KaxK iblii U3 JHEH, Tje caMble
JieBble dncJa 0003HA4YaT KOH(ETHI, Che/IeHHbIE B ITepBble JHU, a caMble IpaBbie - B ocaearaue. [loy-
qaercst psal u3 25Tu qucen (B KakKoi-To u3 aHeil Moxker ObiTh u (). ByaeM uATH BIOJIL 3TOTO Psijia cJieBa
Hampasa (TO €CThb OT CAMBIX JABHUX 3HAYEHWUH K caMbiM HOBBIM). B MoMeHT, Korjga Gyjiem BCTpedaThb
aucsio 8 wan Gosbie, GygaemM 0O6BOIUTH 3TO YHCIO W JBa MOCICAYIONMX (MM MEHBIe, eCJu J0 KOHIA
psiia OCTATIOCH MEHbIIIe YHCeN) B OJMH OBAJ - BBIJAEIATH WX Kak rpyiiy. [locie BblaeeHnst 3TO rpyT-
Obl OyJieM TPOJOJIZKATh UIATH BJIOJb MOCJIEI0BATEILHOCTH Jajiee, €CIu HaJ0 - CHOBA BBIJIEJAd HOBBIE
IPYIIBL OBasiaMu (OJIMH OBAJI HA OJIHY IPYIIY U3 He GoJiee ueM Tpéx uncest). Torna BHYTPH KazKI0ii Bb-
JIEJIEHHOM TPYIIBL U3 TPEX ynces cymma we 6osee 10 + 10 (mepsoe umncsio B rpymme He 6osee 10, cymma
JABYX nocaeayiomnux He 6oiee 10). BuyTpu BbigeseHHON Ipymibl U3 ABYX 4uceJ cymMMa He 6osee 15 1o
AHAJOTUYIHON mpuanHe. Eeanm 9ucio B TaKOi rpyIie OHO, TO CyMMa B 9TOi Tpyte He npeBocxoaut 10.
Torma Bce umcsia pa3dUBAOTCS HA HECKOJBKO BBIJIEJIEHHBIX TPYIIT U OCTATOK W3 UNUCEJ, KOTOPhIE He OT-
HOCATCS HU K OJTHOM W3 BBIJEJEHHBIX rpynn. Yucia BHe rpynn KaxKjaoe He TpeBbimaeT 7. O603HATIM
KOJIMYECTBO MOJHBIX BBIJIEJIEHHBIX IPYNI (TO €CTh ¢ TpéMs uncaamu) k.
Ecii B KOHIIE Psijia HET HEIOJHO IPYIIBI (TO €CTh COolepKaIiedi 0JHO MM JBa YUCJIA), TO B KazKIOMH
rpynme cymma He npesbiaer 20, Kak MoKa3aHo panee. ducen BHe rpymn poBHO 25 — 3k, KaxKjoe He
6ostee 7. 3naunT obmias cymma He mpesbimmaer 7(25 — 3k) + 20k =7 — 25 — k = 175 — k, rue k - uesoe
HEOTPUIIATEJbHOE YHCI0. 3JHAYAT MAKCHMYM TaKO# CyMMBI paBeH 175.
Ecii B KOHIle CTOUT HEIOJIHAsI TPYINA U3 OJHOrO 4YhciIa (OHA He YUUTHIBAETCS B KOJUYECTBE MOJTHBIX
rpy1, koropbix k). Torga cymma ne npesbimaer 7(25 — 3k — 1) + 20k + 10 = 178 — k, 1o ectb He GoJiee
178.
Eciu B KOHIIE CTOUT HemoJHasi TPyIa u3 ABYX dnces, To (st (bOPMYJIUPOBKH C JABYMS HATEPKAMH)
cymma He npesocxonut 7(25 — 3k —2) +20k+10+5 =175 — 14+ 15— k = 176 — k, 1o ecTb He Gostee
176.

Solution (ENG). (solution of version 1, the others are solved similarly)
Let’s prove that there could not have been more than 178 sweeties. Let Kate still happen to eat more.
Let’s write out in a row from left to right the number of sweets eaten by Katya for each of the days,
where the leftmost numbers denote the sweets eaten in the first days, and the rightmost - in the last. It
turns out a series of 25 numbers (in some of the days there may be 0). We will go along this row from
the left direction (that is, from the oldest values to the newest ones). At the moment when we meet
the number 8 or more, we will circle this number and two subsequent ones (or less, if there are fewer
numbers left before the end of the row) in one oval - highlight them as a group. After selecting this
group, we will continue to follow the sequence further, if necessary, again allocating new groups with
ovals (one oval per group of no more than three numbers). Then, within each selected group of three



numbers, the sum is no more than 10 + 10 (the first number in the group is no more than 10, the sum
of the next two is no more than 10). Inside the selected group of two numbers, the sum is no more than
15 for a similar reason. If there is one number in such a group, then the amount in this group does not
exceed 10.

Then all the numbers are divided into several selected groups and the remainder of the numbers that do
not belong to any of the selected groups. The numbers outside the groups each do not exceed 7. Denote
the number of complete selected groups (that is, with three numbers) k. If there is no incomplete group
at the end of the row (that is, containing one or two numbers), then the sum in each group does not
exceed 20, as shown earlier. The numbers outside the groups are exactly 25 — 3k, each no more than 7.
So the total amount does not exceed 7(25 —3k)+20k = 7—25—k = 175 — k, where £ is a non-negative
integer. So the maximum of this amount is 175.

If there is an incomplete group of one number at the end (it is not counted in the number of complete
groups, of which there are k). Then the amount does not exceed 7(25 — 3k — 1) + 20k + 10 = 178 — &,
that is, no more than 178.

If there is an incomplete group of two numbers at the end, then (for a formulation with two fives) the
amount does not exceed 7(25—3k—2)420k+10+5 = 175—14415—Fk = 176—k, that is, no more than 176.

Task 3.

1. Manenbkuit Pon Yusziu BeIyYnI 3aK/JIMHAHKE YMHOXKeHUs KOH(beT, KoTopoe mnpespaiiaer N mme-
fomuxcd y Bac KoHdeT B 3N + 2 koHdernsl. CKOJIBKO KOHMET cTaao ¥ PoHa K NPpUXOILy MaMbl, €CJIu
HaYaJI OH ¢ ABYX KOHMET U ycIea IPpOU3HeCTH 3akauHanue 14 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 3N + 2 candies. How many candies did Ron have by the time his mom arrived, if he started
with two candies and managed to cast the spell 14 times?

Answer: 14348906

2. Manenbkuit Pon Yusnn Bolyuni 3akJInHaHUe YMHOXKeHUs1 KOHQET, KoTopoe npespaitaer N ume-
foruxcd y Bac KoHdeT B 5N + 4 koudernl. CKoJIbKO KOHET cTajao y PoHa K NpuxoLy MaMbl, €ciu
HavaJ OH ¢ YeThIpeX KOH(ET U yCIleJ IPOU3HeCTH 3aKauHanue 9 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 5N + 4 candies. How many candies did Ron have by the time his mom arrived, if he started
with four candies and managed to cast the spell 9 times?

Answer: 9765624

3. Masienbkuit Pon Yuziu Bblyuns 3akJnHaHUe YMHOXKeHUsi KOHQeT, Koropoe npespaiiaer N ume-
forxcs y Bac kou(eT B 4N + 3 kouders. CkoIbKO KOHMET cTamo y PoHA K MPUX0y MaMbI, €C/in
HAYAJ OH ¢ Tpex KOH(ET u ycres mpousnectn 3akjannanune 11 paz?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 4N + 3 candies. How many candies did Ron have by the time his mom arrived, if he started
with three candies and managed to cast the spell 11 times?



Answer: 16777215

4. Manenpkuit Pon Yuz/u BeIyYH/I 3aKJHHAHAE YMHOXKeHHUs KoHQeT, KoTopoe npeppainaeT N ume-
fomuxcd y Bac Koudger B 6N + 5 konder. CkoibKo KoHdeT crano y PoHa K Npuxogay MaMbl, €CJIu
HAYaJI OH ¢ IATH KOH(pEeT U ycresa Mpou3HecTH 3aKInHaHue 8 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 6N + 5 candies. How many candies did Ron have by the time his mom arrived, if he started
with five candies and managed to cast the spell 8 times?

Answer: 10077695

Solution (RUS). (pemenne BapuanTa 1, 0OCTaJIbHBIE PEITAITCS AHAJTOTHYIHO)
JasaiiTe paccMOTpuM, CKOJIBKO KoHbET 6b110 y PoHa 1moCIe KayK 1010 3aKINHAHUS.
0 3akunanuii - 2 KoHdeTbI
1 3akymmHanue - 3 - 2 + 2 Kouder
2 3akauHaHWd - 32 - 2 + 3 - 2 + 2 Kouder

n 3akauHaHmi - 3" -2+ 3" 124 ... + 3.2+ 2 xoHbpeT

JIerko 3aMeTuTh, 9TO KOJMIECTBO KOH(ET HOC/Ie N-I'0 3aKJIUHAHUSL - CYMMa 3JIEMEHTOB I'€OMeTPUIECKOil
[POIPECCUU C MEPBLIM JIEMEHTOM IPOTPECCHE ¢ = 2 W 3HAMEHATEJEM T'eOMETPHYECKON MPOrpeccuu
q = 3. Bamernm, uTo B Hamrei 3amade a = ¢ — 1. Takum obpazom, obmrast popmysta st KOJTHIECTBA
koHdeT mocste n 3akuHaHuit oymer: S(n) = a - qn;l;l =q¢"t -1

TaxuM ob6paszom, Ipu n = 14 Mbl moaydnm 31° — 1 = 14348906 komuder.

Solution (ENG). (solution of version 1, the others are solved similarly)
Let’s look at how many candies Ron had after each spell.
0 spells - 2 candies
1 spell - 3 -2+ 2 candies
2 spells - 32 -2+ 3 -2+ 2 candies

nspells - 3"-243""1.2 4+ ...+ 3.2+ 2 candies

It is easy to notice that the number of candies after the nth spell is the sum of the elements of the
geometric progression with the first element of the progression a = 2 and the denominator of the
geometric progression ¢ = 3. Note that in our problem a = ¢ — 1. Thus, the general formula for the

qn+1_1

number of candies after n spells will be: S(n) =a-4—— =¢""' -1
q

Thus, for n = 14 we get 3% — 1 = 14348906 candies.

Task 4.

1. Cama, nama u Jeaynika TyJAsSiOT B MapKe O 3aMKHYTO# JT0poxKKe AauHbl 6 kM. Carra eieT Ha Be-
Jlocunesie Co CKOPOCTBIO DY, Tmama 0eKUT TPYCIOil CO CKOPOCTHIO 2V, JEJIYIIKA UAeT POryJI0YHbIM
IaroM co cKopocThio v. Cala u mamna Ha4aJu myTh OJHOBPeMEeHHO ¢ Touku «CTtapTy, a JeIyInKa
B 9TOT MOMEHT OTCTaBaJ OT HUX Ha pacctosgHue d > (. Haiinute HanMeHnbiee d, mpu KOTOPOM BCe
Tpoe — Carra, mana u jJefynika — BCTPeTATcs B OTHONU TouKe. OTBeT BBIpA3UTe B KIJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 6 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for



which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 2

. Camra, mama n JeyIika I'VaSiOT B MapKe 110 3aMKHYTOH JopoxkKe JqauHbl 9 kM. Calra eer Ha Be-
Jlocunejie o CKOPOCTBIO DY, Iala 0eKuT TPYCHOoil O CKOPOCTHIO 2, JIe/IYIIKA UJAET HPOryJI0YHbIM
IAroM €O CKOpOCThIo v. Callta U mama HavaJu IyTh OJHOBPEMEHHO ¢ ToukH «CTapTy, a JeayIinKa
B 9TOT MOMEHT OTCTaBaJ OT HUX Ha paccrosiane d > 0. Haiianre Hanmenbiiee d, Tpu KOTOPOM BCe
tpoe — Callra, nara u jJeIyIlKa — BCTpPeTaTcs B oaHoi Touke. OTBET BBIPA3UTE B KUJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 9 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 3

. Cama, mama u jgeaymika ry/siioT B HapKe M0 3aMKHYTOH J10pozKkKe Jaunbl 4.5 kM. Carna efer Ha Be-
Jlocunesie CoO CKOPOCTBIO S, TMama OeKUT TPYCIOil CO CKOPOCTHIO 2V, JEIYIIKA UAeT MPOryJI0YHbIM
IIAroM €O CKOpOCThIo v. Callla ¥ Mama Havda/ i IyTh OJHOBPEeMEeHHO ¢ TOUYKH «CTapT», a JejIyIKa
B 9TOT MOMEHT OTCTaBaJI OT HUX Ha paccrosuue d > 0. Haiiiure HauMenbInee d, Ipu KOTOPOM BCe
tpoe — Callra, nama u JeAyIiKa — BCTPeTaTcs B 0aHOi Touke. OTBET BBIPA3UTE B KUJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 4.5 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 1.5

. Camra, mamna u JIeIyIiKa I'yJasioT B IapKe 110 3aMKHYTOR JTOpoxKKe JIHHBL 7.5 KM. Callra ejieT Ha Be-
JIocHIIe/Ie CO CKOPOCTBIO DY, 11alla 0eXKUuT TPYCHOil CO CKOPOCTHIO 20, JIeJIYIIKA UJET HPOrYJIOYHbIM
IaroM co cKopocThio v. Cala u nama Ha4aJu IyTh OJHOBPeMeHHO ¢ Touku «CTrapTy, a JeayInKa
B 9TOT MOMEHT OTCTaBaJI OT HUX Ha paccrosuue d > (. Haiigure nanumenbIee d, ipu KOTOPOM BCe
tpoe — Callra, narma u jejayliKa — BCTpPeTaTcsd B oaHoi Touke. OTBET BhIPA3UTE B KUJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 7.5 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.



