7" degree

Task 1.

1. Xpowmast 1a/bst (MOXKeT MepeIBUraThCsl 0 TOPH3OHTANN WM BEPTUKAJH, HO TOJIBKO HA OJIHY KJIeT-
Ky 3a XOJ), HAXOJSICh B YEPHOil KJIeTKe, MIHOBEHHO MEePEeKPAIIUBAET BCe COCEe/HIe Oesible KJIETKH
B Kpacublil 1ieT. Kakoe HauboJibiiiee 4uc/io KJIeTOK OECKOHEYHON MaxXMaTHON JIOCKU MOYKHO Iie-
peKpacuTh B KpacHbIil npet, caeaas 40 xomo0B XxpoMoii Jaapeii? M3HavaabHO XpoMas Ja/ibsd HaX0-
anaach B 0eoil KiIeTke.

A lame rook (can move horizontally or vertically, but only one square per move), being in a black
cell, instantly repaints all adjacent white cells into red color. What is the largest number of squares
on an infinite chessboard that can be repainted with red by making 40 moves with a lame rook?
Initially, the lame rook was in a white square.

Answer: 61

2. Xpomast ajibst (MOKET MepeIBUTATHCS 10 TOPU30HTAJM WM BEPTUKAJIH, HO TOJTHKO HA OJ[HY KJIeT-
Ky 3a XOJ), HAXOJSICh B YEPHOil KJIeTKe, MTHOBEHHO MEePEKPAIUBACT BCe COCENHIe Oesible KJIETKH
B Kpacublil 1iBeT. Kakoe nambosibiiiee 4ucjio KJAeTOK OECKOHEYHOH MaXMaTHON JIOCKU MOYKHO Iie-
peKpacuTh B KpacHbBI npeT, caeaan 50 Xom0B XpoMoii aaapeii? M3HavaabHO XpoMas Ja/ibsd HAX0-
auaach B 0es10il KIIeTKe.

A lame rook (can move horizontally or vertically, but only one square per move), being in a black
cell, instantly repaints all adjacent white cells into red color. What is the largest number of squares
on an infinite chessboard that can be repainted with red by making 50 moves with a lame rook?
Initially, the lame rook was in a white square.

Answer: 76

3. Xpomast ajibst (MOKET MepeIBUTATHCS 10 TOPU3OHTAJIM WM BEPTUKAJIU, HO TOJTHKO HA OJ[HY KJIeT-
Ky 3a XOJI), HAXO/SICh B YePHON KJIEeTKe, MIHOBEHHO MEPEKPAIUBACT BCe COCenHme Gesble KJIeTKH
B Kpacublil 1iBeT. Kakoe nHambosibiiiee 4uc/i0 KJAETOK OECKOHEYHOH MaxMaTHON JIOCKU MOYKHO Iie-
pPeKpacuTh B KPACHBIH IBET, ¢aeaan 45 X0I0B XpoMoii Jaapeii? V3HavaabHO XpoMas Ja/ibsd HaX0-
nuiach B 0es10il KIIeTKe.

A lame rook (can move horizontally or vertically, but only one square per move), being in a black
cell, instantly repaints all adjacent white cells into red color. What is the largest number of squares
on an infinite chessboard that can be repainted with red by making 45 moves with a lame rook?
Initially, the lame rook was in a white square.

Answer: 70

4. Xpomas najibst (MOKET MepeIBUraThCs 110 TOPU3OHTAM WJIH BEPTUKAJIN, HO TOJHKO HA OJHY KJIeT-
Ky 3a XOJ), HAXOJsICh B YePHOil KJIeTKe, MITHOBEHHO HEPEKPAINBACT BCEe COCE/IHIEe Oesible KJIETKH
B KpacHbIil 1iBeT. Kakoe Hanbosibiliee 4nCjI0 KJA€TOK OECKOHEYHON IMaxXMaTHONW JOCKH MOYKHO Ie-
pPEKpacuTh B KPACHBIH IBET, ¢AeaaB 57 XOI0B XPOMOoil Jaabeiit! M3HavaabHO XpoMas J1a/Ibsd HAX0-
nuiach B 0es10il KIIeTKe.

A lame rook (can move horizontally or vertically, but only one square per move), being in a black
cell, instantly repaints all adjacent white cells into red color. What is the largest number of squares



on an infinite chessboard that can be repainted with red by making 57 moves with a lame rook?
Initially, the lame rook was in a white square.

Answer: 88

Solution (RUS). (npexcrapieno pentenne Bapuanara N1, octaibHble perarorces anaaoraano) Cue-
saB 40 xo/10B U3 OeJI0i KJIETKH, XpoMast J1a/ibsd ToObIBaeT Ha 20 YepHBIX KJIETKAX, KazKIBIM XOI0M MeHsIsI
BeT KJEeTKHU, HA KOTOpoil crouT. Kaxias yepHasd KJeTKa U3HAYAAbHO OKPYKeHa 4-Ms OejibiMH, HO Ta
GeJsiast, 13 KOTOPOIl J1a/ibst TOTIAJA B OYEPEIHYIO YePHYI0, y7Ke MepeKpariena (3a HCKII0YeHneM Hadalb-
HOM KJIETKH) — 3HAYUT, KA’KJbIM XOJOM B YEPHYIO KJIETKY (32 MCKJIIOYEHHEeM IEePBOT0) XpoMas JIajbs
MOXKET IepeKpacuTh He Hosee 3-X OeJIbIX KJIETOK.

NTak, KoMm4IecTBO OEJIBIX KJIETOK, KOTOPBIE MOXKET IepeKpPaCHTD JIa Ibsl, He npeBbitnaer 4+19-3 = 61.
TaKOFO KOoJsInyecTBa MOZKHO ,ZLO6I/ITbCH, €CJIM HE MCHATDHL HallpaBJieHUE JIBUXKEHUA JiadbU.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) After
making 40 moves from a white square, the lame rook will visit 20 black squares, switching its cell’s color
each move. Each black cell is initially surrounded by 4 white ones, but the white one from which the
rook got into the next black one has already been repainted (except for the initial square), which means
that with each move to a black cell (except for the first one) a lame rook can repaint no more than 3
white cells.

So, the number of white cells that the rook can repaint does not exceed 4+ 19-3 = 61. This amount
can be achieved if you do not change the direction of the rook’s movement.

Task 2.

1. Cerb aBTOOYCHBIX MapHIPYTOB ropoga MHHOMOMINCA yCTPpOEHA TaK:

e 00IIee KOJTMIECTBO aBTOOYCHBIX OCTAHOBOK B ropoje — 9 MTYK, u JIIOObIe JIBe U3 HUX COeTH-
HEHBbI JOPOroil;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I)KHBI 6bITb pOBHO 3 OCTaHOBKUMN (BKJ’IIO“I&H HaYaJIO U KOHe]_[ Mapm—
pyTa);

e J1100bIe JIBa aBTOOYCHBIX MapIIPyTa UMEIOT JIUOO OJHY OOIIYIO0 OCTaHOBKY, JUOO HU OTHOI.

Kakoe naubosibiiree KOJHIeCTBO aBTOOYCHBIX MApIIPYTOB MOYKET UMeTh ropoj Muuomnosuc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 9 with any two of them connected with a road;
e each route must have exactly 3 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 12
2. CeThb aBTOOYCHBIX MapIIpyTOB ropoja unomnonmca ycrpoena Tak:

e 00IIIee KOJTMIECTBO aBTOOYCHBIX OCTAHOBOK B ropofe — 9 MTYK, u JIOOble JIBe U3 HUX COeTH-
HEHbIL JOPOroil;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I}KHBI 6bITb pOBHO 4 OCTaHOBKUMN (BKJ’IIO“I&H Ha4YaJIO U KOHe]_[ Mapm—
pyTa);



e J1100BIe JIBA aBTOOYCHBIX MapIIpyTa UMeEIOT JTU0OO0 OJHY OOIIYI0 OCTAHOBKY, JUOO HU OTHOI.

Kakoe naubosibiiree KOJIMYeCTBO aBTOOYCHBIX MApIIPYTOB MOYKET UMeTh ropoj Muuomnosuc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 9 with any two of them connected with a road;
e each route must have exactly 4 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 3
3. Cerb aBTOOYCHBIX MapIIpyTOB ropoja Munomnosuca ycrpoena Tak:

e o011ee KOJIMYECTBO aBTOOYCHBIX OCTAHOBOK B Topojie — 10 mTyK, u JIo0bie JIBe U3 HUX COeIu-
HEHBI JIOPOTOH;

® Ha Ka)K,Z[OM MapHIPYTe ,ZLOJ'I)KHBI 6bITb pOBHO 3 OCTAaHOBKUMN (BKJIIO‘I&H Ha4dYaJIO U KOHeL[ Mapm—
pyTa);

e J1100bIe JIBA aBTOOYCHBIX MapIIPyTa UMeEIOT JIHOO OJHY OOIINYIO0 OCTaHOBKY, JUOO HU OJTHOI.

Kakoe nanbosbitiee KOJNIECTBO aBTOOYCHBIX MapIIPYTOB MOXKET nuMeTh ropoj Muuomnounc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 10 with any two of them connected with a road;
e cach route must have exactly 3 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 13
4. Cerb aBTOOYCHBIX MApPHIIPYTOB TOpoaa VIHHOMOINCA YyCTPOEHa TaK:

e o011ee KOJIMYECTBO aBTOOYCHBIX OCTAHOBOK B ropojie — 12 mrykK, u Jiodbie JIBe U3 HUX COeu-
HEHBI JOPOroil;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I}KHBI 6bITb pOBHO 4 OCTaHOBKUMN (BKJ’IIO“I&H Ha4vYaJIO U KOHe]_[ Mapm—
pyTa);

e J100bIe JIBA aBTOOYCHBIX MapIIPyTa UMEIOT JIN0O OJIHY OOIYI0 OCTAHOBKY, JUOO HU OJHOII.

Kakoe naubosibliiiee KOJMIECTBO aBTOOYCHBIX MapPIIPYTOB MOXKET uMeTh ropoj, Munomnosuc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 12 with any two of them connected with a road;
e cach route must have exactly 4 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.



What is the largest number of bus routes the town of Innopolis can have?

Answer: 9

Solution (RUS). (npeicrapieno penrenne Bapuanta Nel, ocTaibHbIe DENIAIOTCS AHAJTOTHIHO) «3a-
dukcupyeM» aBTobycHYIO ocTaHOBKY X — ojny u3 9-u. Kpome Hee, B ropojie ecTh elie 8 0CTAHOBOK, U Ha
KazKJIOM aBTOOYCHOM MapIIpyTe, MPOXOAsineM dyepe3 X, ecThb eme 2 OCTAHOBKH, IPUYEM 3TH MAPIIPY ThI
HE MOTYT UMETh APYTHUX OOIHX OCTAHOBOK, KpoMe X — 3HAUHUT, TAKHX MapPIIPyToB He Dosee 8 : 2 = 4.

Teneps 3anymepyem aBToOycHble octaHoBku uuciaamu oT 1 jgo 9. Ilycrs B Wunomonmce Bcero n
aBTOOYCHBIX MapIIpyTOB, U3 HUX 77 MPOXOJIAT Uepe3 OCTAHOBKY 1, ny — depe3 OCTAHOBKY 2, u T.;1. Ha
KazKJIOM MapIIpyTe 3 OCTAHOBKHU — 3HAYHUT, N + Ng + « -+ + Ng = 3n, Upu 3roM n; < 4 171 00010 1
corjacHo JokaszanuoMmy Bbime. CiegoBaresibHo, 3n < 4 -9, orkyaa n < 12.

[Mokazkem, kak nposectu 12 mapmpyToB (nudpbl 0003HAYAIT HOMEDPA OCTAHOBOK, a TPEX3HAUHBIE
ancyia — aBrobycHble MapipyThi): 123, 456, 789, 147, 258, 369, 249, 168, 267, 348, 159, 357.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Lets
«fix» bus stop X —one of the 9. In addition to it, there are 8 more bus stops in the city, and on each bus
route passing through X, there are 2 more stops, and these routes cannot have other stops in common
except X — therefore, there are no more than 8 : 2 = 4 such routes.

Now let’s enumerate the bus stops with numbers from 1 to 9. Let there be only n bus routes in
Innopolis, of which n; go through stop 1, ny go through stop 2, etc. There are 3 stops on each route —
by that, ny +ng + - - - +ng = 3n, while n; < 4 for any ¢ according to what was proven above. Therefore,
3n <4-9, thus n < 12.

Finally, lets show how to establish the 12 routes (digits indicate bus stops, and three-digit numbers
indicate bus routes): 123, 456, 789, 147, 258, 369, 249, 168, 267, 348, 159, 357.

Task 3.
1. Jan vabop u3 10 mamouek maunbr 1,23, ..., 10 (mo oguoil manouke KaxK ol pauHbl). CKOJIBKAME

crocobaMu MOZKHO COCTABHTDH U3 ITUX MAJOYEK TPEYTrOJbHUK

Given a set of 10 sticks of lengths 1,2,3,...,10 (one stick of each length). How many ways are
there to form a triangle from these sticks?

Answer: 50
2. Jlan HaGop w3 12 namouek jymubr 1,2, 3, ..., 12 (10 ogHO# najodke Kaxkaoi JinHbl ). CKOJBKAME

CIIOCOOAME MOXKHO COCTaBHUTD M3 ITHUX IAJIOUCK TpeyI‘OJH)HI/IK?

Given a set of 12 sticks of lengths 1,2,3,...,12 (one stick of each length). How many ways are
there to form a triangle from these sticks?

Answer: 95
3. Jlan Habop u3 14 nanouek jymusl 1,2, 3, ..., 14 (10 oqHOo# nasouke Kaxkaoi Jynabl ). CKOJbKAME

CrocobaMu MOZKHO COCTABHTDH U3 ITUX MAJOUEK TPEYTOJTHHUK?

Given a set of 14 sticks of lengths 1,2,3,...,14 (one stick of each length). How many ways are
there to form a triangle from these sticks?



Answer: 161

4. Jlaun nabop u3 16 nanouex aywmubl 1,23, ..., 16 (00 oxHOll nanouke Kazx a0 1auHbl). CKOJIbKUME
crocobaMi MOYKHO COCTABUTH U3 9TUX MTAJI0UYEK TPEYTOJbHUK?!

Given a set of 16 sticks of lengths 1,2,3,...,16 (one stick of each length). How many ways are
there to form a triangle from these sticks?

Answer: 252

Solution (RUS). (npeacrapieno penrenne Bapuanta N1, ocraipHble periarorest anaiaorndno) Iycrhb
1 <a<b<ec<10 - cTopoHBl TPEYTOAbHAKA. YTOOBI 9TOT TPEYTOJIBHUK CYIIECTBOBAJI W OBLT HEBHI-
POXKIEHHBIM, TpebyeTcs BHIMOJTHEHHe HePABEHCTBA TPEYTOJbHWKA, MPHYEM JOCTATOYHO CODJIIOCTH €ro
TOJIBKO JjIsi HauOoJIbIneil ¢ropoHbl: ¢ < a + b. TakzKe oueBuIHO, 9TO ¢ > 4: AefICTBUTEIBHO, €CIu ¢ = 3,
T0 a = 1, b = 2 1 TPeyTOIBHUK MOIYyYaeTCs BBIPOKIEHHBIM (BCE €10 BEPITHHBI JI€XKAT Ha OHOM IPAMOii),
a PO MEHbINNe ¢ U CKa3aTh Hedero.

IIpu KaxKa0M ¢ 9HCI0 a MOYXKeT MeHdTbcs OT 1 10 b — 1, mpm 3ToM a > ¢ — b U3 HepaBeHCTBa
TPeyroJbHUKA — 3HAYUT, @ IPUHUMAaeT BCe HATypaJbHbIe 3HaUeHus OT ¢ — b+ 1 10 b — 1 BKJIIOUUTETHHO
—urorob—1—(c—b+1)+1=2b— c— 1 3nauenuii.

Yucio b gonzkuo O6bITh TaKUM, 94T00BI 20 — ¢ — 1 ObLI0 HeoTpUNATeAbHBIM, T.K. b > a+1>c—b+ 1 —
a smaunt, < <b<c—1.
3HAYHUT, KOJIUIECTBO TPEYTOIBHUKOB, KOTOPblEe MOYKHO COCTABUTH W3 JIAHHBIX B YCJIOBHUH MaJO4YeK

IIpu (bHKCHpOBaHHOM C, paBHO
c—1

S, = Z (2b—c—1)

b>(ct+1)/2

Ecau ¢ = 2k (Ji1s1 HeKOTOPOro HATYPAJIbHOTO k), TO 9Ta cyMMa paBHA

2k—1 2k—1 2k—1 1
Se=> (2b—2k—1)=2> b—(2k+1)) 1= (k—1) 4(0—2)2
k+1 k+1 k+1

Eciu xe ¢ — "Hedernoe, 1.e. ¢ = 2k — 1 /i HEKOTOPOIr'O0 HATYPAJIBHOI'O K, TO TOJJIYYUM CYMMY

2k—2 2k—2

S, = Z(Qb—Qk; —QZb—%Zl— —-1) k—2):i(c—1)(c—3)

Ocraaoch HOACYATATH COOTBETCTBYIOMAE CyMMBbI i ¢ = 4,5,...,10 u CJA0KATH UX:
10
E S. =50
c=4

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
1 <a < b<c<10 be the sides of the triangle. For this triangle to exist and be non-degenerate, the
triangle inequality must be satisfied, and it is enough to satisfy it only for the largest side: ¢ < a+0b. It
is also obvious that ¢ > 4: indeed, if ¢ = 3, then a = 1, b = 2 and the triangle turns out to be degenerate
(all its vertices lie on the same line), and there is nothing to say about smaller c.

For each ¢, the number a can change from 1 to b — 1, while a > ¢ — b from the triangle inequality
means a takes all positive integer values from c—b+1 up to b—1 —total of b—1—(c—b+1)+1 = 2b—c—1
values.

The number b must be such that 2b — ¢ — 1 is non-negative, because b > a+1 > ¢ — b+ 1 — which
means % <b<c-—1.



By that, the number of triangles that can be formed from the task’s formulation for a fixed c is

equal to
c—1

Se= Y (2b-c—1)

b>(c+1)/2

If ¢ = 2k (for some positive integer k), then this sum is equal to

2k—1 2k—1 2k—1 1
Se=> (26-2k—1)=2> b—(2k+1) ) 1=(k-1) 4(0—2)2
k+1 k+1 k+1

If ¢ is odd, i.e. ¢ = 2k — 1 for some positive integer k, then we get the sum

2k—2 2k—2

S, = Z(Qb—% _2Zb—2k21_ —1) k—Q):i(c—l)(c—?))

It remains to calculate the corresponding sums for ¢ = 4,5,...,10 and add them up:
10
> S5.=50
c=4
Task 4.

1. B komauTepckoit ecTb HAOOPHI MUPOXKHBIX 1O 1,2,3,4,5 mTYK B KopoOKe. llokynaresnnb, maTuro-
JIOBBIl HSATUPYK, XOUeT KyINUTh 5 KOPOOOK (110 OHOM B KazK/yl0 PYKY) Tak, 4ToObl 06Iiee 4ucsio
HPOXKHBIX JIEJAUIOCHh Ha 5 (MOpOBHY KaKaoil rosose). CKOABKAME CIIOCOOAMU OH CMOKET 3TO
CﬂeﬂaTb? Bce MUPOZKHBIEC OAUHAKOBLIEC, Ha60pb1 C OJAUHAKOBBIM KOJIMYIECTBOM ITHUPOZKHBIX CIUTACM
HEPA3JIMIUMBIMU, KazK/Iblii HaOOp B KOHJIUTEPCKON MMeeTcs KaK MHHHMYM B D SK3eMILISIpax, U
HEBaKHO, KaKoii HabOp B KaKO# pyKe HAXOIUTCH.

The bakery has sets of cakes for 1,2,3,4,5 pieces per box. The five-headed five-handed buyer
wants to buy 5 boxes (one for each hand) such that the total number of cakes in them is divisible
by 5 (equally for each head). How many ways there are for the buyer to do this? All cakes are
the same; boxes with the same number of cakes are indistinguishable; each box in the bakery is
available in at least 5 copies, and it doesn’t matter which box which hand holds.

Answer: 26

2. B konguTepckoit ectb HabOPBI MUPOXKHBIX 10 1,2, 3,4, 5 mTyK B KopoOKe. [lokynare/b, mecTuro-
JIOBBIA HATUPYK, XOUET KYMUTh 5 KOPOOOK (110 OJHON B KaXKIyi0 PYKY) Tak, 4ToObl 0fIIee 4ucIo
IMUPOXKHBIX JIEJIUTOCH Ha 6 (MOpOBHY KaxKoil rosiose). CKOIBKAME CIIOCOOAMU OH CMOYKET 3TO
CﬂeﬂaTb? BCG IMAPOZKHbIC OAUHAKOBLIEC, Ha60pb1 C OJAUMHAKOBBIM KOJIMYE€CTBOM IIHUPOZKHBIX CUUTACM
HEPA3/JIMYNMBIMU, KazK/Iblii HAOOp B KOHJMTEPCKOW MMeeTcsd KaK MUHUMYM B 5 IK3eMILIApax, n
HEBayKHO, KaKoii Habop B KaKO# pyKe HaXOJIUTCH.