Answer: 2.5

Solution (RUS). Ilycrs L - jymua nopoxku, u t = 0 B Moment, Korja nana u Carra Hagau
nprkenne ot Toukn «CTaprs.
dcHo, 9TO KapTUHKA MOJHOCTHIO TTOBTOPUTCS, KAK TOJIBKO JEIyTIKa MPORIET MOJIHBIH KPYyTr — BCE CKO-
POCTH KPATHBI ¥; TAK YTO PACCMATPHBAEM TOJBKO coObitust 10 T = L/v.
3a 3T0 BpeMs JAedylIKa ycieer moBcTpedarhbes ¢ Carneit 4 pasa, a ¢ namoit ogua. Haiiném BpeMena tq,
to, t3 u ty Berpea Calu u j1e/lyniku, u BpeMst ty BCTpedn namsl u jgeaymku: mex iy Camet n ey nkoit
710 TepBoii BeTpeun paccrosaue L — d, ckopocth conmkenus - 4v, nanee nobasisiercss L/4v - Bpewms,

3a Kortopoe Cala mpoe3yKaeT OT AeAYIIKHA J0 AeAymKA. TakuMm oOpas3oM, moaydaem o0y hopMmyy
1L —d L—d
t; = 1 s i = 1,2,3,4. Ananornuno ty = ——. Tenepn Halizem peleHust ypaBHeHHs t; = tg
v v
OTHOCHTEIBHO d (T.e. HaliieM Ipu Kakux d BCe BCTPETATCs B O/HOI Touke). Pemenus: d = L, d = 2L /3,

d=L/3,d=0. Ilo ycioBuio 3aja4u HaM HOAXOAUT oreT d = L/3, T.K. OH MUHUMAJIbHBIH 1 Gobiie 0.

Solution (ENG). Let L be the length of the round path, and ¢ = 0 at the moment when Alex
and his dad started moving from the point «Starts.
It is clear that the picture will completely repeat itself as soon as grandpa goes full circle — all speeds
are multiples of v; so we consider only events up to T'= L/v.
During this time, grandpa will have time to meet Alex 4 times, and with dad one. Let’s find the times
t1, t9, t3 and t4 meeting of Alex and grandpa, and the time t; meeting of dad and grandpa: between
Alex and grandpa before the first meeting, the distance is L — d, the speed of convergence is 4v, then
L/4v is added - the time for which Alex passes from grandfathers to grandfathers. Thus, we obtain
the general formula ¢; = % for i = 1,2,3,4. Similarly, t; = # Now we will find solutions to the
equation t; = t; with respect to d (i.e. we will find at which d all meet at one point). Solutions: d = L,
d =2L/3,d = L/3, d = 0. By the condition of the problem, the answer d = L/3 is suitable for us,
because it is minimal and greater than 0.

Task 5.

1. /Inst Toro, 9To0BI pa3BecTu KOCTEP, X00OUTAM HEOOXOMMbI KpeMeHb, Kpecaso u TpyT. [lepes mo-
X0JI0M KoMIauus u3 11 10HbIX X000MTOB 3aKyluJa 1Mo 6 IMTYyK KpeMmHeil, KpecaJ u Kopobodek ¢
TPYTOM U PA3JIOKUIA UX KaK IOIMAJI0 IO CBOMM PIOK3aKaM — U3BECTHO JIUIIb, YTO B KazKIbIil PIOK-
3aK HE MOIJIO MOMACTh GoJiee OJIHOTO TPeJIMETa KayKaoro Buja (KpeMHs, Kpecaia Wil TPYTa), HO
110 OJIHOMY KazKJI0T'0 BU/1a — MOIJIK. TéMHO# HOUbIO XO00UTHI CJIydaiiHO pa3/Ie/nIuch Ha 2 IPYIIIIbI.
JlokazkuTe, 9T0 XOTs OBbI OJIHA W3 T'PYII CMOXKET Pa3BeCTH KOCTEP U MOCJIATh CUTHAJ JPYTOii.

To set up a bonfire, hobbits need flint, steel and tinder. Before traveling, a group of 11 hobbits
bought 6 pieces of flint, steel and tinder and randomly put them into the backpacks. It is known,
that each backpack can have no more than one item of each class. During the dark night hobbits
were randomly divided into two groups. Prove that at least one of groups can set up a bonfire
and send a signal to another one.

2. Jlnst Toro, 4roObl pa3BecTu KOCTEP, X0b0uTaM HEOOXOAUMbI KpeMeHb, Kpecaso u TpyT. Ilepe mo-
X0JIOM KoMIlaHus n3 14 10HBIX X0O00MTOB 3aKyNu/Ia MO 8 MITYK KpeMHell, Kpecaja u KOpobodek ¢
TPYTOM U PA3JIOYKHUJIA UX KaK TTOMAJIO 110 CBOUM PIOK3aKaM — W3BECTHO JIMIIb, YTO B KarKIbIi PIOK-
3aK HE MOIVIO MOMACTh 60Jiee OJHOTO TPeJIMeTa KayKaoro Buja (KpeMHs, Kpecaia Wil TPYTa), HO
0 OJHOMY KayKJI0T0 BHJA — MOIIH. TEMHOI HOUBIO XOOOUTHI CJIyYaiHO pa3IeIuINCh HA 2 TPYIID.



JlokaxkuTe, 9TO XOTs OBl OJHA U3 TPYII CMOYKET PA3BECTH KOCTEP U IMOCIATH CUTHAI JPYTOM.

To set up a bonfire, hobbits need flint, steel and tinder. Before traveling, a group of 14 hobbits
bought 8 pieces of flint, steel and tinder and randomly put them into the backpacks. It is known,
that each backpack can have no more than one item of each class. During the dark night hobbits
were randomly divided into two groups. Prove that at least one of groups can set up a bonfire
and send a signal to another one.

3. Jlns toro, 4ToObl pa3BecTu KOCTEP, XO0OOUTaAM HEOOXOIUMbI KpeMeHb, Kpecayso u TpyT. llepes mo-
XOJIOM KOMITaHus n3 17 10HBIX X000MTOB 3aKkynuiaa 1mo 9 mrTyK KpeMHeil, Kpecaa m KOpobodeK ¢
TPYTOM U PA3JIOKUJIA UX KaK IIOIMAJI0 10 CBOMM PIOK3aKaM — U3BECTHO JIUIIb, YTO B KazKIbIil PIOK-
3aK HE MOIJIO MOMACTh GoJiee OJHOTO TPeJIMeTa KayKaoro Buja (KpeMHs, Kpecaia Wil TPYTa), HO
110 OJIHOMY KazK/I0T'0 BU/1a — MOIJIK. TéMHO# HOUbIO XO00UTHI CJiydaifiHO pa3/Ie/InIuch Ha 2 IPYIIIbI.
Jlokazkure, 910 XOTs1 OBbI OJIHA W3 T'PYII CMOXKET Pa3BeCTH KOCTEP W MOCJAATh CUTHAJ JPYTOil.

To set up a bonfire, hobbits need flint, steel and tinder. Before traveling, a group of 17 hobbits
bought 9 pieces of flint, steel and tinder and randomly put them into the backpacks. It is known,
that each backpack can have no more than one item of each class. During the dark night hobbits
were randomly divided into two groups. Prove that at least one of groups can set up a bonfire
and send a signal to another one.

4. s Toro, 4ToOBI pa3BecTH KOCTEP, X000uTaM HeoOXOIUMBI KpeMeHb, Kpecayo u TpyT. Ilepe mo-
X0J0M Komnanus u3 20 I0HBIX X000MTOB 3akynuiaa 1o 11 mTyk KpemHeil, Kpecaa U KOpoboUdekK ¢
TPYTOM U PA3JI0XKUIA UX KaK IOMAIO0 O CBOUM PIOK3aKaM — U3BECTHO JIUIIb, YTO B KazKIbIH PIOK-
3aK HE MOILVIO MOIACTh 0OJIee OJHOIrO MpeaMeTa Kazkaoro Bujia (KpeMmHs, Kpecaia Wil TPyTa), HO
10 OJTHOMY KazK/I0T'0 BUJA — MOTJIH. TEéMHOI HOUbIO XOOOUTHI CJIy4aitHO pa3/Ie/In/INCh HA 2 TPYIIIbI.
Jlokaxkute, 9TO XOTd OBl OJIHA U3 I'PYIII CMOYKET Pa3BECTH KOCTEP U MOCIATh CUTHAJ JPYTOM.

To set up a bonfire, hobbits need flint, steel and tinder. Before traveling, a group of 20 hobbits
bought 11 pieces of flint, steel and tinder and randomly put them into the backpacks. It is known,
that each backpack can have no more than one item of each class. During the dark night hobbits
were randomly divided into two groups. Prove that at least one of groups can set up a bonfire
and send a signal to another one.

Solution (RUS). (pemenne Bapnanta 1, ocrajbHbie DEIIAIOTCS aHAJTOIHYIHO)
Ecan xo66mroB 11, T0, paccMaTpuBasi KayKayio Iapy TOBapoB (HampuMep, Kpecaja W KPeMHH — a HX
Bcero 2 x 6 = 12) B prok3akax, o npuHIuny JIupuxie gemaeM BbIBOI, 9TO XOTsI OBl B OJTHOM PIOK3aKe
eCTh Iapa ITUX IIPEIMETOB.
ITo ycioBuio, B proK3ake HE MOXKET OKa3aTbCs 2 Kpecaja WM 2 KPeMHs, 3HAYUT, XOTS Obl Yy OJHOIO
X000UTa B PIOK3aKe OKAYKyTCsl KPecano u KpeMeHb (00o3uauuM {x,y}). To e MOXKHO cKa3aTh O mape
Kpemenb 1 TpyT (06o3uauuMm {y, z}), o nape kpecaso u Tpyr (oboznaunm {x, z}).
Taxum 0Opa3oM, BBITIOJHAECTCS OJHO U3 JABYX YCJIOBHUIA:
a) ecTb X0Ts Obl 0JIHH XO00UT ¢ mpeMeTaMu {x, Y, 2} B PIOK3ake (Bce mapbl cOOPAIUCH XOTsI Obl B OJJHOM
PIOK3aKe) U OH Pa3BeIET KOCTED,
b) ectb 3 pasubix xo66uta ¢ npeameramu {z,y}, {y, 2}, {x, 2} coorBercrBerHO, U3 TUX TPEX XOOOUTOB
xorst 661 siBa (1o npuHIMILy JIupuxiie) okayKyTcst B OJHON I'PYIIIe H TOXKe CMOTYT Pa3BeCTH KOCTED.

Solution (ENG). (solution of version 1, the others are solved similarly)
If there are 11 hobbits, then considering each pair of goods (for example, steel and flints — and there



are only 2 x 6 = 12 of them) in backpacks, according to the Dirichlet principle, we conclude that at
least one backpack has a pair of these items.

By convention, there cannot be 2 steel or 2 flints in the backpack , which means that at least one hobbit
will have a steel and a flint in the backpack (denote {z,y}). The same can be said about the pair of
flint and tinder (denote {y, z}), about the pair of steel and tinder (denote {z, z}).