The bakery has sets of cakes for 1, 2, 3, 4, 5 pieces per box. The six-headed five-handed buyer wants
to buy 5 boxes (one for each hand) such that the total number of cakes in them is divisible by 6
(equally for each head). How many ways there are for the buyer to do this? All cakes are the same;
boxes with the same number of cakes are indistinguishable; each box in the bakery is available in
at least 5 copies, and it doesn’t matter which box which hand holds.

Answer: 20



3. B konmuTepckoit ecth HaOOPH MUPOKHBIX 10 1,2, 3,4, 5 mTyK B Kopobke. [lokymarens, cemuro-
JIOBBIl HATUPYK, XOUeT KYMUTh 5 KOPOOOK (110 OHOI B KazK/ylo PYKY) Tak, 4ToObl 0fIiee 4ucsio
MHPOXKHBIX JIEIUIOCHh Ha 7 (MOPOBHY KaKaoil rosose). CKOABKAME CIIOCOOAMU OH CMOKET 3TO
C,ZLe.HaTb? BCG MUPOKHBIEC OAUHAKOBHIEC, H&60pb[ C OJJUHAKOBBIM KOJIMYIECTBOM TTUPOXKHBIX CIUTACM
HEPA3JIHIUMBIMU, KazK/Ibli HaOOp B KOHJIUTEPCKOW MMeeTcs KaK MHHHMYM B D 9K3eMILISIpax, U
HEBaKHO, KaKoii HabOp B KaKo# pyKe HAXOIUTCH.

The bakery has sets of cakes for 1,2,3,4,5 pieces per box. The seven-headed five-handed buyer
wants to buy 5 boxes (one for each hand) such that the total number of cakes in them is divisible
by 7 (equally for each head). How many ways there are for the buyer to do this? All cakes are
the same; boxes with the same number of cakes are indistinguishable; each box in the bakery is
available in at least 5 copies, and it doesn’t matter which box which hand holds.

Answer: 18

4. B xongurepckoit ecth Habopbl nupokHbIX 110 1,2, 3,4, 5 mryk B Kopodke. [lokynare/ib, BOCbMUIro-
JIOBBIl HATHPYK, XOUET KYMUTh 5 KOPOOOK (110 OfHON B KazKIylo PYKY) Tak, 9ToObl 06Iiee 4uc/io
MUPOXKHBIX JIEJINIOCHh Ha 8 (MOPOBHY KaKaoil rosose). CKOIBKAME CIIOCOOAMU OH CMOKET 3TO
crenath?! Bce mupozKHBIE OMMHAKOBBIE, HAOOPHI ¢ OJMHAKOBBIM KOJTUYECTBOM ITHPOKHBIX CIUTAEM
HEPA3INIUMbBIMA, KayKJIbIi HAOOD B KOHIUTEPCKON MMeeTcd KaK MUHUMYM B 5 9K3eMILIIpaxX, H
HEBAaYKHO, KaKOW HabOp B KAKOW pyKe HaXOJUTCH.

The bakery has sets of cakes for 1,2,3,4,5 pieces per box. The eight-headed five-handed buyer
wants to buy 5 boxes (one for each hand) such that the total number of cakes in them is divisible
by 8 (equally for each head). How many ways there are for the buyer to do this? All cakes are
the same; boxes with the same number of cakes are indistinguishable; each box in the bakery is
available in at least 5 copies, and it doesn’t matter which box which hand holds.

Answer: 15

Solution (RUS). (npeicrasieno penrenne apuanata N1, ocraiabHble pennarorcest aHasoraaao) O6-
1mee KOJIMIeCTBO MMUPOZKHBIX, KOTOPBIE MOYKET KYIHUTh MSTHIOJOBbIN MATUPYK, HE MeHbIe 5 (5 HaBOPOB
o 1 mr.) u me Gosbie 25 (5 Habopos mo 5 mr.). YToObl 3TO YUCIO AEAHAOCH HA 5, OHO JOJIZKHO DaB-
Hathed n = 5, 10, 15,20 wu 25. Tlogcuntaem KomyuecTBO Criocob0B HAOPATH COOTBETCTBYIOIIEE YUCIIO
HPOXKHBIX, KyIuB 5 HaGopoB. [Ijist ynob6cTBa (1 9T06Bl OBLIO SICHO, YTO MBI HUYETO He YIYCTHJIH) YIIO-
PSLIOUNM COJIep:KaHusl HAGOPOB MO BO3PACTAHUIO (JJIsI KayKIOT0 Nn) KOJIUIECTB MUPOKHBIX B KOPOOKAX:

e n=>51+1+1+ 1+ (1 cocob);

e n=10:14+14+14+24+5=1+14+1434+4=1+1+24+244=14+14+24+3+3 =14+24242+3 =
2+2+2+242 (6 ciocobos);

e n=1514+14+3+5+5=14+14+44+44+5=14+24+2454+5=14+243+44+5=1+2+4+4+4 =
1+3+3+3+5=1+3+3+4+4=2+2+2+4+4+5=2+4+2+3+3+5=2+2+3+4+4=
24+3+3+3+4=3+34+3+3+3 (12 cnocobos);

e n=20:14+44+5+5+5=24+3+5+5+5=2+4+4+5+5=3+3+4+5+5=3+4+4+4+5=
4+4+4+4+4 (6 cnocobos);

e n=25:5+5+5+5+5 (1 crocod).

Nroro 1 +6+ 124+ 6 4+ 1 = 26 cnocobos.



Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) The
total number of cakes that a five-headed five-handed customer can buy is not less than 5 (i.e. 5 sets of
1 piece) and not more than 25 (i.e. 5 sets of 5 pieces). For this number to be divisible by 5, it must
be equal to n = 5,10, 15,20 or 25. Let’s count the number of ways to get the corresponding number of
cakes by purchasing 5 sets. For convenience (and to make it clear that we have not missed anything),
we will order the numers of cakes of the sets in ascending order (for each n):

en=">51+1+1+1+ (1 way);

e n=10:14+1+14+245=14+141434+4=14+14+2424+4=14+1+24+34+3=1+242+243 =
2+2+4+2+2+42 (6 ways);

e n=1514+1+34+5+5=1+144+445=14+242454+5=14+2+34+4+5=1+244+44+4 =
14+34+34+34+5=14+34+34+44+4=24+24+2+4+5=2+2+3+3+5=24+243+4+4=
2+3+3+3+4=3+3+3+3+3 (12 ways);

e n=20:14+44+5+5+5=2+34+54+54+5=2+4+4+4+54+5=34+3+4+5+5=3+44+44+4+5=
4+4+4+4+4 (6 ways);

e n=25:5+5+5+5+5 (1 way).

Thus, there are 1 +6 + 1246 + 1 = 26 ways in total.

Task 5.

1. Jlromoen moiitMaa ABYX MaTeMATUKOB W CKa3aJl UM CJeVIOINIee:

«3aBTpa g HAIIUILY Ha 3TOi JOCKe MOJIHBII KBaJpaT HATYypPaJbHOTO YHC/a — HEKOTOpoe m?, IoToM

IPUBELY OJHOTO W3 BaC, W OH JIOMUINET CIPaBa CTOJIBKO MOCJTEIOBATENBHBIX KBAJAPATOB (M +
1)%, (m+2)?%, ..., ckobko 3axodet, HO He Menee 10. ITocse 3TOTO 5 yBey ero u IpHBeLy BTOPOTO:
OH PacCTaBUT MEXK/y BbIIIMCAHHBIMU KBaJIpaTaMi 3HaKu '+ U '—’ 10 cBoeMy ycMmoTpeHuto. Kcin
3HAYEHUE TOJIyIUBINETOCS BBIPDAYKEeHHs Oy/JeT PaBHO HYJIO, S OTIYILY BaC ODOWX, a eCJU HET —
obonx cheMm. Bpemenn Ha 1IeperoBOpPHI sT BAM He JaM HU CETOjIHsI, HU 3aBTPa.»

CMOryT Jin MaTeMaTHKH CHACTHCHh He3aBUCUMO OT 3Hadenust m? OOocHyiiTe CBOI OTBET.

The cannibal caught two mathematicians and told them the following:

«Tomorrow I will write on this board the complete square of a positive integer, i.e. some m?, then I
will bring one of you, and he will add to the right as many consecutive squares (m+1)2, (m+2)?, ...
as he wants, but not less than 10 of them. After that, I will take him away and bring in a second
one of you: he will place the signs '+ and '—’ between the written squares at his discretion. If the
value of the resulting expression will be equal to zero, then I will let you both go, and if the value
will not be zero, then I will eat both of you. I won’t give you time for discussions either today or
tomorrow.»

Can mathematicians save themselves regardless of the number the cannibal writes down? Explain
your answer.

2. Jlopoen moitMas IBYX MaTeMaTHKOB W CKa3aJ UM CJIeIYIOIIee:

«3aBTpa g HAIIUILY Ha 3TOi JOCKe MOJIHBII KBajpaT HATYPaJIbHOTO YHC/Ia — HEKOTOpoe m?, IIoToM

IPUBEIY OJHOTO W3 BaC, W OH JIOMUINET CIPaBa CTOJIBKO MOCJTEIOBATENBHBIX KBAJAPATOB (M +
1)%, (m+2)?%, ..., ckorbko 3axoder, HO He Menee 30. ITocse 3TOTO 5 yBeLy ero u IpHBeLy BTOPOTO:
OH PacCTaBUT MEXK/y BbIIIMCAHHBIMU KBaJIpaTaMi 3HaKu '+ u '—’ 10 cBoeMy ycMmoTpenuto. FKcin
3HAYEHUE TOJIyIUBINETOCS BBIPAYKEeHHUs Oy/eT PAaBHO HYJIO, S OTIYILY BaC OOOWX, a eCJU HET —
obonx chem. Bpemenn Ha TIeperoBOpHI sT BAM He JaM HU CETOjIHsI, HU 3aBTPa.»



CMOryT TN MaTeMaTUKH CHACTHCH He3aBUCUMO OT 3HadeHus m? OOocHyiiTe cBOIl OTBET.

The cannibal caught two mathematicians and told them the following:

«Tomorrow I will write on this board the complete square of a positive integer, i.e. some m?, then I
will bring one of you, and he will add to the right as many consecutive squares (m+1)2, (m+2)?, ...
as he wants, but not less than 30 of them. After that, T will take him away and bring in a second
one of you: he will place the signs '+’ and '—’ between the written squares at his discretion. If the
value of the resulting expression will be equal to zero, then I will let you both go, and if the value
will not be zero, then I will eat both of you. I won’t give you time for discussions either today or
tomorrow.»

Can mathematicians save themselves regardless of the number the cannibal writes down? Explain
your answer.

. JItopoen oiiMast IByX MaTeMaTHKOB M CKa3aJj UM CJIeJIyoIee:

«3aBTpa § HAIINITY Ha 3TOH JOCKe HOJHBIH KBaIpaT HATYPATLHOTO YHCJIa — HEKOTOPOe M2, TOTOM
IPUBEJY OJHOIO M3 BaC, W OH JONUINET CIPaBa CTOJBKO MOC/IEJI0BATEJbHBIX KBAAPATOB (M +
1)2, (m+2)2, ..., cKoJbKO 3ax04eT, HO He MeHee 17. Ilocsie 3TOro g yBejy ero u npupejy BTOPOLo:
OH PAaCCTAaBUT MEXKJy BLINHCAHHBIME KBaJIpaTaM# 3HaKu '+ u '—’ 1o cBoeMy ycMmoTpenuio. Eciun
3HAYEHHE IOJYUUBIIETOCS BbIparkKeHHs OyaIeT paBHO HYJIO, s OTIYILY Bac OOOUX, & €CJU HeT —
oboux cbeM. Bpemenu Ha 11eperoBopbl I BaM He JlaM HU CEerojiHs, HU 3aBTPa.»

CMoryT Jin MaTeMaTUKK CHACTHCH He3aBUCUMO OT 3uadenust m? ObocuyiiTe cBOW OTBET.

The cannibal caught two mathematicians and told them the following:

«Tomorrow I will write on this board the complete square of a positive integer, i.e. some m?, then I
will bring one of you, and he will add to the right as many consecutive squares (m+1)2, (m+2)?, ...
as he wants, but not less than 17 of them. After that, T will take him away and bring in a second
one of you: he will place the signs '+’ and '—’ between the written squares at his discretion. If the
value of the resulting expression will be equal to zero, then I will let you both go, and if the value
will not be zero, then I will eat both of you. I won’t give you time for discussions either today or
tomorrow.»

Can mathematicians save themselves regardless of the number the cannibal writes down? Explain
your answer.

. JItogoen moiiMas IByX MaTeMaTUKOB M CKa3aJjl UM CJIeJIyoIee:

«3aBTpa § HAIINITY HA 3TOH JOCKe HOJHBIH KBa/IpaT HATYPATLHOTO YHCIa — HEKOTOPOe M2, TOTOM
NpUBey OJHOTO W3 Bac, W OH JIOMHUINET CIIPaBa CTOJBKO MOCJEJI0BATEIbHBIX KBaApaToB (m -+
1)2, (m+ 2)27 ..., CKOJTbKO 3axo4eT, HO He MeHee 20. Ilocsie 3TOro 4 yBemy ero u mpuBeIy BTOPOTO:
OH PACCTAaBUT MEXKJy BLINHCAHHBIME KBaJpaTaM# 3HaKu '+ H '—’ 1o cBoeMy ycMmoTpenuio. Eciun
3HAYEHHE TOJIYUUBIIETOCS BbIpaKeHHsI OyIeT paBHO HYJIO, S OTHOYILY Bac OOOUX, & €CJN HeT —
oboux cbeM. Bpemenu Ha 1eperoBopbl g BaM He JlaM HU CerojHsd, HU 3aBTPa.»

CMOryT Jin MaTeMaTHKH CHACTHCh He3aBUCUMO OT 3Hadenus: m? OOocHyiiTe CBOI OTBET.

The cannibal caught two mathematicians and told them the following:

«Tomorrow I will write on this board the complete square of a positive integer, i.e. some m?, then I
will bring one of you, and he will add to the right as many consecutive squares (m+1)2, (m+2)2, ...
as he wants, but not less than 20 of them. After that, I will take him away and bring in a second
one of you: he will place the signs '+’ and '—’ between the written squares at his discretion. If the



value of the resulting expression will be equal to zero, then I will let you both go, and if the value
will not be zero, then I will eat both of you. I won’t give you time for discussions either today or
tomorrow.»

Can mathematicians save themselves regardless of the number the cannibal writes down? Explain
your answer.

Solution (RUS). (upescrasieno pemenne Bapuanra N1, ocrajibHbre pENIaloTcss aHAJIOIIIHO) 3a-
MeTHM, 4TO Jjig J06oro n Bemojaneno n® — (n + 1) — (n + 2)? + (n + 3)? = 4. U3 sroro cieyer, 4To
m?>—(m+1) = (m+2)2+(m+3)?—(m+4)*+ (m+5)>*+ (m+6)>— (m+7)? =0 ansa moboro m.

YrobBl CIaCTHCH, MATEMATHKHE MOTYT JefiCTBOBATH CJIeLYIONIM 00Pa30M: TEepBIil TOMUCHIBAET, Ha-
npumep, 95 mocaegsoBaTebHBIX KBagpatos ((m + 1) (m + 2)%,..., (m + 95)?), a BTOpoii paccTapser
3HAKU 1epeji HUMU CJIe/IYIONnUM 00pa3omM: ———+—-—+-+—+ U T.J1., IOBTOPsisl YKa3aHHYIO 1OC/Ie10BaTE/ b=
HOCTb BOCHMHU 3HAKOB. Torja mepsbie 8 cjaraeMbix JaayT B cymme (), Kak U CJIeIyolie 8 cjaaraeMblx,
u T.J. — 0D0Ias cymma Takyke Oyzer pasaa (.

Kpurepunu onennBanus:

® II0KA3aHO, YTO PA3HOCTU MOCJIEI0BATEIbHBIX KBAIPATOB — MOC/IE/I0BATEIbHBIC HEIETHBIE YHC/I1a —
1 6asur;

® [IOKA3aHO, YTO PA3HOCTH TOCJAEJOBATETbHBIX KBAaJIPATOB — IOCJAeI0BATe/IbHbBIe HeYeTHBIE YHUC/IA,
HO 3HAKN MeKJy KBaJpaTaMH PacCTaBJIeHbI HEBEPHO — 2 Daslia;

e JI0KA3aHO, YTO TPYIIHI MO § MOCIET0BATEIBHBIX KBAJIPATOB MOTYT /aBaTh (), HO He YKa3aHbI 3HAKU
MeXKJIy HUMU — 3 Gasuia;

® IIPUBEICHO pelleHue JIjid 8 KBaJIPaToB, HO HE CKa3aHO PO I'PYHIbI 1o 8, jubo Jgomyiiena apud-
MeTHYecKas OIIMOKa Ha IOCJIeIHeM JTalle pelleHus — 4 Oasia;

e 3aJlaYa pelieHa MOJHOCThIO BepHO — 5 6asLIoB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Note
that for any n we have n? — (n +1)? — (n + 2)? + (n + 3)? = 4. By that, m*> — (m + 1)? — (m + 2)® +
(m+3)2—(m+4)?+(m+5)>*+(m+6)?— (m+7)*=0 for any m.

To save themselves, mathematicians can act as follows: the first one adds, for example, 95 consecutive
squares ((m + 1)%,(m + 2)?,...,(m + 95)?), and the second one places the signs in front of them as
follows: ——+—+4+—+, etc., repeating the specified sequence of eight signs. Then the first 8 terms will
add up to 0, as will the next 8 terms, etc. — the total sum will also be 0.

Criteria:
e it is shown that the differences of consecutive squares are consecutive odd numbers — 1 point;

e it is shown that the differences between consecutive squares are consecutive odd numbers, but the
signs between the squares are placed incorrectly — 2 points;

e it is proven that groups of 8 consecutive squares can give 0, but the signs between them are not
indicated — 3 points;

e the solution for 8 squares is given, but not indicated for many group of 8 squares, or an arithmetic
error was made at the last stage of the solution — 4 points;

e the solution is full and correct — 5 points.

Task 6.



1. Uroppb, agMuHHCTpATOP TeXHUUYECKOH momgmep:kku BKoHTakTe, moMoraeT BOCCTAHABINBATEL aKKa-
YHTBI 0JIb30BaTee 1 IIOIIYTHO OTBE€4Ya€T Ha UX BOIIPOCHI. 3a OJHY MUHYTY I/II‘Opb MOZKeT CIeJIaThb
OJTHO W3 CJAEAYIONNX JEHCTBUNA:

® BOCCTAHOBHUTH OAMH aKKayHT, HO TO/la €lle OJWH aKKayHT CJI0OMaeTCA (BOSMO)KHO, TOT }Ke);
® BOCCTAHOBUTD /IBa aKKayHTa — TOIJA IOABUTCA HOBBIA BOIPOC OT MOJb30BaTed;

® OTBETHUTH Ha OJWH BONPOC MOJB30BATENAd — TOTJA MOABATCA JIBA HOBBIX BOIPOCA;

® BOCCTAHOBUTDH OJIMH AKKAYHT U OTBETUTH Ha OJIMH BOIPOC — TOTJIA CJIOMAETCd OJIUH aKKAyHT

(BO3MOZKHO, TOT Ke).

Nznavaubno Obliu npodsemsl ¢ 10 akkayHTamu noJib3oBaresieil, u 15 nojb3oBareieil Hanucaau B
TEeXIOJEPXKKY cBou Bompochl. Ecaun Uropio ymacresd B Kakoii-TO MOMEHT CBECTH K HYJIO W TIPO-
OJieMBl ¢ aKKayHTaMU, H KOJHUYEeCTBO BOIIPOCOB MOJIb30BaTeseil, TO HOBBIX MpOOJeM W BOIMPOCOB
ceroiag yxke He OyaeT. Cmoxket st Vrops 106uThes storo? ObocHyiiTe cBOt OTBET.

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 10 user accounts, and 15 users wrote to technical support
with their questions. If at some point Igor manages to reduce problems with accounts and the
number of user questions to zero, then there will be no new problems and questions today. Can
Igor manage to do that? Explain your answer.