Thus, one of two conditions is met:

a) there is at least one hobbit with items {x,y, 2z} in a backpack (all pairs gathered in at least one
backpack) and he will make a fire,

b)there are 3 different hobbits with objects {z,y}, {y, z}, {z, 2z}, respectively, of these three hobbits at
least two (according to the Dirichlet principle) will be in the same group and they will also be able to
make a fire.

Task 6.

1. Ileta u Butg urpatoT B Urpy, Mo odepean 3aKpalinBas B KJIeTIaTOM KBajpaTe 7 X 7 M0 KJIeTOIKaM
PAMOYTOJIBHUKT pa3mepa 1 X 1, 1 x 2 u 2 X 2 kaxapiii B coit uper (y [leru — kpacubiii, y Butn —
3estenblii). [lepekpaimBars KJIETKN HeJIb3s1, H3HAYAJBLHO BCE HIDOBOE 110J1e GeJioe, He3aK PAIeHHOe.
Kro me moxer caenarh ouepeHOi X0, TOT NpourpbuiBaeT. Moxker i KTO-TO U3 HUX 00ECIeYNTH
cebe mobey He3aBUCHMO OT UTPHI conepauka? Kak emy cieyer jeiicTBOBATE?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
u 2 X 2 in a checkered square of size 7 x 7. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

2. Ilers m Burg urpatoor B urpy, no odepeau 3akpanmmsas B KjaerdaroM kKsajpare 10 X 10 mo kJje-
TOYKAM TPAMOYTOIBHUKH pasMepa 1 X 1, 1 X 2 u 2 X 2 kakapiil B cBoii nser (y Iletw — KpacHsrii,
y Buru — 3enenbrit). IlepekpaiimBarh KJIeTKH HeJIb3s, H3HAYAJIBHO BCe UTPOBOE MoJie besioe, Hesa-
KpameHHoe. KTo He MOYXKeT ¢e1aTh o4epeHON XO/I, TOT MPOUTphiBaeT. MoxKeT 1 KTO-TO U3 HUX
obecneunTh cebe mobeay He3aBUCHUMO OT UTphl conmepHuKka? Kak emy cienyer aeiicTBOBaThH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2 u
2 x 2 in a checkered square of size 10 x 10. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

3. Ileta m Butg urpaioT B UTPY, 10 0O4YepeIn 3aKpalnBas B KJ1eT4aToM KBajpare 9 X 9 mo KjaeToukam
PAMOYTOJIBHUKT pasmepa 1 X 1, 1 X 2 u 2 X 2 kaxapiii B cBoit uper (y [leru — kpacusiii, y Butn —
3es1enblii). [lepekparnmBarh KJIETKI HEJIb3s1, H3HAYAIBLHO BCe HIDOBOE 1016 GeJioe, He3aK palieHHoe.
Kro e moxer cienarh ouepeIHON X0, TOT NpourpuiBaeT. Moxker i KTO-TO U3 HUX 00ECTIEYUTH
cebe mobery He3aBHCHUMO OT UI'Pbl conepHuka? Kak emy ciejyer jeiicTBOBaThH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
u 2 X 2 in a checkered square of size 9 x 9. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?



4. Tleta n Butga urpaior B urpy, 1o odepeu 3aKpalinBas B KJIeT4aTOM KBaJIpaTe 8 X 8 M0 KJIeToYKaM
IpAMOYTOIBHUKI pa3dmepa 1 X 1, 1 x 2 u 2 X 2 kaxapiit B coit nper (y [leru — kpacubiii, y Buru —
3esenblii). [lepekpalmBarh KJITKN HEJIb3s1, H3HAYAIBLHO BCe HTPOBOE 1016 GeJioe, He3aK paleHHoe.
Krto e moxer cienath ouepeIHOi X0, TOT HpourphiBaeT. Moxker /i KTO-TO U3 HUX 0DECTIeYUTH
cebe mobery He3aBUCHUMO OT UI'PhI conepHuka? Kak emy cieayer jedcTBOBaThH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
1 2 X 2 in a checkered square of size 8 x 8. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

Solution (RUS). (pemenne Bapuanta 1, ocTagbHbie DEITATCS aHAJTOTHYHO)
[Terst (mepBbIii UIPOK) MOXKET TapaHTHPOBATH cebe mobeTy.
s mobenpl IleTtn cireryeT cBOMM MEPBBIM XOJ0M BBIPE3aTh HMEHTPAJbHYIO KJIETKY KBaJpara, a Jajee
Ha KaKIeIil X014 Butu orBeYaTh CHMMETPUYHBIM XOA0M OTHOCUTEIBHO IIEHTPA JTOCKH.
ITokazkem, uTo ecnum Butd caeman cBoit ouepemnoit Xoa, To [leTsa Toxe cMoXKeT ¢aeraTh X0 COTJIACHO
STOW cTpaTeruu: JeficTBUTENBHO, MTOCJIe KaXK/I0ro ¢JAe/aHHoro xosa lleTn kapTuHKa u3 3aKpallieHHbIX
KJIETOK Ha J0CKe (He y4uThiBas 1BeT) cummverpuvna. Torna, ecan Buts caenan ¢Boil ouepesHoil X0,
TO CUMMETPHYHAsSI 30HA JOCKHU Iepes XoaoM Buru ObLiia Tak:Kke ¢BOOOIHA.
OcraeTrcs 00ObSICHUTD, IIOYEMY caM Tocjeaauil xoa Butu #e 3arponyna stu Kiaetku. Ho jelicTBuTebHO,
ecan OTHUM X0md0M Burta mokpacui Obl IBe KaKHe-Tu00 CUMMETPUIHbIE OTHOCUTEILHO IEeHTPa KIETKH,
TO TaK KaK 3TOT XOJ COCTOSJI B 3aKPAIMBAHUU HPSIMOYTOJbHUKA, TO U HEHTDP CUMMETPHUH KJIETOK JI0JI-
JKeH ObLT monacTb B 3Ty urypy. OmHAKO IMEHTP CUMMETPHH yzKe OblI M3Ha4vaaIbHO 3akparreH llereii.
Buaunt Burg He Mor «ucmopTuThby» nosunuio ajs Ileru, u Ilers moxker caenars xoa. Kro-to B 31001
urpe o06g3aTe/IbHO NPOUrphiBaet, H 910 He llers. 3nauut, Ilera BeIMIrphIBaCT.

Solution (ENG). (solution of version 1, the others are solved similarly)
Peter (the one whose move is the first) can guarantee himself a victory.
To win, Peter should cut out the central square cell with his first move, and then respond to each move
with a symmetrical move relative to the center of the board.
Let’s show that if Victor made his next move, then Peter will also be able to make a move according to
this strategy: indeed, after each move made by Peter, the picture of the painted cells on the board (not
taking into account the color) is symmetrical. Then, if Victor made his next move, then the symmetrical
area of the board before Victor’s move was also free.
It remains to explain why the very last move of Victor did not affect these cells. But really, if Victor
painted two cells that were symmetrical with respect to the center with one move, then since this move
consisted in painting over a rectangle, then the center of symmetry of the cells had to fall into this
figure. However, the center of symmetry was already initially painted over by Peter. So Victor could
not «spoil» the position for Peter, and Peter can make a move. Someone in this game is bound to lose,
and it’s not Peter. So, Peter wins.



8-9 degree

Task 1.

1. Manenbkuit PoH Yu3/11 BRIyUWI 3aKJIHHAHEE YMHOXKEHUsT KOH(MeT, KoTopoe npespaiiaer N mme-
foruxcst y Bac kouger B 3N + 2 kouderst. Cko/bKO KOH]eET cTaio y PoHA K PUX0/ly MaMbl, €Cjin
HAYaJI OH ¢ ABYX KOHQET W yCIeJ MPOU3HECTH 3akauHanne 14 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 3N + 2 candies. How many candies did Ron have by the time his mom arrived, if he started
with two candies and managed to cast the spell 14 times?

Answer: 14348906

2. Manenbkuit Pon Yusnn Bolyuni 3akJInHaHUe YMHOXKeHUs1 KOHQeT, KoTopoe npespaiiaer N ume-
foruxcd y Bac KoHgeT B 5N +4 koudernl. CkoJIbKO KOHGET cTajao y PoHa K Npuxoay MaMbl, €ciu
HavaJ OH ¢ YeThIpeX KOH(ET U ycIleJ IPOU3HeCTH 3aKauHanue 9 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 5N + 4 candies. How many candies did Ron have by the time his mom arrived, if he started
with four candies and managed to cast the spell 9 times?

Answer: 9765624

3. Manenbkuit Pon Yu3/u BBIYUMJI 3aKJIUHAHUE YMHOXKEeHHsSI KOHdeET, KoTopoe npespamaer N uMme-
foruxca v Bac KoHdeT B 4N + 3 koHdeTsl. CKOIBKO KOHMET cTaa0 ¥ PoHa K NPpUXOILY MaMbl, €CJIu
HA4YaJI OH ¢ Tpex KoH(ET H ycIesa IpOonu3HecTHn 3akanHanue 11 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 4N + 3 candies. How many candies did Ron have by the time his mom arrived, if he started
with three candies and managed to cast the spell 11 times?

Answer: 16777215

4. Masienbkuit Pon Yuzim Belydus1 3aKkJInHaHIE YMHOXKeHUA KOH(eT, KoTopoe mpepparitaer N nme-
foruxes y Bac kKoHper B 6N + 5 kouder. Ckoibko KoHdeT cTaso y PoHa K mpuxoy MaMmbl, ecjin
Ha4vaJI OH ¢ IATH KOH(peT U ycies MPOU3HEeCTH 3aK/JInHaHue 8 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 6N + 5 candies. How many candies did Ron have by the time his mom arrived, if he started
with five candies and managed to cast the spell 8 times?

Answer: 10077695



Solution (RUS). Cwm. pemenne 3amaun Ne3 s 7 Kiacca.
Solution (ENG). See solution of the task 3 for the 7th degree.

Task 2.

1. B xaxnayio kiaetky Tadouib 100 X 100 BOHCAHO YHCI0: B BEPXHEM PSIAY CJIeBa HAIIPABO B IMOPSIIKE
BO3paCTaHUs 3allUCaHbl BCe HATypasabHble uncaa oT 1 10 100, Bo BTOpOM psjiy CBEPXY B HOPSJIKE
BO3paCTaHMs CJI€BA HAIPABO 3aITUCAHBI BCe YéTHBIE Ynca otT 2 1o 200, u Tak jajiee — B k-0ii cBepxy
CTPOKE B TIOpsiJIKe BO3pACTaHUs CJeBa HANPAaBO 3anucanbl yucia k, 2k, 3k, ..., 100k. Paccmorpum
JIHaTOHAJb, KOTOpas WAET W3 HUYKHErO JIeBOTO VIVIa B MpaBblii BepxHuil. Haiinure manbdombiiee
4HUCJIO, 3allMCAHHOE B HEM.

Each cell of the table 100 x 100 has a number: the first row has all positive integers from 1 to
100 in ascending order, the second row has all the even numbers from 2 to 200, and further on —
k-th line has numbers k, 2k, 3k, ..., 100k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 2550

2. B kaxyto kierky Tabsmuibt 200 X 200 BiucaHO YUCI0: B BEPXHEM PsiLy CJieBa HAIPaBO B IMOPsi/IKe
BO3paCTaHNs 3alHUCaHBl Bce HATypaabHble uncaa oT 1 10 200, BO BTOPOM psLy CBEPXY B MOPIIKE
BO3paCTaHUs CJI€BA HATPABO 3aUCAHBI BCe Y€THBIE Yncya ot 2 j1o 400, u Tak jgajee — B k-0ii cBepxy
CTPOKE B IOpsiJIKe BO3pACTaHUs CJeBa HAIPABO 3amucanbl auciaa k, 2k, 3k, ..., 200k. PaccMorpum
JMaroHaJib, Koropas HAET W3 HUXKHEro JIeBOTO yIJia B HpaBblii BepxHwmii. Haitaure nambosbimee
4UCJIO, 3AlIMCAHHOE B HEH.