2. Uropb, aMUHECTPATOP TEXHUYECKOH mojaepkkn BKoHTakTe, ToMOraeT BOCCTAHAB/IMBATDL aKKa-
YHTBI oJIb30BaTeJIell u IMOITYTHO OTBEYa€T Ha UX BOIIPOCHI. Ba OJHY MUHYTY I/II‘Opb MOZKeT CIeJIaTh
OJIHO U3 CJIJAYIOUIUX ACeHCTBUMA:

® BOCCTAHOBUTH OJIMH aKKayHT, HO TOTJIA eIlle OJMH AKKAYHT CJIOMaeTcs (BO3MOXKHO, TOT ¥Ke);
® BOCCTAHOBUTDH JIBA AKKAYHTA — TOTJA MOIBUTCH HOBBII BOTPOC OT MOJb30BATENd;

® OTBCTUTH Ha OJUH BOIIPOC IIOJIb30BaTeEJId — TO/la HOABATCA ABa HOBBIX BOIIPOCA,

® BOCCTAHOBHUTHL OJUH aKKaYHT M OTBETHTL Ha OJWMH BOIPOC — TOJa CJIOMaeTCd OAWH aKKayHT

(BO3MOZKHO, TOT 7Ke).

Nzravanbno Oblu ipod/ieMbl ¢ 14 akkayHTamMu noJib3oBaTesieit, u 15 nojab3oBareieil Hanuca i B
TeXIO/IJIEPKKY CBOHM Bompockl. Ecam Uropio yaacres B KaKOW-TO MOMEHT CBECTH K HYJIIO U TIPO-
OJIeMBI C aKKAYHTaMU, U KOJUYECTBO BOIPOCOB MOJIb30BATeNed, TO HOBBIX MPOOJeM W BOMPOCOB
cerogust yxke e Oyzger. Cmoxker jmm rops moburhes sroro? ObocHyiiTe CBOM OTBET.

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

e restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;



e restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 14 user accounts, and 15 users wrote to technical support
with their questions. If at some point Igor manages to reduce problems with accounts and the
number of user questions to zero, then there will be no new problems and questions today. Can
Igor manage to do that? Explain your answer.

Nrops, ajMuHrCTpaTOp TEXHUYECKOH nojaepkkn BKorTakTe, moMOraeT BOCCTAHAB/IMBATD aKKa-
YHTBI oJIb30BaTeJIell u IMOITYTHO OTBEYa€T Ha UX BOIPOCHI. Ba OJHY MUHYTY I/II‘Opb MOZKeT CIeJlaTh
OJIHO U3 CJIEJAYIOUIUX AeHCTBUMA:

® BOCCTAaHOBHUTH OAMH aKKayHT, HO TO/la €lle OJWH aKKayHT CJI0OMaeTCA (BOSMO)KHO, TOT }Ke),

® BOCCTAaHOBHUTBH JBa aKKayHTa — TOT'Ja IMOABUTCHA HOBBII BOIIPOC OT NOJIb30BaTeJId;

® OTBETUTH Ha OJUH BOIIPOC IMOJIB30BaTeEJId — TOrJa HOABATCA ABa HOBBIX BOIIPOCA,

® BOCCTAHOBHUTBb OJUH aKKaYHT M OTBETHUTL Ha OJWMH BOIPOC — TOa CJIOMa€TCd OAWMH aKKayHT

(BO3MOYKHO, TOT 7Ke).

Nznavasibno Obliu npodsieMsl ¢ 12 akkayHTamu noJib3oBaresieil, u 17 nojb3oBareieil Hanucaau B
TEeXIOJEPXKKY cBou Bompochl. Ecaun Uropio ymacresa B Kakoii-TO MOMEHT CBECTH K HYJIO M TPO-
OJIeMBI C aKKayHTaMU, W KOJMUYECTBO BOIPOCOB MOJH30BATE /e, TO HOBBIX MPOOJIEM U BOMPOCOB
ceroiag yxke He OyaeT. Cmozxker st Vrops 106uThesa storo? ObocHYiiTe cBOil OTBET.

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 12 user accounts, and 17 users wrote to technical support
with their questions. If at some point Igor manages to reduce problems with accounts and the
number of user questions to zero, then there will be no new problems and questions today. Can
Igor manage to do that? Explain your answer.

Uropb, aIMHHHCTPATOD TeXHUYECKOH nmongep:kku BKoHTakTe, moMoraer BOoCCTaHABINBATL aKKa-
YHTBI 0JIb30BaTeJIe 1 IIOIIYyTHO OTBE€4Ya€T Ha UX BOIIPOCHI. 3a OJHY MUHYTY I/II‘Opb MOZKeT CIeJIaThb
OJTHO W3 CJAEAYIONNX JEHCTBUNA:

® BOCCTAHOBUTHL OJWH aKKAYHT, HO TOT/A ellle OAUH aKKAYHT CJIOMAaeTCHd (13031\/10}1{1{07 TOT >Ke);

® BOCCTAHOBUTD JIBA AKKAYHTA — TOTJA MOSABUTCA HOBBIA BOIPOC OT MOJb30BATEN;

® OTBETHUTH HA OJWH BONPOC MOJb30BATENAd — TOTJA MOABATCA JIBA HOBBIX BOIPOCA;

® BOCCTAHOBUTDL OJIMH AKKAYHT U OTBETUTH Ha OJIMH BOIPOC — TOrJA CJIOMAETCd OJIMH aKKAyHT

(BO3MOZKHO, TOT 7Ke).

Nznavaibno 6pL1u mpobaeMbl ¢ 15 akkayHTamMu IoJb3oBaTeseit, u 10 mojab3oBareieil Hanucau B
TeXTOIIEPXKKY ¢cBOM BOmpockl. Ecam Mropio ymacTed B KaKOW-TO MOMEHT CBECTH K HYJIO W IIPO-
Os1eMbl ¢ aKKayHTaMHU, U KOJIMYECTBO BOIIPOCOB I10JIb30BaTeieil, TO HOBBIX NPOOJIEM U BOIPOCOB



ceronug yxke He Oyaer. Cmoxker i Vrops mo6uThes storo? ObocHyiiTe cBOil OTBET.

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 15 user accounts, and 10 users wrote to technical support
with their questions. If at some point Igor manages to reduce problems with accounts and the
number of user questions to zero, then there will be no new problems and questions today. Can
Igor manage to do that? Explain your answer.

Solution (RUS). (upeacrasieno pemmenne BapuanTa Nel, octaabHble pEIMAIOTCST aHAJTOTHIHO) BoT
KaK MoxeT jeficrBoBarb Vropb, 410061 JOOUTHCS 2KeJ1aeMOTo:
1) 15 pa3 BoimoHUTE onepanuio Ned: B pe3ysbrare He OCTAHETCsI BOTPOCOB TI0JIb30BaTe e, HO OCTaHY TCS
10 «c1omanHbBIX» AKKayHTOB;
2) mo 4 paza (moouepesiHO) BHIMOTHATEL Hapy omepanuit Ne2 u Ned: B pesysbrare OCTAHYTCS TOJBKO 2
«CJIOMAHHBIX» AKKAYHTA;
3) BBIIOHUTH onepanuio Ni2: B pe3ysibrare He OCTAHETCS HH <«CJIOMAHHBIX> AKKAYHTOB, HU BOIPOCOB
HOJIb30BaTes e,

Kpurepun onneHnBaHUA:
® YCJIOBHE HHTEPHPETUPOBAHO B TEPMHUHAX Map HEOTPUIATEIBHBIX IEJbIX dncesa — 1 OaJLr;
® II0Ka3aHbl NEePBBIEICHCTBUS C UCIOJIb30BAHUEM TOJIBKO ollepanuii 2 u 4 — 2 Hasia;

e IIpHUBEJIeHA B IIEJIOM BepHAas IMOCIeI0BATEILHOCTD JIeficTBHI, HO O1HA U3 onepamund HCIOJIb30BaHa,
HEKOPPEKTHO (HAalpuMep, ouepanus 4 Ipu OTCYTCTBHU «CJIOMAHHBIX» aKKayHTOB) — 3 baJuia;

e pellleHre He JI0 KOHIa 000CHOBAHO, JIMOO IpUCYTCTBYET apudmerndeckast omunbKa Ha HOCJIEHEM
srane — 4 Gasia;

® pellleHue MojIHOCTHI0 BEpHOE — O DAJLIOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Here’s
how Igor can act to achieve the goal:
1) perform operation 4 fifteen times: as a result, there will be no user questions left, but 10 unrestored
accounts will remain;
2) perform a pair of operations 2 and 4 four times (alternately): as a result, only 2 unrestored accounts
will remain;
3) perform operation 2: as a result, there will be no unrestored accounts and user questions left.

Criteria:
e the task’s formulation is interpreted in terms of pairs of non-negative integers — 1 point;
e the first actions are shown using only operations 2 and 4 — 2 points;

e the generally correct sequence of actions is given, but one of the operations is used incorrectly (for
example, operation 4 in the absence of unrestored accounts) — 3 points;



e the solution is not full, or there is an arithmetic error at its last stage — 4 points;

e the solution is full and correct — 5 points.



8-9'" degree

Task 1.
1. Cerb aBTOOYCHBIX MapIIPyTOB ropoga MHHOMOMINCA yCTPpOEHA TaK:

e 00IIee KOJTUIECTBO aBTOOYCHBIX OCTAHOBOK B ropofie — 9 MTYK, u JIIOObIe JIBe U3 HUX COeTH-
HEHbI JOPOroii;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I}KHBI 6bITb pOBHO 3 OCTaHOBKUMN (BKJ’IIO“I&H Ha4vaJIO U KOHe]_[ Mapm—
pyTa);

e J1i00bIe JIBA aBTOOYCHBIX MapIIPyTa UMEIOT JIN0O OJIHY OOIYI0 OCTAHOBKY, JTUOO HU OJTHOI.

Kakoe naubosbitiee KOJIMIECTBO aBTOOYCHBIX MapIIPYTOB MOXKET nuMeTh ropoj Muuomnounc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 9 with any two of them connected with a road;
e cach route must have exactly 3 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 12
2. Cerb aBTOOYCHBIX MapIIpyTOB ropoja IMHHOIOMMCA yCTPOEeHA TaK:

e 00IIee KOJTMIECTBO aBTOOYCHBIX OCTAHOBOK B ropofe — 9 MTYK, u JIIOObIe JIBe U3 HUX COeTH-
HEHbIL JOPOroii;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I}KHBI 6bITb pOBHO 4 OCTaHOBKUMN (BKJ’IIO“I&H Ha4vaJIO 1 KOHe]_[ Mapm—
pyTa);

e Ji00bIe JIBA aBTOOYCHBIX MapPIIPyTa UMEIOT JIN0O OJIHY OOIYI0 OCTAHOBKY, JUOO HU OJTHOI.

Kakoe nanbosbitiee KOJIUIECTBO aBTOOYCHBIX MapIIPYTOB MOXKeT nuMeTh ropoj Muuomnounc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 9 with any two of them connected with a road;
e cach route must have exactly 4 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 3
3. Cerb aBTOOYCHBIX MapIIpyTOB ropoja MuHOmOMICA yCTPOEeHA TaK:
e 00I1Iee KOJIMIECTBO aBTOOYCHBIX OCTAHOBOK B Topoje — 10 MTYK, U JI00bIe IBe U3 HUX COeTu-
HEHbI JOPOroii;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I}KHBI 6bITb pOBHO 3 OCTaHOBKUMN (BKJ’IIO“I&H Ha4YaJIO U KOHe]_[ Mapm—
pyTa);

e Ji00bIe JIBA aBTOOYCHBIX MapPIIPyTa UMEIOT JIN0O OJIHY OOIYI0 OCTAHOBKY, JUOO HU OJHOI.



Kakoe naubosbiiree KOJHIeCTBO aBTOOYCHBIX MApIIPYTOB MOXKET UMeTh ropoj Vuuomomauc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 10 with any two of them connected with a road;
e cach route must have exactly 3 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 13
4. Cerb aBTOOYCHBIX MApPUIPYTOB TOpoaa VIHHOMOINCA YyCTPOEHa TaK:

e 00IIee KOJIMYECTBO aBTOOYCHBIX OCTAHOBOK B ropoje — 12 MTYK, U JTI0ObIe IBe U3 HUX COeTH-
HEHBbI JOPOroil;

® Ha Ka)K,ZLOM MalepyTe ,ZLOJ'I}KHBI 6bITb pOBHO 4 OCTaHOBKUMN (BKJ’IIO“I&H Ha4vYaJIO U KOHe]_[ Mapm—
pyTa);

e Ji00bIe JIBA aBTOOYCHBIX MapIIPyTa UMEIOT JIN0O OJIHY OOIIYI0 OCTAHOBKY, JUOO HU OJHOII.

Kakoe naubosbiiiee KOJM4IECTBO aBTOOYCHBIX MapIIPYTOB MOXKET uMeTh ropoj, Munomnosuc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 12 with any two of them connected with a road;
e cach route must have exactly 4 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 9

Solution (RUS). (upexcrasieno penrenne Bapuanrta N1, ocTaabHbIe DEIIAIOTCS AHAJTOTHTIHO) « 3a-
dukcupyem» aBTobycHyio ocranoBky X — ojany u3 9-u. Kpome nee, B ropojie ecth elie 8 OCTAHOBOK, U Ha
KazKJIOM aBTOOYCHOM MapIpyTe, MPOXosdIieM depe3 X, ecTh elle 2 OCTAHOBKH, IPHYEM 3TU MapIIPYThI
HEe MOTYT UMEeTh JPYTHUX OOIMIMX OCTAHOBOK, KpoMe X — 3HAUUT, TAKUX MapIIPyTOB He Gosee 8 : 2 = 4.

Tenepb 3anymepyem aBrodycHble octanoBku umucjiaamu or 1 0 9. Ilycrs B Wunonosmce Bcero n
aBTOOYCHBIX MapIpyTOB, U3 HUX 717 NPOXOIAT 4epe3 OCTAHOBKY 1, ny — depe3 OCTAHOBKY 2, u T.n. Ha
KaykJIOM MapIipyTe 3 OCTAHOBKHU — 3HAYWUT, g + Ng + « -+ + ng = 3n, nupu 3rom n; < 4 s Jir0doro i
COIVIAcCHO JoKazaHHOMY Bbime. CiemoBaTe/bHo, 3n < 4 -9, orkyna n < 12.

[Tokazkem, Kak npoectu 12 mapmipyToB (mudpbl 0603HAYAIT HOMEpPA OCTAHOBOK, & TPEX3HAUHBIE
qucia — aBroOycHble MapIpyThl): 123, 456, 789, 147, 258, 369, 249, 168, 267, 348, 159, 357.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Lets
«fix» bus stop X —one of the 9. In addition to it, there are 8 more bus stops in the city, and on each bus
route passing through X, there are 2 more stops, and these routes cannot have other stops in common
except X — therefore, there are no more than 8 : 2 = 4 such routes.

Now let’s enumerate the bus stops with numbers from 1 to 9. Let there be only n bus routes in
Innopolis, of which n; go through stop 1, ny go through stop 2, etc. There are 3 stops on each route —
by that, ny +no + - - -+ ng = 3n, while n; < 4 for any ¢ according to what was proven above. Therefore,
3n <4-9, thus n < 12.



Finally, lets show how to establish the 12 routes (digits indicate bus stops, and three-digit numbers
indicate bus routes): 123, 456, 789, 147, 258, 369, 249, 168, 267, 348, 159, 357.

Task 2.

1. Jdano uncao n = 2° - 137. HaiiauTe KOAM9eCTBO HATYpaJbHBIX JeJUTesNeil n?, He SB/ISIONTAXCH

JEAATEJISIMA N.

Given n = 2° - 137. Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 117

2. Jlano unciao n = 5% - 138, HaiiauTe KoqmdecTBO HATYypaJbHBIX jenuTeseil n?, He sABIAIONIXCS

JEAATEJISIMA N.

Given n = 5% - 13%. Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 233

3. Hano uuciao n = 7% . 171, Haiiiure KoamdecTBo HaTypaJbHBIX JesnTeneil n?, He sBJSIONIXCS

JAeJINTEeJIAMA M.

Given n = 7% - 17, Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 215

4. Hano gucao n = 37 - 7'0. HaiiauTe KoImdecTBO HATYpasbHBIX AeauTeneil n?, He ABIAIONINXCS

JAeJINTeJIAMHA M.

Given n = 37 - 7'°. Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 227

Solution (RUS). (npeacrapieno penrenne Bapuanta Nel, ocraibrble perarorcest anaaorndao) Iycrb
nano gucao N = a® - bY jj1d HATYpaJIbHBIX T,y W PAa3JHYHbIX IPOCTHIX a,b. Jlokaxkem, aro N umeer
poBHO ( 4+ 1)(y + 1) HaTypaabHBIX gesuTesteit.

s Hagama 3aMeTuM, 9TO J000i neaurens d duciaa N umeer Bug d = a - bY 1S MEIbIX HEOTPH-
nareabubix u < x, v < y. JlelicTBUTENIBHO, APYTUX NPOCTHIX jejuTe/ieil d UMeThb He MOYKET, a CTeleHH
BXOXKJICHUS B HEr0 NPOCTHIX @, b orpanuvennsl TakoBbiMu y N. Bojee Toro, Kaxkjaas mapa i, v B3auMo-
OJTHOBHAYHO OIIpe/iesdeT d — & 3HAYNUT, KOJUIECTBO TAKUX AP PABHO KOJUIECTBY JesuTeseit auciaa N.
T.H. «IPaBUJIO YMHOXKEHHs» MOJCKA3BIBAET, YTO KOJMYECTBO Takux map pasHo (r + 1)(y + 1), uro u
TpebOBAIOCH JOKA3ATh.

Tenepb 3aMeTnM, 4TO JI000H e/ uTeNb N ABASETCs JeJuTeaeM n’ — 3Ha4uT, HCKOMOe KOJIMYeCTBO
PABHO DA3HOCTH KOJUYeCTB fAeauteneit n® mn, te. (2-5+1)(2-7+1) — (5+1)(7+1) = 117.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Consider
a number N = a” - b¥ for positive integers x,y and primes a,b (a # b). Lets prove that N has exactly
(x + 1)(y + 1) positive integer divisors.



Note that any divisor d of a number N has the form d = a" - 0" for non-negative integers u < =,
v < y. Indeed, d cannot have any other prime divisors, and the degrees of occurrence of primes a, b in it
are limited to those of V. Moreover, each pair u,v determines d one-to-one, which means the number
of such pairs is equal to the number of divisors of the number N. The so-called «multiplication rules
states that the number of such pairs is equal to (z + 1)(y + 1), which is what needed to be proven.

Note that any divisor n is a divisor of n? — by that, the required quantity is equal to the difference
between the numbers of divisors of n? and such for n, i.e. (2-54+1)(2-7+1)— (5+1)(7T+1) = 117.

Task 3.

1. Ha kmergartoit Gymare co cTOpOHON KJIETKH, paBHO# 1, HApUCOBAH TPEYTOJbHUK TaK, UYTO €ro CTO-
POHBI C JiiuHAMHu D U 12 jiexkaT Ha CTOPOHAX KJIETOK. depe3 CKOJIbKO BEPIINH KJIETOK IpOoiiier
OucceKkTpHca HAaMMEHBIEro yria 3TOro Tpeyroabauka? [ToMHITE, YTO BepImuHa yIa, I3 KOTOPOTO
poBe/IeHa OUCCEKTPHUCA, TOXKE SABJISIETCS ee JacThIo.

On checkered paper with the side of the cell equal to 1, a triangle is drawn in such way that its
legs with lengths 5 and 12 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 3

2. Ha kieruaroit bymare co cTOpoHON KJaeTKH, paBHO# (.2, HApUCOBaH TPEYTOJTBLHUK TaK, YTO €ro
CTOPOHBI € JijiiHaMu D u 12 jiexkaT Ha CTOPOHAX KJIeTOK. Uepe3 CKOJIbKO BEPIINH KJIETOK ITPOIeT
OUCCeKTPUCA HANMEHBIIETO yIJIa 9TOTO Tpeyroabuuka! [loMHrTe, 9TO BEpINHA yIJIa, U3 KOTOPOro
poBejieHa OMCCeKTpHCca, TOXKe SIBISETCS ee JacThIO.

On checkered paper with the side of the cell equal to 0.2, a triangle is drawn in such way that its
legs with lengths 5 and 12 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 13

3. Ha kneruatoit 6ymare co cropoHoit KJIeTKH, paBHOi 1, HApUCOBAH TPEYTOJbHUK TaK, YTO €TI0 CTO-
pounl ¢ anuaamu 20 m 21 JexKaT Ha CTOpOHAX KJIETOK. Uepe3 CKOJBKO BEPIIUH KJIETOK TpOoiiieT
OuCCeKTpUCa HANMEHBIIETO yIJia 9TOTO Tpeyroabauka! [loMHrTe, 9TO BEpIUHA yIJIa, U3 KOTOPOro
pOBe/IeHa OUCCEKTPHUCA, TOXKE SBJISIETCI €€ YaCTbhIO.

On checkered paper with the side of the cell equal to 1, a triangle is drawn in such way that its
legs with lengths 20 and 21 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 5

4. Ha xknaerdaroit 6ymare co cTopoHoil KjaeTku, paBHOil (0.5, HApUCOBAH TPEYTOJbHUK TaK, 9TO €ro
CTOPOHBI C JIUHAMU 7 B 24 JeKaT Ha CTOPOHAX KJIeTOK. Yepe3 CKOMBKO BEPITHH KJIETOK HpOoii1eT
OucceKkTpuca HAMMEHBIIEro yIJia 3TOro Tpeyroabanka? [lomauTe, 9T0 BepmHa yrjia, u3 KOToporo
NpoBe/IeHa OUCCEKTPHUCA, TOXKE SBJIAETCH €€ YaCThIO.