Each cell of the table 200 x 200 has a number: the first row has all positive integers from 1 to
200 in ascending order, the second row has all the even numbers from 2 to 400, and further on —
k-th line has numbers k, 2k, 3k, ..., 200k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 10100

3. B kaxayro kierky Tabsuib 150 X 150 BnucaHo 9MCI0: B BepXHEM Py CJIeBa HANPaBO B MOPsIIKe
BO3pAaCTaHUS 3allHCAHBI BCe HATypasabHbIe Uyncaa OT 1 10 150, BO BTOPOM psgy CBEPXY B MOPAIKE
BO3pACTAHUS CJI€BA HAIIPABO 3aIIUCAHBI BCe YETHDBIE Yuca ot 2 10 300, u Tak jgajee — B k-0if cBepxy
CTPOKEe B TOPsIJIKe BO3PACTaHUs CJeBa HAIPABO 3amucanbl uciaa k, 2k, 3k, ..., 150k. Paccmorpum
JIMaroHaJ/ib, KOTOpas WJAET U3 HUXKHEro JIeBOI'o yrja B npasbiii Bepxuuii. Haiigure nambosibiiee
YUCJIO, 3alIMCAHHOE B HEM.

Each cell of the table 150 x 150 has a number: the first row has all positive integers from 1 to
150 in ascending order, the second row has all the even numbers from 2 to 300, and further on —
k-th line has numbers k, 2k, 3k, ..., 150k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.



Answer: 5700

4. B kaxayio kjerky tabsmipl 250 X 250 BIHCAHO YUCI0: B BEpXHEM Py CJIeBa HAIIPABO B MOPSJIKE
BO3paCcTaHMs 3alMCAHBI BCe HATYpaJdbHBIe Yuca OT 1 710 250, Bo BTOPOM Psily CBEPXY B MOPSIIKe
BO3PACTaHUs CJIEBA HAIIPABO 3alUCAHDBI BCe 4éTHbIe dnuc/ia o1 2 10 500, u Tak jgajee — B k-0ii cBepXy
CTPOKE B IOPsJIKE BO3pacTaHMsl CJeBa HalpaBo 3amucanbl uucia k, 2k, 3k, ..., 250k. Paccmorpum
JIMAroHajib, KOTopas HAET W3 HUZKHEro JIeBOTO yTJia B npasblii Bepxuwmii. Haiigure nanbdosibiiree
YHUCJIO, 3alIMCAHHOE B HEH.

Each cell of the table 250 x 250 has a number: the first row has all positive integers from 1 to
250 in ascending order, the second row has all the even numbers from 2 to 500, and further on —
k-th line has numbers k, 2k, 3k, ..., 250k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 15750

Solution (RUS). (pemenne BapuanTa 1, ocTaabHbIE PEITAIOTCS AHAJTOTHIHO)

B kseTkax ykazanHO# amaronanam 3amucanbl dncaa 100 x 1, 99 x 2, 98 x 3, ...,1 x 1000. To ectp B
obrmem Bujie - gncaa suaa k(101 — k) npu neawsix k or 1 mo 100. 9To ypaBHeHHE cTAHAAPTHON TapabOIIhI
BETBSIME BHU3, ¢ KOpHsamu B Toukax 0 u 101. A6cnuncca eé epuiunsl pasaa 101/2. JleBee neé, T.e. Ha uH-
repBajie (—oo, 101/2| sra dynkmsa Bo3pacTaet, T.e. MaKCUMaIbHoe eé 3Hadenne npu k = [101/2] = 50
u pasuo 50(101 — 50) = 50 - 51 = 2550. IlpaBee ke Beprmunbl (T.e. Ha [101/2, +00) sTa dyHKIUA
yOBIBaeT U aHAJOIHYHO €€ MaKCHUMyM Jocturaercd npu k = 51 u papen takzxke 2550. Takum obpazom,
MaKCUMaJIbHOE YUCJIO Ha JUATOHAJIN paBHO 2550.

Solution (ENG). (solution of version 1, the others are solved similarly)

The numbers are written in the cells of the specified diagonal 100 x 1, 99 x 2, 98 x 3, ...,;1 x 1000.
That is, in general, numbers of the form k(101 — k) for integers k from 1 to 100. This is the equation of a
standard parabola with branches downwards, with roots at points 0 and 101. The abscissa of its vertex
is 101/2. To the left of it, i.e. on the interval (—oo, 101/2| this function increases, i.e. its maximum
value at k£ = [101/2] = 50 and is equal to 50(101 - 50) = 50 - 51 = 2550. To the right of the vertex (i.e.
at [101/2, +00), this function decreases and similarly its maximum is reached when k = 51 and is also
equal to 2550. Thus, the maximum number on the diagonal is 2550.

Task 3.

1. Tpeyroasauk AOB — paBaOOeApeHHBII TPAMOYTOAbHBIN ¢ TuoTeny30it AB. Touku C' u D pacmo-
noxkenbl Ha orpeskax AO, OB coorsercrierno tak, uro C'D || AB. Tlocrpoen AC;0D;, paBubIi

tpeyrosbauKy COD, npudem Touku A, CY, Dy JiexkaT Ha OTHON IPAMOA B YKA3aHHOM MOPSIIKE.
Beraucanre miomans AAD B, ecim AB =12,CD =717.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC,0D; constructed being equal to
triangle COD, moreover, points A, C, Dy lie on one straight line in the specified order.
Calculate the area of AADB while AB=12,CD =1.

Answer: 23.75; 63.05



2. Tpeyroapauk AOB — paBHOGe ApeHHBI NPIMOYTOIbHBIH ¢ rumoTeny30it AB. Touku C'u D pacmo-
noxenbl Ha orpeskax AQO, OB coorsercrsento tak, uro C'D || AB. Tlocrpoen AC,0 Dy, paBubiii
tpeyrospauky COD, npudem Touku A, CY, Dy jiexkatr Ha OTHON TPAMON B YKA3aAHHOM MOPSIIKE.

Boraucanre muomans AAD B, ecoim AB = 10,CD = 9.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that C'D || AB. AC,0D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =10,CD = 9.

Answer: 4.75; 49.54

3. Tpeyrospauk AOB — paBHOGe ApeHHBIH NPIMOYTOIbHBIH ¢ runoTeny3oit AB. Touku C'u D pacio-
noxensl Ha orpeskax AO, OB coorsercrBenno Tak, uto C'D || AB. Iloctpoen AC,0 Dy, paBubIii
rpeyroabauky C'OD, npudem Toukn A, C, D jgexkar Ha OJHOI IPAMOIl B YKA3aHHOM HOPSJIKE.
Boraucaure maomans AADB, ecoim AB = 15,CD = 4.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =15,CD = 4.

Answer: 52.25; 77.13

4. Tpeyrombauk AOB — paBHOGeApeHHBIH MPAMOYToIbHbIHA ¢ rumoTeny30it AB. Touku C'u D paciio-
noxkenbl Ha orpeskax AO, OB coorserctBerto tak, uro C'D || AB. Tloctpoen AC; 0Dy, paBHBI#
tpeyroabauky COD, npuuem Touku A, CY, Dy Je:kaT Ha OTHON IPAMOl B YKA3aHHOM MOPSIIKE.
Boraucaure muomans AADB, ecim AB = 16,CD = 13.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =16,CD = 13.

Answer: 21.75; 124.19

Solution (RUS). (pemenne BapnanTa 3, ocTajbHble DEITAIOTCS aHAJTOIHIHO)
Pacimpus geprex, MOy IrM JBa TPABUJIBHBIX 9eTHIPEXYroabHIKA co croporamu |AB| u |C'D| n obium
neatpom O. 3aMeruM, 9TO HAM IPOCTO HY’KHO BBIYECTH ILIONA/b MEHBIIErO IPABHIBHOIO YeTHIPEX-
yrosibauka (co croponoit |C'D|) u3 mwiomaau GOJIIEro MpaBUIbHOTO YeTHIPEXYTOJBHAKA (CO CTOPOHOI

|AB|) u mogenurh pe3yabrar Ha 4 (CM. PUCYHOK).

|AB|* — |CDP?
HNckomas mioma/ib TpeyroJibHIKa paBHA 1 = 52.25.




Ecau xe aya AD; nennkoMm HaxoauTcest BHe TpeyroiabHnka AOB (cM. DHCYHOK HUIKe), MOJIYYnM

SABD1 ~ 77.13.

P

y 3

Solution (ENG). (solution of version 3, the others are solved similarly)
After extending our picture we get two regular quadrilaterals with sides |AB| and |C'D| and the common
center is O. Note that we just need to subtract the area of the smaller regular quadrilateral (with the
side |CD|) from the area of the larger regular quadrilateral (with the side |[AB]) and divide the result
by 4 (see picture).
|AB]> — |CDJ?

The desired area of the triangle is 1 = 52.25.




If the ray AD; is out of the triangle AOB (see picture below), we get Sapp, ~ 77.13.

/;,_

Task 4.

1. TTakMbliu KUBYT Ha IIOCKOCTH U €T KPyrible cbipbl. PopMa makMblin (CM. PHCYHOK) — KPYT:
KOIJIa ITAaKMBIIb €CT, POBHO MOJOBUHY 3TOTO KPYyTa COCTAB/ILIOT CTPAITHBbIE 3yDacTbie 4YeTI0CTH.
[TakMBITITE MOYKET OTKYCHTH BCe, UTO B Heé BOWAET. [TakMbIb Beerma decTHas (B KOMaHJe OHA
OTKYCBIBAET MOPOBHY € JAPYTHUMHU MAKMbINIAME) H DPAIMOHATbHAsT (OTKYCHIBAET CAMBIH GOJIBIION
M3 BO3MOXKHBIX KYCKOB M 3HAeT, KaK 9TO ¢JeJ1aTh). [IaKMBIIb HAaeIach, eCJIM OTKYCUIAa OT ChIpa
CTOJIbKO, CKOJIBKO MOYKET OTKYCUTb OT HErO B OJUHOYKY.

JIBe 0JIMHAKOBBIE MAKMBITIIH HAILIN KPYTJIBIA ChIP auaMeTpa 6 1 KycaloT ero OJHOBPEMEHHO OJIUH
pa3. Haiiiure HAMMEHBITYI0 BO3MOZXKHYIO ILJIOMIA/IH OCTABIIEr0Cd KYCKa ChIPa, €CJAN U3BECTHO, YTO
MAKMBIIIA HACTHCH.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse
can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 6 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.

Pacmouse Pacmouse while eating cheese Cheese

-~



Answer: 9

2. TTakMBIIK KUBYT HA [UIOCKOCTH U €JISIT KPYIJIble Chipbl. POpMa HAKMBIIITH (CM. PHCYHOK) — KPYT:
KOIJIa MaKMBIIIb €CT, POBHO IIOJIOBHHY 9TOTO KPyIa COCTABJLAIOT CTPAIIHBIE 3yDacTble YeTI0CTH.
[TakMBITIb MOYKET OTKYCHUTH BCe, UTO B Heé BOWAET. [TakMbIb Beerga decTHas (B KOMaHJe OHA
OTKYCBIBA€T MOPOBHY € JAPYTHMHU HMAKMbIIIAME) W DalMOHAIbHAsT (OTKYChIBAeT CaMblil GOJIBIION
M3 BO3MOKHBIX KYCKOB U 3HAeT, KaK 9TO ¢jesarh). [JakMbIlb Haeaach, eCiu OTKYCHIa OT ChIpa
CTOJIBKO, CKOJIBKO MOXKeT OTKYCUTb OT Hero B OJNHOYKY.

JIBe oTMHAKOBBIE MTAKMBITITH HAILIN KPYTJIBIH chIp guamerpa 10 n KycaloT ero 0 JTHOBpeMeHHO OUH
pa3. HaiiinTe HauMeHBITYIO BO3MOXKHYIO TLJIOMAIbL OCTABIIETOCs KYCKa ChIPa, €CJIM M3BECTHO, ITO
MaKMBITITU HAECJHCH.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse
can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 10 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.

Pacmouse Pacmouse while eating cheese raian

Answer: 25

3. TTakMBIIHK KUBYT HA [JIOCKOCTH U €JISIT KPYIJIble Chipbl. POpMa MAKMBIITH (CM. PHCYHOK) — KPYT:
KOIJIa ITAKMBbIIIb €CT, POBHO HOJIOBUHY 3TOI'O KPyl'a COCTABJILIOT CTPAIIHbIe 3yDacTble 4YeJI0CTH.
[TakMBITIIE MOYKET OTKYCHTH BCe, YTO B Heé BOWAET. [Takmblmb Bcerma decTHas (B KOMaH/e OHA
OTKYCHIBA€T MOPOBHY € JAPYTHMHU MAKMbITIIAME) W DAIMOHATbHAsT (OTKYCHIBAET CAMBIil GOJIBIION
M3 BO3MOXKHBIX KYCKOB U 3HAeT, KaK 9TO ¢JieJiaTh). [IakMbIIb HaeIach, eCcid OTKYCUIa OT ChIpa
CTOJBKO, CKOJBKO MOXKET OTKYCUTDb OT HErO B OJUHOYKY.