On checkered paper with the side of the cell equal to 0.5, a triangle is drawn in such way that its
legs with lengths 7 and 24 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 7

Solution (RUS). (npeicrapieno penrenne Bapuanta Nel, octaapHbIe peniatores anagoradno) Hau-
MEHBIIUM SIBJISETCsl yroJ Hauporus Menbiiero karera AC' = 5 (em. puc.). Haxonum runorenysy BC =
13 1o KaTeTam U, UCHOJIb3Ysd CBOMCTBO OMCCEKTPUCHL YIJ1a TPEYTrOJbHUKA O JeJCHUH €0 IPOTUBOIIOI0XK-

i . AB’ _ AB __ 12
HOIT CTOPOHBI, HAXO/IMM OTHOIIIEHHE OTPE3KOB, Ha KOTOpbie oHA jaeaut AC: BC — BC — 13-

Bunag AC u ucnosb3ys HaiigenHoe ornomrenue, Hajigem AB' = AC - A;_F—';%y = 2.4. Haligzem Tanrenc

IMOJIOBUHBI MEHBIIIEro yIJia TpeyroJbHUuKa, IMPpUJIeZKallero K KaTeTy:

AB' 24 1

AB 12 5

[Toayunm, 9TO KazKJIYIO KJIETKY «BHU3» OT TOUKH B (cM. puc.) Guccekrpuca 6yIeT Iepecekarh KIeTKY
B y371e. BHAUAT, KOJIMUCCTBO Y3/10B CETKH, KOTOPBIE epecekaeT OucceKkTprca, pasio [2] 41 = 3 (3zech
[t] obozHAUaeT 1eIyI0 YacThb £, T.e. HAKOOJIbIIIEE TIEJI0e YHCJI0, He MPEeBOCXOJdIee t).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) The
smallest angle is the angle opposite the smaller side AC' = 5 (see picture). We find the hypotenuse
BC = 13 by the cathetes, then we use the property of the angle bisector we find the ratio of the

. . . .. . AB' _ AB _ 12
segments into which it divides the side 575 = £3 = 13-



Knowing AC' and the ratio of the segments, we find AB’ = AC'- A;Jr—';% = 2.4. Lets calculate the tangent
of the half of the smaller angle of the triangle:

AB' 24 1

AB 12 5

We get that every cell «down» (see the triangle’s orientation on the picture) from the point B the
bisector will intersect a cell at a node. So, the number of nodes of the grid that the bisector intersects
is equal to [%2] + 1 = 3 (here [t] denotes the integer part of ¢, i.e. the largest integer not exceeding t).
Task 4.

1. Uropp, agMuHHCTpaATOP TeXHUUYECKOH mogaep:kKku BKoHTaKkTe, ToMOraeT BOCCTAHABINBATEL aKKa-
YHTBI HOJIB30BATE/IEH U MOy THO OTBEYALT HA UX BOIPOCHL. 3a oy MunyTy rops Moxker c¢jiesiarn
OJTHO W3 CJEAYIONNX JCHCTBUNA:

® BOCCTAHOBHUTDL OAMH aKKaYHT, HO TOZ[a €lle OJWH aKKayHT CJIOMaeTCd (BOSMO)KHO7 TOT )Ke),
® BOCCTAHOBHUTD /[IBa aKKayYHTa — TOrJa IOABHUTCHA HOBBIIA BOIIPOC OT IOJIb30BaTeJId;

® OTBETUTDH Ha OJUH BOIIPOC IIOJIB3OBaTeJd — TOrJJa HOABATCA JBa HOBBIX BOIIPOCA,

® BOCCTAHOBHUTbL OJHUH aKKayHT M OTBETUTb Ha OAMH BOIIPOC — TOrJa CJOMaeTCd OAWH aKKayHT

(BO3MOZKHO, TOT Ke).

Nznavaibno 6plau mpodaeMsbl ¢ 10 akkayHTaMu IoJIb30BaTe e, U 15 mojb3oBareieil Hanucaun B
TeXTOIIEPKKY ¢BOM Bompockl. Ecam Vropio ymacTesd B KaKOW-TO MOMEHT CBECTH K HYJIO W IIPO-
Os1eMbl ¢ aKKayHTaMHU, U KOJIMYECTBO BOIPOCOB 110J1b30BaTeieil, TO HOBBIX HPOOJIEM U BOIPOCOB
cerofisi yzke He Oyzer. 3a Kakoe MUHHMAaIbHOE BpeMs (B MuHyTax) roph cMokeT 10GUTHCST 3TO0-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.



Initially, there were problems with 10 user accounts, and 15 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 24

Nropb, ajMuHrCTPATOP TEXHUYECKON nojepkkn BKonTakTe, m1oMoraer BOCCTaHAB/IMBATD aKKa-
YHTBI 0JIb30BaTE e 1 IMOIIYTHO OTBE€Ya€T Ha UX BOIIPOCHI. 3a OJHY MUHYTY I/II‘Opb MOZKeT CIeJIaThb
OJTHO W3 CJEAYIONNX JEHCTBUAN:

® BOCCTAHOBHTBb OAMH aKKayHT, HO TOl/la €lle OJWH aKKayHT CJIO0OMaeTCA (BOSMO}KHO7 TOT }Ke),
® BOCCTAHOBHTB JBa aKKayHTa — TOI'la IMOABUTCHA HOBBII BOIIPOC OT 1OJIb30BaTeJId;
® OTBCTUTH Ha OJUH BOIIPOC IIOJIB30BaTeEJ/d — TOr/la HOABATCA JABa HOBBIX BOIIPOCA,
® BOCCTAHOBHUTb OJHWH aKKaYHT M OTBETUTb Ha OJMH BOLUPOC — TOI/la CJIOMaeTCd OAUH aKKayHT

(BO3MOZKHO, TOT Ke).

W3znaganpno Ol TpoOaeMbl ¢ 14 aKKayHTaMH MMOIb30BaTe e, u 15 moab3oBaTeieil HAIUCAJIN B
TEeXIOJIEPKKY cBou Boupochl. Eciau NUropio ymacres B Kakoii-TO MOMEHT CBECTH K HYJIIO U 1IPO-
OJIeMBbl ¢ aKKayHTaMU, U KOJHUYECTBO BOIIPOCOB MOJIL30BATEeH, TO HOBLIX HPOOG/JEeM U BOIPOCOB
cerofiHst yke He Oyziet. 3a Kakoe MUHUMAaIbHOE BpeMs (B MuHyTax) Uroph cMokKeT 10GUTHCST ITO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 14 user accounts, and 15 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 28

Uropb, aAMHHHCTPATOD TeXHUYECKOU noaaep:Kku BKoHTakTe, moMoraeTr BOGCCTaHABINBATL aKKa-
VHTBI IIOJIb30BaTe el 1 HOIIYTHO OTBeYaeT Ha UX BOIPOCHI. 3a 0aHy MEHYTY ropb MOXKeT ciesaThb
OITHO U3 CJIEAYIONINX AeCTBUA:

® BOCCTAHOBUTH OJIMH aKKAyHT, HO TOTJIA eIlle OJMH AKKAYHT CJIOMaeTcs (BO3MOXKHO, TOT ¥Ke);

® BOCCTAHOBUTDH JIBA AKKAYHTA — TOTJA MOIBUTCA HOBBIM BOIPOC OT MOJb30BATENd;

® OTBETHUTH HA OJMH BOIIPOC IMOJb30BATEI — TOIIA HOIBATCS JIBA HOBBIX BOIIPOCA;

® BOCCTAHOBUTH OJIUH aKKAYHT U OTBETUTH HA OJMH BOIPOC — TOLJA CJIOMAETCsl OJMH AKKAYHT
(BO3MOZKHO, TOT 7Ke).



Nznaganbno ObLIH TpoOaeMbl ¢ 12 akKayHTaMu HoJIb30BaTe e, u 18 moab3oBareneil HanucaIu B
TEeXIOJEPKKY cBou Bompochl. Eciaun Uropio ymacres B Kakoii-TO MOMEHT CBECTH K HYJIO U 1IPO-
O1eMbl ¢ aKKayHTaMHU, U KOJMYIECTBO BOIIPOCOB I0JIb30BaTeeil, TO HOBBIX NPOOJIEM W BOTPOCOB
cerofiHst yrke He Oyziet. 3a Kakoe MUHUMAaIbHOE BpeMs (B MuHyTax) Uroph cMoKeT T0GUTHCST ITO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 12 user accounts, and 18 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 29

ropb, aIMUHACTPATOD TEXHUYECKON II JKKHU HTAKTe, TOMOTaeT BOCCTAHABIMBATH aKKa-
Urops, a cTpaTop Te eCKOIl mmojie BKonrakTe, moMoraeT BoccTaHa, aTh aKKa
VHTBI IIOJIb30BaTe el 1 HOIIYTHO OTBeYaeT Ha UX BOIPOCHI. 3a 00y MEHYTY ropb MOXKeT cie1aTh
OITHO U3 CJIEAYIONINX AeCTBUMA:

® BOCCTAHOBHUTDL OAMH aKKaYHT, HO TOl'/ja €llle OJUH aKKayHT CJIOMaeTCd (BOSMO)KHO7 TOT )Ke),
® BOCCTAaHOBHTD /[IBa aKKaYHTa — TOIla IIOABHUTCHA HOBBIIA BOIIPOC OT IOJIb30BaTeJId;

® OTBETUTDHL Ha OJUH BOIIPOC IIOJIB30OBaTeEJd — TOr/Ja HOABATCA JBa HOBBIX BOIIPOCA,

® BOCCTAHOBHUTDL OJHMH aKKaYHT M OTBETUTb Ha OJAMH BOIIPOC — TOr'Ja CJOMa€TCAd OAUMH aKKayHT

(BO3MOZKHO, TOT 7Ke).

Nznavanbno Oblu ipobsieMsbl ¢ 15 akkayHTamu noJb3oareseit, u 10 nmoab3oBareieil Hanuca i B
TeXIO/IJIEPKKY CBOH Bompockl. Ecam Uropio yaacres B KakKOW-TO MOMEHT CBECTH K HYJIIO U IIPO-
OJIeMBI ¢ aKKAYHTaMU, W KOJHUYEeCTBO BOIPOCOB MOJIb30BATeNed, TO HOBBIX MpPOOJeM W BOMPOCOB
cerogHgd y2ke He 6ygleT. Ba KaKO€ MUHHUMAJIbHOEC BpEMA <B MHHyTaX) I/IFOpb CMOZKeT ,J.'I,O6HTI)CH ATO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;
e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 15 user accounts, and 10 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum



amount of time (in minutes) can Igor achieve this?