JIBe 0/iMHAKOBbIE IIAKMbIIIIM HALLIM KPYIJIbHA ChIP JuameTpa 12 u KycaioT ero 0JIJHOBPEMEHHO OJIUH
pa3. Hailijiure HAMMEHBIITY 0 BO3MOZXKHYIO ILJIOMA/H OCTABIIEr0Cd KYCKa ChIPa, €CJAU U3BECTHO, YTO
MaKMBbITITH HAEJHCh.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse



can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 12 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.

Pacmouse Pacmouse while eating cheese

Answer: 36

4. TIaKMBIIIK JKUBYT HA IIOCKOCTH W €JISIT KPYTJibie chipbl. PopMa MakMbIIIH (CM. PUCYHOK) — KPYT:
KOIJIa ITAKMBbIIb €CT, POBHO HOJIOBUHY 3TOI'O KPyl'a COCTAB/ILIOT CTPAIIHbIe 3y0acTble 4YeTI0CTH.
[TakMBITIIE MOYKET OTKYCHTH BCe, UTO B Heé BOWAET. [Takmblnb Beerma decTHas (B KOMaH/e OHA
OTKYCHIBAeT MOPOBHY € JAPYTHMHU MAKMbITIIAME) W DAIMOHATbHAsT (OTKYCHIBAET CAMBIH GOJIBIION
M3 BO3MOXKHBIX KYCKOB U 3HAeT, KaK 9TO ¢JieJiarTh). [IakMbIIb HaeIach, eCcid OTKYCUIa OT ChIpa
CTOJBKO, CKOJBKO MOXKET OTKYCUTDb OT HErO B OJWHOYKY.

JIBe 0JIMHAKOBBIE ITAKMbIIIIKM HAILIUM KPYIJIbIA ChIP JiMaMeTpa 8 U KycaloT ero OJHOBPEMEHHO OJIUH
pa3. Haiijiure HAMMEHBIITY 10 BO3MOXKHYIO ILJIOMA/IH OCTABIIEr0Cd KYCKa ChIPa, €CJAU U3BECTHO, YTO
MaKMBbITITH HAEJHCh.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse
can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 8 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.



Pacmouse Pacmouse while eating cheese Cheese

Answer: 16

Solution (RUS). [Takmbiiieil gBe, 1 OHU Y9eCTHBIE U DAIMOHAJIBHBIC — 3HAYUT, Y OJHON MBIIIH B
pacnopszKeHnn MOJKPyTra (Ha PUCYHKe BTOpasi MOJIOBUHA 3eJIeHas ).
O06o3HaYNM JuAMeTp TAaKMBITIKN d, paanyc r, misa ceipa - D n R coorBercBenHo. [lakMbITh Haemach,
suaunt, |[AB| = d (A u B - kpaiiHue TOYKH BBIIPBI36HHOTO KYCKa Ha KOpKe cbipa). Hac umHTepecyer
MAKCHUMAJIbHO BO3MOXKHBIN JHAMETD, 3HAYUT, HAC HHTEPecyeT Caydail, KOrjia 4eJI0CTH TMAKMBIIH CO-
MKHYJIUCb B IEHTDPe cbipa (OKPY’KHOCTH pajuyca T ¢ 1eHTpoM B Todke O; KocHysach juamerpa CD
oKpyzkHOCTH ¢ eHTpoM B Touke O). Torma tpeyroapauk OO; A npsiMOyroJbHbBI pDaBHOOEIPEHHBIN, 1
r=00;=0A= */TER, TO €CThb, d = @D.
O6o3HAYNM IUIOIAb ChEJEHHOTO KyCcKa Scr, So - WIoMmaab chipa (OKpyzKHOCTH ¢ 1teHTpoM O pajiu-
yca R), Sy - wromaab makMbImn (OKpyzKHOCTH ¢ 1ieHTpoM O pajuyca 1), Sap - MIOMALb MEHBITEro
KPYTOBOT'O CerMeHTa Chipa, orcedénnoro xopaoit AB. Torna:

S
Sckx = TM + San
g Sc — 2R?
AB 1
[Lnomanp ocTaBImerocss Kycka
S Sc — 2R? S, D?
Sox =Sc—25ck =So—2( 4+ ) = ZC L R2 5, = (f+1>R2—m2:32:—
2 4 2 2 4
Cheese

C
Pacmouse




Solution (ENG). There are two pacmouses, and they are honest and rational, which means that
one mouse has half a circle at its disposal (the second half is green in the picture above).
Let’s denote the diameter of the pacmouse d, the radius r, for cheese - D and R respectively. Pacmouse
is well-fed, so |AB| = d (A and B are the extreme points of the gnawed piece on the cheese crust).
We are interested in the maximum possible diameter, so we are interested in the case when the jaws of
the pacmouse closed in the center of the cheese (circle the radius r centered at point O; touched the
diameter C'D of the circle centered at point O). Then the triangle OO; A is rectangular isosceles, and
r=00,=0A= ‘/TQR, that is, d = ‘/7§D.
Let’s denote the area of the eaten piece Scg, Sc is the area of cheese (circles centered on O of radius
R), Sy is the area of pacmouse (circles centered on O of radius 1), Sap is the area of a smaller circular
segment cheese cut off by the chord AB. Then:

S
Sck = TM + SaB
B S — 2R?

Sap 1

The area of the remaining piece

o - SM Sc—2R2 _SC 2 _ s 2 2 2_D2
Sox = Sc — 25ck = Sc 2(7+T>—7+R SM—<§+1)R mr =R _T

Task 5.

1. Ileta n Butg urpaioT B Urpy, Mo ouepean 3aKparinBas B KIeTIaTOM KBajpaTe 7 X 7 M0 KJIeTOIKaM
pAMOYTOIBHUKI pa3dmepa 1 X 1, 1 X 2 n 2 X 2 kaxapiit B coit nper (y [lern — kpacubiii, y Butu —
3esenblii). [lepekparnmBarh KJIETKH HEJb3s1, H3HAYAIBLHO BCe HTDOBOE 016 Gesioe, He3ak paleHHoe.
Kto mHe MoxeT ciesaTh 04epeHON X0/, TOT HpourpbiBaeT. MoyKeT i KTO-TO U3 HUX OOECTIeYHnTh
cebe mobery He3aBHCHMO OT UI'PhI conepHuka? Kak emy ciemyer jgedcTBOBaThH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
u 2 X 2 in a checkered square of size 7 x 7. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

2. Ilers m Buta urpator B urpy, 1mo odepejau 3akpainmbBas B KjaeTdaroM kpajpare 10 x 10 mo kJje-
TOYKAM HPAMOYTOTBHUKY pasMepa 1 X 1, 1 X 2 u 2 X 2 kaxk/aplil B cBoii nuser (y I[leTw — KpacHsli,
y Buru — 3esensrit). IlepekpaimBarh KJIeTKH HeJIb3s, H3HAYAJIBHO BCe UTPOBOE MoJe besioe, Hesa-
KpamrerHoe. KTo He MOXKeT ¢ie1aTh ouepesHoll X0, TOT MpourphiBaeT. MoxKeT Jiun KTO-TO U3 HUX
obecrieanTth cebe mobey He3aBUCUMO OT UTPHI conepauKka? Kaxk emy cieayer neiicTBOBATEH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x2 n
2 x 2 in a checkered square of size 10 x 10. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

3. Ilera m Butg urpaior B UTpy, M0 OUepe/In 3aKpaliuBas B KJIeT4aToM KBajipaTe 9 X 9 1o kjaeToukam
IpAMOYTOTBHUKI pa3dmepa 1 X 1, 1 X 2 u 2 X 2 kaxapiit B coit uper (y [leru — kpacubiii, y Butu —
3esenblii). [TlepekpalmBarh KJIETKN HEJb3s1, H3HAYAIBLHO BCe HTDOBOE T0J1e GeJioe, He3aKk paleHHoe.
Kro e moxer cienarh ouepeHOi X0, TOT HpourpuiBaeT. Moxker i KTO-TO U3 HUX 0DECTIeYUTH



cebe mobery He3aBHCHMO OT UTI'phI conepHuka? Kak emy ciemyer meicTBOBaThH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
u 2 X 2 in a checkered square of size 9 x 9. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

4. llera n Butg urpaior B Urpy, 1o odepe/In 3aKpallinBasd B KJIeTIaToOM KBajIpaTe 8 X 8 M0 KJIeTOIKaM
PAMOYTOJIBHUKT pa3mepa 1 X 1, 1 x 2 u 2 X 2 kaxapiii B cBoit uper (y [leru — kpacusiii, y Butn —
3esteHblii). [lepekpainmmBars KJIETKN HeJIb3s1, H3HAYAJbLHO BCe HIDOBOE 11016 GeJioe, He3aK paleHHOe.
Kro e moxer caenarh ouepeHOi X0, TOT NpourpbuiBaeT. Moxker i KTO-TO U3 HUX 00ECIEeYUTH
cebe mobey He3aBUCHMO OT WTPHI conepauka? Kak emy cieayer jeiicTBOBATE?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
u 2 X 2 in a checkered square of size 8 x 8. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

Solution (RUS). Cwm. pemenne 3amaan Ne6 st 7 Kiiacca.
Solution (ENG). See solution of the task 6 for the 7th degree.

Task 6.

1. TlocaemoBarenbaocrs Muorowienos P,(x), rue n > 0 — nejoe 4ucio, 3ajana pekyppenrno: Py(x)
TOYKIeCTBEHHO paseH eaunnie (1o ectb Po(x) = 1), u P,yi(x) = 27D — P, (x) nns Beex n > 0.
st xakaoro n > 0 HaiiTu Bce BelecTBeHHbIe KOpHU P, ().

A sequence of polynomials P,(z) (for all integer n > 0) is given as Fy(z) = 1 and P,1(x) =
g7+ — P (z) for all n > 0. Find all real roots of P,(z) for an arbitrary integer n > 0.

2. TlocaenoBaTeIbHOCTb MHOTOWIEHOB P, (z), rae n > 0 — neJoe 4uciio, 3ajiana pekyppenTao: Py(x)
TOXKIECTBEHHO pabeH eaunuie (To ects Py(z) = 1), u P,yi(z) = 210+ — P, (2) nna Beex n > 0.
st kazxmoro n > 0 HaiiTu Bce BemecTBeHHBIE KOpHE P, (7).

A sequence of polynomials P,(z) (for all integer n > 0) is given as Py(x) = 1 and P,14(z) =
"+ — P () for all n > 0. Find all real roots of P,(z) for an arbitrary integer n > 0.

3. TlocaenoBarenbHOCTh MHOTOWIEHOB P, (2), rae n > 0 — 1nesoe dnciio, 3ajana pekyppenTao: Po(x)
TOWIECTBEHHO paen equnute (To ecth Py(z) = 1), n P,y (z) = 27+ — P, (2) ana seex n > 0.
Jis kazkmoro n > 0 maiitu Bce BemectBennbie Kopuu P, (z).

A sequence of polynomials P, (z) (for all integer n > 0) is given as Fy(z) = 1 and P,1(x) =
g7+ — P () for all n > 0. Find all real roots of P,(x) for an arbitrary integer n > 0.



4. TocnenoBarenbHocTh MHOTOWIEHOB P, (), Tae n > 0 — menoe 9ucyio, 3a1ana peKyppenTHo: Py(z)
TOXKICTBEHHO pasen ejunuie (1o ecrb Po(x) = 1), u P,y (x) = 2°0F) — P, (x) nas Beex n > 0.
Jnst xakaoro n > 0 HaiiTu Bce BerecTBeHHbIe KOpHE P, ().

A sequence of polynomials P,(x) (for all integer n > 0) is given as Py(x) = 1 and P,1(z) =
7"+ — P (z) for all n > 0. Find all real roots of P,(z) for an arbitrary integer n > 0.

Solution (RUS). (pemenne Bapuanta 1, ocTagbHbie DEITATCS aHAJTOIHYIHO)
OT/1eJIbHO PACCMOTPUM YeTHBLIC W HedeTHBIe 3HadeHus n > (.
ITycts n = 2k + 1 > 0 — npousBosibHOE HedeTHOe 1esioe. Torma muorowien P, (r) uMeer Bu z(
$7'2k+---+$7—1:ZEMk(m?—l)—l—---—}—(l’?—l):((E7—1)-(x14k—|—:l?14(k71)+---—|—:E14—i—1).
Jlerko 3amMeTuTh, YTO T = | — JIMHCTBEHHBIH KOpeHb 3Toro MHorodnena (T.k. r14% + oAt oy
1 +1 > 1 gy 1060ro BeecTBeHHOrO T).
[ycts n = 2k > 0 — nponssoabHOe weTHOE Heqoe. Toraa maorounen P,(x) nmeer sum a7 2k — p726=7 4
<o — 2" + 1. Jdoxaxem, uto ypasaenne ' 28 — xT2=T 4 ... — 27 + 1 = 0 He umMeeT perenuii B Bele-
CTBEHHBIX YHCJIAX.
JI1g 3TOro mpeamoaoKuM TPOTUBHOE, TO €CTh UTO €CTh TAKOe BEIIeCTBEHHOE YUCIO T, IS KOTOPOIO
BepHO paseHcTBO ' 2K — 2727 ... 2T 4+ 1 =0.
1) x ue moxer 6brTh < 0 wim > 1, T.K. a2k g T2k=T 4L

2k+1) _

— 2" 4+ 1> 1 ana Takux z.

2) Ecmmme 0 <o <1ua™ -T2 T4 ... 2T+ 1=0,710 (27— 1) (2" " +2"# 2 ... 42T = ~1u
g7 T2 40T = Lo CoieBa B 9TOM PaBEHCTBE CTOUT CyMMa KOHEMHOTO 1HCIIA SJICMEHTOB

reoMeTpHYecKoil Iporpeccu co 3HaMenaTeseM 0 < 2 < 1, a clpaBa CTOUT TIo/IHad cyMMa (GecKoHedHo-
o YHC/Ia 37eMEeHTOB) GeckoHeIHo yObiBalomeil nporpeccnu. PaBeHCTBO 9TUX CyMM HEBO3MOKHO. Taknu
06pa3oM, IIpe/IoaozKenne, 4To ypasaenne ' 2F — 72k=7 ... — 27 4 1 = 0 uMmeer pemreHne B Belie-
CTBEHHBIX YHCJAX BO BCeX CAydadX HpUBeIo Hac K mpormpopednio. CreqoBaTebHO, IPe/IIoa0KeHne
HEBEPHO, & YPaBHEHHe He HMeeT PelIeHHH B BeIIeCTBeHHBIX YHCJIaX.

BHauuT, 115 11060r0 HedeTHoro n > 0 MHorowIeH P, (x) IMeeT e IMHCTBEHHbIH BellleCTBeHHbIH (He KpaT-
HbI{1) KopeHb & = 1, a Jyist Jr060ro dernoro n > 0 muorowien P,(x) He uMeeT BeleCTBEHHBIX KOPHEN.

Solution (ENG). (solution of version 1, the others are solved similarly)
Separately consider the even and odd values of n > 0.
Let n = 2k + 1 > 0 be an arbitrary odd integer. Then the polynomial P,(x) has the form 27*+1) —
x7'2k—|—---+1‘7—1:ZEMk(CL’?—l)—f—---—I—(:{Z?—l):((E7—1)-(ZEMk—i—JEM(k*l)—|—---—}—:E14—1—1).
It is easy to notice that x = 1 is the only root of this polynomial (because z'4* 42141 ...y 1411 > 1
for any real x).
Let n = 2k > 0 be an arbitrary even integer. Then the polynomial P, (z) has the form z
... — 27 4+ 1. We prove that the equation z72* — 2727 4 ... — 27 + 1 = 0 has no solutions in real
numbers.
To do this, assume the opposite, that is, that there is a real number x for which the equality z"2* —
27T oo — 2T 41 =0 is true.

T2k _ T2k=T 4

1) o cannot be < 0 or > 1 because 72F — ™2*=7 ... — 27 + 1 > 1 for such z.
2)If 0 <z <land 2™ — ™27 4 ... — 2741 =0, then (27 — 1)(z"% 7+ 272 ... 4 27) = —1
and x72 77427272 .. 42" = L. On the left in this equation is the (finite) sum of the elements of

the geometric progression with the denominator 0 < x < 1, and on the right is the total (infinite) sum
of the progression. Equality of these amounts is impossible. Thus, the assumption that the equation
g7 — 72T 4 ... _ 27 4+ 1 = 0 has a solution in real numbers in all cases has inoculated us to a
contradiction. Therefore, the assumption is incorrect, and the equation has no solutions in real numbers.
Thus, for any odd n > 0, the polynomial P,(x) has a single real (non-multiple) root = 1, and for any
even n > 0, the polynomial P,(z) has no real roots.



10-12 degree

Task 1.

1. Tpeyroasauk AOB — paBaOOeApEHHBIN TPAMOYTOAbHBIN ¢ TuoTeny30i AB. Touku C' u D pacmo-
noxkenbl Ha orpe3kax AO, OB coorsercrBento tak, uro C'D || AB. Tocrpoen AC;0 Dy, paBHbiit

tpeyrosbauKy COD, npudem Touku A, CY, Dy JiexkaT Ha OTHON IPAMOA B YKAa3aHHOM HMOPSIIKE.
Beraucianre miomans AAD B, eciu AB =12,CD =T17.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB=12,CD =1.

Answer: 23.75

2. Tpeyrospauk AOB — paBHoGeapeHHbBI NPIMOyTOabHBI ¢ runoTeny30it AB. Touku C'u D pacmo-
noxkenbl Ha orpe3kax AO, OB coorsercrBento tak, uro C'D || AB. Tlocrpoen AC;0 Dy, paBHbiit

tpeyrosbauKy COD, npudem Touku A, CY, Dy JiexkaT Ha OTHON IPAMOR B YKAa3aHHOM HMOPSIIKE.
Beraucinre miomans AAD B, eciu AB =10,CD = 9.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =10,CD = 9.

Answer: 4.75

3. Tpeyrospauk AOB — paBHoGeApeHHbBI NPIMOyTOabHBI ¢ runoTeny30it AB. Touku C'u D pacmo-
noxkenbl Ha orpe3kax AO, OB coorsercrBento tak, uro C'D || AB. Tloctpoen AC;0 Dy, paBHbli

tpeyrosabauKy COD, npudem Touku A, CY, Dy JiexkaT Ha OTHON IPAMOR B YKAa3aHHOM HOPSIIKE.
Boraucianre miomans AAD B, eciu AB = 15,CD = 4.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =15,CD = 4.

Answer: 52.25

4. Tpeyrompauk AOB — paBrobeaApeHHBI MPsiMOYTOMbHBIH ¢ runoTeny30it AB. Touku C'u D pacmo-
noxkenbl Ha orpe3kax AO, OB coorsercrBerto tak, uro C'D || AB. Tlocrpoen AC;0 Dy, paBHbli

tpeyrosabauKy COD, npudem Touku A, CY, Dy JiexkaT Ha OTHON IPAMOA B YKa3aHHOM HOPSIIKE.
Beraucianre miomans AAD B, eciu AB = 16,CD = 13.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to



triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =16,CD = 13.

Answer: 21.75

Solution (RUS). Cwm. perenne 3amaan Ne3 st 8-9 k.
Solution (ENG). See solution of the task 3 for 8-9 degree.

Task 2.

1. Cama, nama u feaynika TyJIS0T B MapKe O 3aMKHYTO# J0pokKe aauHbl 6 kM. Carnra eer Ha Be-
JIOCHIIEJIE CO CKOPOCTBIO Hv, Iama 0eKUT TPYCIOoil O CKOPOCTBIO 2v, JIeJIYIIKA HAET IPOryJI0UHBIM
IIArOM €O CKOpPOCTBIO v. Callla U Mana HavdaJud IyTh OJHOBPEeMEeHHO ¢ TOUYKH «CTapT», a JeIyIika
B 9TOT MOMEHT OTCTaBaJ OT HUX Ha paccrosuue d > 0. Haiiiure HauMenbInee d, Ipu KOTOPOM BCe
tpoe — Carra, mana u jeayiika — BCTPETITCs B OAHONH Touke. OTBET BBIPA3UTE B KIJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 6 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 2

2. Camra, nmama u Jejylika I'yJIsSiOoT B apKe [0 3aMKHYTOR Jopoxkke uHbl 9 KM, Calra eger Ha Be-
JIOCHTIEJIE CO CKOPOCTBIO S, TMama OeKUT TPYCIOil O CKOPOCTHIO 2v, AeAYIIKA HAET IPOrYI0UHBIM
IAroOM €O CKOpOCThIo v. Callla U mama HavaJ i IyTh OJHOBPEMEHHO ¢ ToukH «CTapTy, a JeyIinka
B 9TOT MOMEHT OTCTaBaJI OT HUX Ha paccroguue d > (. Haiigure nanumenbIee d, 1pu KOTOPOM BCe
tpoe — Callra, narma u jejIyliKa — BCTpPeTaTcsd B oaHoi Touke. OTBET BbIPA3UTE B KUJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 9 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 3

3. Carrma, nama u fejyIika Iy/asioT B TapKe 110 3aMKHYTOH JopozKKe Jauubl 4.5 kM. Carrna efer Ha Be-
Jlocunesie CoO CKOPOCTBIO H, Tama 0eKUT TPYCIOil CO CKOPOCTHIO 2v, JEJIYIIKA UAET MPOrYJI0YHBIM
IIaroM co cKOpocThio v. Callla u nana Ha4aJd IyTh OJHOBPEMEeHHO ¢ TOUku «CTapTy, a JeyIiKa
B 9TOT MOMEHT OTCTaBaJ OT HUX Ha pacctossHue d > (. Haiinute HanMenbiee d, mpu KOTOPOM Bce



tpoe — Calla, mama u JeAyIKa — BCTPeTITcs B 0aHOi Touke. OTBET BBIPA3UTE B KUJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 4.5 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 1.5

4. Camra, nana u jiejJIyIKa I'yasioT B IapKe 0 3aMKHYTOR JIOpOzKKe JUIHHBL 7.5 KM. Calira eieT Ha Be-
JIOCHIIEJIE CO CKOPOCTBIO Hv, IMama 0eKUT TPYCIOoil O CKOPOCTHIO 2v, JIEAYIIKA HAET IPOryJI0UHbIM
IIATOM CO CKOpPOCThIO v. Callla U Mama HavdaJId IyTh OJHOBPEeMeHHO ¢ TOUuKH «CTapT», a JeayIka
B 9TOT MOMEHT OTCTaBaJ OT HUX Ha paccroguue d > (. Haiiqure naumenbIee d, npu KOTOPOM BCe
tpoe — Carrra, namna u AegaylnKa — BCTPeTITcs B 0aHON Touke. OTBET BRIPA3UTE B KUJIOMETDAX.

Alex, his dad and his grandfather are walking in a park along a round path 7.5 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 2.5

Solution (RUS). Cwm. pemenue 3amaan Ned s 7 K1
Solution (ENG). See solution of the task 4 for 7th degree.

Task 3.

1. B xaxnayio kiaetky Tadsuib 100 X 100 BHECaHO 9MCJI0: B BEPXHEM PSILY CJIeBa HAIIPABO B IMOPSIKE
BO3pacTaHMs 3aIMCAHBI BCe HATYpadbHble uncia oT 1 1o 100, Bo BTOpoM psiay CBepXy B MOPSIKe
BO3pacTaHus CJI€BA HAIIPABO 3alIUCAHbl BCe YéTHbIE yncja or 2 j10 200, u Tak jaJjee — B k-0if cBepxy
CTPOKE B TOpsJIKe BO3pacTaHus CjeBa HAIPaBO 3anucanbl yucia k, 2k, 3k, ..., 100k. Paccmorpum
JIMaroHaJib, Koropas HAET U3 HUXKHEro JIeBOTO yIJia B HpaBblil Bepxuwmii. Haiiaure nambosibiree
9HUCJIO, 3allMCAHHOE B HEH.

Each cell of the table 100 x 100 has a number: the first row has all positive integers from 1 to
100 in ascending order, the second row has all the even numbers from 2 to 200, and further on —
k-th line has numbers k, 2k, 3k, ..., 100k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 2550



2. B kaxayo kiaerky Ttadaunbl 200 X 200 BIECcaHO YUCTIO0: B BEPXHEM PsIIy CJI€Ba HAPABO B HOPSIIKE
BO3paCTaHUs 3alllCaHbl BCe HATypasabHble uyncaa oT 1 10 200, BO BTOPOM psjiy CBEPXY B HMOPSJIKE
BO3paCTaHUs CJI€BA HAIPABO 3aITUCAHBI BCe YéTHBIE Ynca oT 2 1o 400, u Tak jgajee — B k-0ii cBepxy
CTPOKE B TIOPsiJIKe BO3pACTaHUs CJeBa HANPABO 3anucanbl uucia k, 2k, 3k, ..., 200k. Paccmorpum
JIMaTOHAJIb, KOTOpas WAET W3 HUYKHErO JIeBOTO VIVIa B MpaBblii BepxHuil. Haiinure manbdombiiee
4HCJIO, 3allMCAHHOE B HEM.

Each cell of the table 200 x 200 has a number: the first row has all positive integers from 1 to
200 in ascending order, the second row has all the even numbers from 2 to 400, and further on —
k-th line has numbers k, 2k, 3k, ..., 200k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 10100

3. B kaxayo kiaeTky Tadaunbl 150 X 150 BOrcaHO YHCTI0: B BEPXHEM PsIIy CI€Ba HANPABO B MOPSIIKE
BO3paCTaHUs 3alHUCAHBl BCe HATypaabHble uyncaa oT 1 10 150, BO BTOpOM psiy CBEPXY B MOPSIKE
BO3paCTaHUs CJI€BA HAIPABO 3aITUCAHBI BCe YéTHBIE Ynca ot 2 j1o 300, u Tak jgajee — B k-0ii cBepxy
CTPOKE B IIOpsiJIKe BO3pACTaHus CJeBa HAIPpaBO 3amucanbl aucaa k, 2k, 3k, ..., 150k. PaccMorpum
JIMaroHaJib, Koropas HAET U3 HUXKHEro JIeBOTO yIJia B HpaBblii Bepxuwmii. Haitaure naubdosibiree
9HUCJIO, 3alIMCAHHOE B HEM.

Each cell of the table 150 x 150 has a number: the first row has all positive integers from 1 to
150 in ascending order, the second row has all the even numbers from 2 to 300, and further on —
k-th line has numbers k, 2k, 3k, ..., 150k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 5700

4. B kaxayio kjaerky radsuibl 250 X 250 BimcaHo 4ucJio: B BEPXHEM Psijly CJieBa HAlPaBO B HOPSIKE
BO3paCTaHNs 3alNUCAHBl BCe HATYypaabHble uncaa OT 1 10 250, BO BTOPOM psly CBEPXY B MOPSIIKE
BO3paCTaHUs CJI€BA HAIPABO 3aITUCAHBI BCe Y€THBIE Yncsa ot 2 j1o 500, u Tak jgajee — B k-0ii cBepxy
CTPOKE B IIOpsJIKe BO3pACTaHUs CJeBa HAIPABO 3alucanbl auciaa k, 2k, 3k, ..., 250k. PaccMorpum
JIMaroHaJib, Koropas HAET U3 HUXKHEro JIeBOTO yIJia B HpaBblii Bepxuwmii. Haitaure nambdosibimee
9HUCJIO, 3alIMCAHHOE B HEM.

Each cell of the table 250 x 250 has a number: the first row has all positive integers from 1 to
250 in ascending order, the second row has all the even numbers from 2 to 500, and further on —
k-th line has numbers k, 2k, 3k, ..., 250k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 15750

Solution (RUS). Cwm. perenne 3amaan Ne2 st 8-9 k.

Solution (ENG). See solution of the task 2 for 8-9 degree.



Task 4.

1. Pon Yu3au moB3pocsies U MOHAT, UTO B XOTI'BApTCe OH U3YIUI Maruio, HO He H3YIUJI MaTeMaTUKH.
3yuenne MaTeMaTHKK OH HAYAJ ¢ TEOPHU MHOYKECTB U HATYPAJBbHBIX dnces (BKI0UYas ducio ().
[TepBbIM J1€/10M OH 33JIyMaJICs, KaK LPEJICTAaBUTh HATYPAJIbHbIE YMCJIa MHOKECTBAMU.

Pon paccyzxpan caemayionumM oOpa3oM: HOJb €CTECTBEHHO TPEJICTABIATH MYyCTBIM MHOXKECTBOM
(). Hy a ecom mias Kakoro-mmOo HaTypasJbHOro uuciaa n > 0 mpeacraBieHme 3TOro dmcaa A,
y2Ke TOCTPOEHO, TO TOMpo0yeM IpeJCTaBUTh cieayioriee quciao (n + 1) mHOXKecTBOM A, 11 =

{An, {An}}

Pon Yusiu He MOJEHUICS ¥ BBITUCAT MPEJICTABICHNE TpeX NepBhiX (HaunHas ¢ ) HATYPATHHBIX

quceJI:
[ AO = @7
o Ay ={0,{0}};

o Ay ={{0,{0}}, {{0,{0}}}}.

Pon 3amern, aro muoxkectBo Ay 3amuceiBaercss 1 cuMBooM, MHOXKecTBO A; — 7 cumBoamu,
MHOKeCTBO As — 19 cuMmBoaMu. A CKOJIBKO CHMBOJIOB TpebyeTcs sl 3alucu MHOXKecTBa, A77

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set 4,11 = {A,, {A.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° Ao = @;
o A ={0,{0}};
o Ay ={{0,{0}}, {{0,{0}}}}.

Ron noticed that the Aj set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set A7

Answer: 763

2. Pon Yusjm noB3pocsies 1 noHsJ1, 4T0 B XOrBapTCe OH U3YUH/ MAruio, HO He U3Y4H/I MaTeMAaTHKH.
l3yuenne MaTeMaTHKK OH HAYaJ C TEOPHU MHOYKECTB U HATYDAJIbHBIX dnces (BK/IOUYas aucio 0).
[lepBbIM f1e710M OH 33/ IyMaJiCsd, KaK IpPe/ICTAaBUTh HATYpaJbHBIE YHCJIa MHOKECTBAMU.

Por paccyxman ciaenyromum o0pa3oM: HOJMb €CTECTBEHHO IPEICTABIATH MYyCTBIM MHOXKECTBOM
(. Hy a ecm pna Kakoro-nmmbo HaTypaabHOTo uuciaa n > 0 mpeacrapieHme 3Toro dmena A,
yZKe [OCTPOEHO, TO HoHpodyeM HpejicTaBuTh cjieiyomiee ducyao (n + 1) muoxecrBom A,y =
{An (A}

Pon Yusiu He MOJEHNJICSA W BBITTHCAT PeJICTaBIeHNe TPeX MepBhiX (HaunHas ¢ 0) HATYpaThbHBIX
YHUCEJT:

o Ay =10
o A ={0,{0}}
o Ay ={{0.{0}},{{0,{0}}}}.



Pon 3amernn, 9To MHOXKECTBO Ay 3alUCHIBAETCS 1 CHMBOJIOM, MHOXKECTBO A; — 7 CHMBOJIAMHU,
MHOKECTBO As — 19 cumBoiamMu. A CKOJIBKO CHMBOJIOB Tpebyercs st 3amucu MHOZKecTBa Ag?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, = {A4,,{4.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AO = @;
o A ={0,{0}};
o Ay = {{0,{0}},{{0.{0}}}}.

Ron noticed that the Aj set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set Ag?

Answer: 1531

. Pon ¥Ywmszmm nmos3pocien u moHs 1, 9TO B XOorBapTce OH U3YUHI MAruio, HO He U3YUUI MaTeMATHKH.
N3yuenne MaTeMaTHKK OH HAYaJl ¢ TEOPHU MHOYKECTB U HATYDAJIbHBIX dncest (BKJO4Yas ducio 0).
[TepBbIM J1€/10M OH 33/ TyMAJICs, KaK MPEJICTABUTDL HATYPAJIbHBIE YHCIa MHOKECTBAMU.

Pon paccyzxpau ciaeayionumM o0pa3oM: HOJb €CTECTBEHHO TPEJICTABIATH MYyCTHIM MHOXKECTBOM
(). Hy a ecm mag Kakoro-1mbo HaTypasJbHOro uuciaa n > 0 mpeacTaBiIeHEe 3TOro dmenaa A,
yZKe MOCTPOEHO, TO MOHPOOyeM MpeJICTaBUTh ciaemyiomniee ducyao (n + 1) MHOKecTBOM A, 41 =
{An {Au}}.

Pon Yusiu He MOJEHNIICA M BBIIHCA [IPEJCTABICHIe TPeX MepBuiX (HaunHas ¢ 0) HATYpaIbHBIX
YHCeJL:

° AO = @;
o Ay ={0,{0}};
o Ay ={{0,{0}}, {{0,{0}}}}.

Pon 3ameTni, 9T0 MHOXKECTBO Ay 3amuchiBaeTcs 1 CHMBOJIOM, MHOXKecTBO A; — 7 cuMBoJIaMmu,
MHOKECTBO Ay — 19 cuMBoIaMu. A CKOJIBKO CHMBOJIOB TpeOyeTcs sl 3alliCH MHOXKecTBa, Ag?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, 1 = {A4,,{A.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AQ = @;
o A ={0.{0}}
o Ay ={{0, {03}, {{0,{0}}}}.



Ron noticed that the Ag set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set Ag?

Answer: 3067

4. Pon Yu3um MoB3pocyes U MOHsT, YTO B XoTrBapTce OH U3YUHUJI Maruio, HO He U3YUUI MaTeMATHKH.
3yuenne MaTeMaTHKK OH HAYAJ ¢ TEOPHU MHOYKECTB U HATYPAJbHBIX dnces (BKI0UYas duco ().
HepBbIM AeJIOM OH 3adyMaJiCd, KaK HIPEACTaBUThL HATYypPaJIbHbIC YUCJ/Ia MHO2KECTBAMU.

Pon paccyzxpan caeayionumM oOpa3oM: HOJb €CTECTBEHHO TPEJICTABIATH MYyCTBIM MHOXKECTBOM
(). Hy a ecom mas Kakoro-mmOO HaTypaJbHOro uuciaa n > 0 mpeacraBieHme 3TOro dmcaa A,
y2Ke TOCTPOEHO, TO TOMpo0yeM IMpeJCTaBUTh cieayioriee qucio (n + 1) mHOXKecTBOM A, =

{An, {An}}-

Pon Yusiu He MOJEHWICS W BBITUCAT MPEJCTABICHEE TPeX NepBuiX (HaunHas ¢ ) HATYDATHHBIX

quceJI:
[ AQ = @7
o Ay ={0,{0}};

o Ay ={{0,{0}}, {{0,{0}}}}.

Pon 3amern, aro muoxkectBo Ay 3amuceiBaercss 1 cuMBooM, MHOXKecTBO A; — 7 cumBoamu,
MHOKeCTBO As — 19 cuMmBoaMu. A CKOJIBKO CHMBOJIOB TpebyeTcs sl 3alucH MHOXKecTBa, Ag?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set 4,11 = {A,, {A.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AO = @;
o Ay ={0,{0}};
o Ay ={{0,{0}}, {{0,{0}}}}.

Ron noticed that the Aj set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set Ag?

Answer: 379

Solution (RUS). IlycTh a,, - KOJTMYECTBO B CAMBOJIOB B 3amucu A,,.
Jnst magasaa paceMoTpuM HhOPMYILY IS Gp 4o = 1(OTKpBIBaomias cKoOKa) + a,.1 + 1(3ansaras) + 1(or-
KpBIBaOIasi CKOOKa) + a,11 + l(3akpeiBaioniasa ckoOka)+ 1(3akpbiBatomias cKoOKa) = 2a,41 + 5 =
2(2a, +5)+5 =2%a, +2'-5+2°-5=2%(2a,_1 +5)+2"-5+2°.5=2%, ; +22.5+2'.54+20.5 =
23a,_1 + 5%(cyMMa reOMeTPHYECKON MPOTPECCHH).
Ha sTOM 0CHOBAHMH MOXKHO BBIABUHYTH THIOTE3Y:
dopmyiia jiuist 00IIEro 4jieHa MOC/Ie/I0BaTe/IbHOCTH UMeeT JIJINHY a, = 2"ag + 52;__11 =6-2"-5

JTokazkem 31y hbopmysy unaykmnuei mo n > 0.




Baza unaykunu: ap =1 =6-2° -5

[Tpeamonoxkenne nHgyKIMA: a, = 6 - 2" — 5

[MTar uaayKIUU: Gy :2an—|—5:2-(6-2”—5)+5:6-2”+1—1O+5:6-2”+1—5
Takum obpasowm, a, = 6 - 2" — 5.

Solution (ENG). Let a,, be the number of characters in the entry A,.
To begin with, consider the formula for a, o = 1(opening curly brace) + a,41+1(comma) + 1(opening
curly brace) + a,41 +1(closing curly brace)+ 1(closing curly brace) = 2a,41 +5 = 2(2a, +5) +5 =
22a, + 2154205 = 22(2a,_, +5) + 2" cdot5+2°-5 = 2a,_y +22-5+2'-5+20-5 = 23a,_, +52=L(
the sum of the geometric progression).
On this basis, we can hypothesize:
formula for a common term of a sequence has length a,, = 2"ag + 522":11 =6-2"—-5
Let’s prove this formula by induction on n > 0.
Induction base: ap=1=6-2°—5
Induction assumption: a,, = 6-2" — 5
Induction step: a,41 = 2a, +5=2-(6-2"-5)+5=6-2""1 —10+5=6-2""1 -5
Thus, a, =6-2" — 5.

Task 5.

1. Pemmute AJId ITOJIOZKHUTEJILHBIX BEIIICCTBCHHDBIX T

% =100

Solve for real z > 0:
2" =100

2. Pemmure JJIA TTOJIOZKUTEJIBHBIX BCIICCTBCHHBIX T:

2% =144

Solve for real z > 0: ‘
2 = 144

3. PeH_H/ITe AJIAd ITOJIOZKUTECJIBHBIX BCIICCTBCHHDBIX T:
:Z?3
¥ =729
Solve for real x > O:
3
¥ =729
4. PeH_H/ITe AJI14d ITOJIOZKUTECJIBHBIX BCIICCTBCHHDBIX T:

2° =196

Solve for real z > 0:
2% =196

Solution (RUS). (pemenne BapuanTa 1, 0CTaJIbHBIE PEITAIOTCS AHAJTOTHYIHO)
Pacemorpum dyukiuo f(x) = x¥ i BEIIECTBEHHBIX T U JIOKAYXKEM, Y4TO OHA MOHOTOHHO BO3PacTaer
npu z > 1. Utax, f/(z) = (2%) = (*"%) = 0% . (Inz + 1). Jlng > 1 nmeem Inx > 0 > —1, orkyza
f'(x) > 0, u3 gero caemyer MOHOTOHHOe Bo3pactanue f(x) mis x > 1.



Bamernm, uto mpu 0 < z < 1 dyukuus f(x) npuHEMaeT 3HAYEHUs, He TpeBocxojsiue 1 (Iuci0, MeHb-
mree 1, BO3BOAMTCS B MOJIOKUTEIbHYIO cTenenb). 13 Becero ckazannoro ciemyer, 4ro ypasaenue f(z) = a
nMeeT He GoJIee OJHOTO TOJOKHTEILHOTO KOPHS IIpU a > 1.

Tenepsb peutnnm ypasrenne z° = 100, cauaia npeobpasosas ero K puay (z% )% = 100° = 100 =
(25)*" = 100 = f(2°) = 10'° > 1 jus1 BBeeHHOMN panee bYHKIWME f (). 3aMETHM, 4TO 3TO ypABHEHNE
umeer Kopenb T = v/10, upu 3ToM (COLJIACHO JIOKA3aHHOMY BbILIE) JIPYIHX T10JI0ZAKUTE/ILHBIX KOPHEd y
HETO HET.

Solution (ENG). (solution of version 1, the others are solved similarly)
Consider the function f(z) = x® for real x and prove that it is monotonically increasing for x > 1. We
have f'(z) = (z%) = (e*"®) = ¢*® . (Inz + 1). For > 1 we have Inz > 0 > —1, whence f'(x) > 0,
which implies the monotonically increasing of f(x) for x > 1.
Note that for 0 < z < 1 the function f(z) takes values not exceeding 1 (a number no bigger than 1
is raised to a positive power). It follows from the above that the equation f(z) = a has at most one
positive root for a > 1.

Now lets solve the equation z*° = 100 by first converting it to the form (z*°)® = 100° = 10'° =
(z5)*" =10 = f(2%) = 10'° > 1 for the previously defined function f(z). Note that this equation has
a root x = v/10, while (according to what has been proven above) it has no other positive roots.

Task 6.

1. B maremarndeckoii jaboparopun cTostaia O60JbINas Tapeaka, KOTOPY COTPYAHUKNA PEITuin mpe-
BPATHTL B apT-O0BEKT: OHU OTMETUIM YEPHBIM MapkKepoMm 20 TOYeK, a 3aTeM, BOOPYKHUBIIHCH
IBETHBLIMH MapKepaMH IISITH IIBETOB, COSIMHMIIN KayKIAYI0 Iapy TOYEK JIMHHEH OJHOr0 U3 ITUX
usiTH 1BeToB. /loKazKuTe, 9T0 HA 3TOM apT-00bEeKTe MOXKHO CT€PETh BCE JIMHUH KAKOI'0-TO OJHOTO
1BeTa TakK, 9T00bl OT JIF0OOH OTMEYEHHON TOYKHU BCE eIlé MOYKHO ObLIO /100paThcd 10 J000i Apy-
roit, IBUTasgCh BJIOJb OCTABIINAXCA JIMHAN.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 20 points with a black marker, and then, using five colored markers,
connected each pair of points with a line of one of these five colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

2. B maremaTudeckoii jabopaTopuu cTossia O0JbIIas Tapeaka, KOTOPYIO COTPYIHUKH PEIIIn Hmpe-
BpaTuTh B apT-00beKT: OHM OTMETH/IM 4€PHbIM MapkepoMm 30 TOYek, a 3areM, BOOPYKHBIINUCH
IBETHBIMHA MapKepaMu YeThiPexX MBETOB, COJIMHMIN KaK/IVIO Mapy TOYeK JIMHUEH OTHOTrO U3 ITUX
qeThipex 1BeToB. JlokayKuTe, 9TO Ha 3TOM apT-00bEKTe MOXKHO CTEPETh BCE JIMHUNA KAKOTO-TO O/I-
HOT'O IIBeTa TaK, YTOOBI OT JII00O0 OTMEUYEeHHON TOYKK BCE eIné MOKHO OBLIO J100paThCs 10 1000t
APYIO#, NBUTAACH BJIOJIb OCTABIINXCS JIMHUM.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 30 points with a black marker, and then, using four colored markers,
connected each pair of points with a line of one of these four colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

3. B maremarudeckoii jaboparopuu cTosijia 60JbIIas Tapeaka, KOTOPYIO COTPY/IHUKHU PEITuan Mpe-
BPATUTHL B apT-O0'bEKT: OHU OTMETUIU YEPHBIM Mapkepom 40 Todek, a 3aTeM, BOOPYKHUBIIHCH



IBETHBIME MapKepaMu IIEeCTH IBETOB, COCIMHHIN KarxKIyIO Iapy TOYeK JHHHEH OTHOrO M3 ITUX
mectu 1BeToB. /loKazkuTe, 9TO HA 3TOM apT-00'beKTe MOYKHO CTEPEeTh BCE JMHUU KAKOI'0-TO OJ[HO-
ro npera Tak, 9Tobbl OT JII0OON OTMedeHHOIl TOYKM BCE elé MOYKHO ObLI0 100paThes J10 J11000it
JAPYyTON, ABATAACH BAOJIb OCTABIINUXCA JIMHUNA.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 40 points with a black marker, and then, using six colored markers,
connected each pair of points with a line of one of these six colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

4. B maremaTndeckoil JtaDopaTopun CTOsIa OOJIbINas Tapeaka, KOTOPYI COTPYAHUKU PEITHIn Ipe-
BPATHTH B apT-O0bEKT: OHU OTMETHIN JYEPHBIM MapkepoMm H0 TOUeK, a 3aTeM, BOOPYKHBINHCH
IBETHBLIMH MapKepaMH TpeX I[BETOB, COCIMHHIN KaxKIyI0 Hapy TOYeK JIMHHEH OJHOI0 M3 ITUX
Tpex 1BeToB. JloKaxKuTe, 9T0 Ha ITOM apT-00beKTe MOXKHO CTE€PETh BCE JTUHUU KAKOI'O-TO OTHOIO
1BeTa TakK, 9To0bl OT JII0OOH OTMEYEHHON TOYKHU BCE €I1é MOYKHO ObLIO j100paThcs J10 JII000# JApy-
roit, IBUrasgch BJOJb OCTABIIAXCA JIMHANA.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 50 points with a black marker, and then, using three colored markers,
connected each pair of points with a line of one of these three colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

Solution (RUS). (pemenne BapuanTa 1, 0CTaJIbHBIE PEITAIOTCS AHAJTOTHYIHO)
Pacemorpum nmpousBoabable 4 nBera u3 ngatu. [lareiit nser HazopéMm nper A. Ilepexkpacum nmuHun, mpo-
BeJIEHHBIE KaK/IbIM U3 BHIODAHHBIX YeTHIPEX IIBETOB B HEKOTOPBIN HOBBIH 1BET, KOTOPHIH HA30BEM I[BET
B u 6yiem n0ka3piBaTh 33149y U3 YCJIOBUA IS JIBYX IIBETOB.
OrMedyeHHBIE TOYKH OyJeM HA3bIBATH BEPIIMHAMU, a JHHUH, COCJUHSIONIAE Mapbl TOYEK - pPEOpaMu.
[IycTh HeBepHO, UTO KaxK[Ias BepINMHA COeIHHEeHa ¢ JIIobOoi apyroi HeKOTOpeIM IyTéM mBeta A. Torma
€CTh KOHKPETHbBIE JIBe BEPIIUHBI U1 H Vg, KOTOPbIE HE COCIMHEHBI HH OJHUM IIYTEM IEJIUKOM COCTOAIIAM
u3 pébep nBera A. [lycrs Torma V) - 310 Tpymnna Bcex BEPIINH, B KOTOPbIE MOYKHO MOMACTH U3 U] TOJIBKO
no pébpam nBera A, a V5 - ocTasibHBIE BEPIUHBI, TO €CTh Te, J0 KOTOPHIX MO pédpam mBerta A u3 v
HOIIACTh HeBO3MOXKHO. Torja Jierko BUJIETH, YTO, BO-IIEPBBIX, Up IPUHAJIEKUAT V), & Uy IPUHAIIEIKUT
V5. Bo-Bropeix, u3 Vi B Vo He maér HE OmHOrO pedpa msera A, mHade Vi COAEPKUT HE BCe BEPIIHHBI,
KOTOPBIE JIOJNKHA COJEPXKATH 10 OMpejieeH o (KOTOpBIe JOCTHKUMBL 10 pébpam 1msera A uz v;). Ho
rpyuibl Vi u Vo BMecTe cOCTaB/IsIIOT BCe BEPIIWHBI, 00€ 3TU JiBe IPYIIIbI HEILYCThI, a TaKKe Bce pEdpa
MeZK/ly BePITHHAME 3THX TPYII (KOTJa O/{HA BEPITHHA W3 OJHOI TPYIIIbI, & Apyrasi - U3 APYroil) UMerT
nser B.
Toryma 09eBUIHO, YTO JHOOBIE JIBe BEPIIMHBI CBSI3aHBI APYT ¢ APYroM myTéM mnseta B (mpudém cocrost-
muM He 6oJiee 4eM u3 JBYX pébep), 9To U TpeGOBAIOCH JOKA3AT.

Solution (ENG). (solution of version 1, the others are solved similarly)

Consider arbitrary 4 colors out of five. The fifth color will be called the color A. We will recolor the
lines drawn by each of the selected four colors into some new color, which we will call the color B and
we will prove the problem from the condition for two colors.

The marked points will be called vertices, and the lines connecting pairs of points will be called edges.
Suppose it is not true that each vertex is connected to any other by some path of the color A. Then
there are specific two vertices v; and vy that are not connected by any path consisting entirely of edges
of the color A. Let then V) be the group of all vertices in which can be reached from v; only by the



edges of the color A, and V5 are the other vertices, that is, those that cannot be reached by the edges of
the color A from v;. Then it is easy to see that, firstly, v; belongs to Vi, and vy belongs to V5. Secondly,
not a single edge of the color A goes from Vi to V5, otherwise V; does not contain all the vertices that
it should contain by definition (which are reachable by edges of the color A from v;). But the groups V3
and V5 are together make up all the vertices, both of these two groups are non-empty, as well as all the
edges between the vertices of these groups (when one vertex is from one group and the other is from
another) have the color B.

Then it is obvious that any two vertices are connected to each other by a path of color B (and consisting
of no more than two edges), which was required to be proved.