Answer: 23

Solution (RUS). (npeacrasieno penrenne Bapuanta N1, ocraibhble pernarorcest anaaoradao) [ycrb
eCTh M «CJIOMAHHBIX» aKKAYHTOB M 7. BOIPOCOB T10JIb30BaTesIell — comocTaBuM mape (m,n) TouKy ¢ co-
OTBETCTBYIOIUME KOOpJMHATAME Ha IuiockocTu. Torma meiicrusiv Vropst (M OmMcaHHBIM B yCJIOBHU
IOCJIEJICTBHSIM STUX JefiCTBHUil) OCTABUM B COOTBETCTBHE BEKTOPHI:

e Bektop @ = (0,0): «BOCCTAHOBHTDH OJIMH AKKAYHT, HO TOIJIA €llle OJMH AKKAYHT CIOMAeTCs (BO3-
MOYKHO, TOT Ke)»;

—
e BekTop b = (—2,1): «BOCCTAHOBUTH JiBa AKKAYHTA — TOI/IA MOABUTCS HOBBIH BOIIPOC OT MOJIB30-
BaTEJIST» ;

® BEKTOp 7 = (0,1): «OTBeTUTH Ha OJMH BOIPOC MOJb30BATEs — TOLJA IMOSBATCS JBa HOBBIX BO-
npocay;

® BEKTOD d = (0, —1): «BOCCTAHOBUTD OJUH AKKAYHT H OTBETHTH HA OJIH BOLPOC — TOLJIA CJIOMAETCH
OJIMH AKKAYHT (BO3MOKHO, TOT JKe€)».

T.e. BBIIOIHUTEH JEHCTBHE — 3HAYUT IIEPEMECTUTHCSA BIOJb COOTBETCTBYIOIIENO BEKTODA, IPU STOM He
Hapyllasd yCJI0BUA HECOTPUIATECJIbHOCTU KOODAUMHAT €0 KOHIIOB (KOJI—Ba AKKayYHTOB U BOIIPOCOB — LEJIbIE
HeoTpuraTeabubie dncia). eab — nomacts B Touky (0,0) — 310 GymeT o3HAYaTh, YTO HE OCTAIOCH
npobieM ¢ aKKayHTaMU U BOIPOCAMH TOJIH30BATEICH.

Cpasy 3aMeTHM, UTO IeHCTBUsI, COOTBETCTBYIONIE BEKTOPaM @ U, He IIPHBOAT K IIPHOIMZKeHIIO
K (0,0), kpome cirydaeB, KOTaa 9Th JefcTBHs BeimoHsaoTes u3 touek (1,0) u (0, 1), cooTBeTCTBEHHO.
NubivMu ciioBamu, u3 31ux jeiicrsuii ropio npurojurcst He 6oJjiee 0JHOTO, IPUYEM €CJIM U HPUIOJIUTCS,
TO TOJIBKO 1 pa3 — B caMyIo IOCJEIHIOI MHHYTY.
Yro6br mepemectuThest B ToUKY (0,0) AeHCTBUSIME, COOTBETCTBYIONUME BEKTOPAM ? u 7, HY?KHO Ha-
xoauThest B Toukax (2,0) u (1, 1), coorBeTcrBeHHO.

Wtak, mpu IOMOIIU BEKTOPOB ? u 7 HeoOXouMo TepeMecTuThes w3 Touku (10, 15) B Touky (2,0),
aubo (1,1), mu6o (1,0), 160 (0, 1) 32 MUHEMAIBHOE KOJTHIECTBO «IMATOBY, MOCIE Yero MOTPedyeTcs ere
onun mar ast nepemerterust B (0, 0).

%
Paccmorpum cay4vaii nepemeriennst B (2,0): mycTh Ajst 5TOr0 moTpeboBaIoch T BEKTOPOB b U y
BEKTOPOB 7, Te.x- b +y-d = (-8-15), wm
—2r 4+ 0y = =8
lr —1y=—-15 '

orkyna r = 4, y = 19, T.e. Bcero lropio morpedyercsa 4+ 19+ 1 = 24 meiicTBusg. AHAJTOTHIHBIM 00pa30oM
pacemorpes Touku (1,1), (1,0), (0,1), nonyunm, aro Haiinennbie 24 neiicTBust — caMbiii OBICTDBIA U3
BO3MOXKHBIX CITOCODOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
there be m «broken» accounts and n user questions — match the (m,n) pair to a point with the
corresponding coordinates on the plane. Then we will associate Igor’s actions (and the consequences of
these actions described in the task’s formulation) with the following vectors:

e vector @ = (0,0): «restore one account, but then another account will break (possibly the restored
one)»;



- . .
e vector b = (—2,1): «restore two accounts — then a new question from the user will appears;

e vector ¢ = (0,1): «answer one user question — then two new questions will appear»;

e vector 7 = (0, —1): «restore one account and answer one question — then one account (possibly
the restored one) will break».

To perform an action means to move along the corresponding vector, without violating the condition
of non-negativity of the coordinates of its ends (the number of accounts and questions are non-negative
integers). The goal is to get to the point (0,0) — by that, there will be no problems left with accounts
and user questions.

Note that the actions corresponding to the vectors @ and @ do not lead to (0,0), except when
these actions are performed from points (1,0) and (0, 1), respectively. In other words, Igor will need no
more than one of these actions, and if he does, it will be only once — at the very last minute.

To move to the point (0,0) by actions corresponding to vectors b and d, you need to be at points
(2,0) and (1,1) , respectively.

So, it is necessary to use the vectors ? and 7 to move from point (10, 15) to point (2,0), or (1,1), or

(1,0) or (0, 1) in a minimum number of «steps», after which it would take another step to move to (0, 0).

— —
Consider the case of moving to (2, 0): let this require x vectors b and y vectors 7, ie.x- b —|—y-7 =
(—8,—15), or

—2r+ 0y = -8
lr — 1y = =15

thus z =4, y = 19, i.e. Igor will need 4 4+ 19 + 1 = 24 actions in total. Having similarly considered the
points (1, 1), (1,0), (0,1), we find that the 24 actions just found are the fastest possible way to achieve
the goal.

Task 5.

1. AHHa yTBepKIaeT, 9TO MOXKHO 3allIcaTh YHCI0, KpaTtHoe 20232°24 me memomnsysa mudpor «0» u
nocjaegoBarebHocTel mudp «13» u «666», a cyeBepublit THUMYpP rOBOPHT, 9TO 9TO HEBO3MOXKHO.
Ko u3 maux npas? ObocHyiiTe CBO# OTBET C MMOMOIIBIO MATEMATUKHU, & HE CyeBepHil.

Anna claims that it is possible to write a number that is a multiple of 20232°?* without using
the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2. Anma yTBep:KIaeT, 9TO MOXKHO 3aImcaTh 4mcao, kparnoe 202322, ne ucnomnsys mudps «0» n
nocJiejioBarebHocTell mudp «13» n «666», a cyeBepublit TUMYp rOBOPHT, 9TO 3TO HEBO3MOZKHO.
Kro u3 maux npas? ObocuyiiTe cBOi OTBET C MOMOIILIO MATEMATUKHU, & He CyeBepHil.

Anna claims that it is possible to write a number that is a multiple of 2023%°?% without using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2023
3. Anma yTBepKIaer, 9TO MOXKHO 3allIcaTh aucyio, Kparnoe 2023292377 ne ucnoansys mudpor «0»

u nocaegaoBarenbHocteit mudp «13» u «666», a cyeBepublii TuMyp rOBOPUT, YTO 3TO HEBO3MOZKHO.
Kro u3 Hux npas? ObocHyiiTe CBOI OTBET ¢ MOMOIIBIO MATEMATHKH, & HE CyeBepHii.



Anna claims that it is possible to write a number that is a multiple of 20232028 without using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2023
4. AHHa yTBep:KIaeT, 9TO MOMKHO 3allICaTh UucI0, KpaTHoe 202320247 we ncnonbsya mudpsr «0»

u rocjaeaoBarenbHocteit mudp «13» u «666», a cyeBepublit TUMYp rOBOPUT, YTO 3TO HEBO3MOZKHO.
Krto u3 aux npas? ObocHyiiTe CBOi OTBET C MOMOIIBIO MATEMATUKHU, & HE CyeBepHil.

Anna claims that it is possible to write a number that is a multiple of 20232024 without using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

Solution (RUS). (npeacrasieno pemrenne apuanta N1, ocranbabre pennarorces: anaaoraaro) o-
KazKeM, 9T0 TpebyeMoe HHCI0 MOYKHO 3aMUCaTh IIPH IOMOITH TOJLKO mudphl «l» — a 3maunt, Axna
npaBa.

Urax, 1ycThb a, — HaTypaJbHOe 9HCJI0, JecATHYHAas 3alliCh KOTOPOI'O COCTOMT U3 N «eJUHUIL, T.e.
ar = 1, ap = 11, a3 = 111, .... IlyeTb 7, — ocTaTKu OT Aesenusd a, Ha 20232°%* mpu BceBO3MOMKHBIX
HATYPaIbHBIX 1. ECam cpeau 11,7y, . .., Topgs200a €CTh 7 = 0, TO cooTBeTCTBYIOmEee @) KparHo 20232924,
YTO JOKA3BIBAET PABOTY AHHBI.

Ecnn e cpemu 71,79, . . ., agegeees HeT «0», TO, cornacuo npunnuiy dupuxie, naiigyres r; = r; (i # j.
He orpannuaubas obmuoctn, 6ygem caurars ¢ < j). Torma a; —a; = a;—; - 10° kparno 2023%°%* npu sToM
10 B3ammHO mpocto ¢ 2023 — a 3HauMT, a;_; kpatHo 2023292 4ro mokaspiBaeT MpaBoTy AHHBI.

Kpurepun oneHuBaHmd:
® IPUCYTCTBYET UJIes UCIOJIB30BATDH B 3alUCU YUC/Ia TOJHKO OfHy nudpy — 1 bas;
® [IpH PACCMOTPEHUN OCTATKOB MCIOJIb30BaH npuHInn Jupuxie — 2 6asia;

® IIPU PACCMOTPEHUN OCTATKOB UCIOJIL30BaH NMpUHIM JIupuxie, 10Ka3aHo, 9TO OCTATOK MPH IejIe-
HUU @, HA HY?KHOE YUCJO0 MOXkKeT ObITh paBen 0 — 3 aJia;

® BEpHBI OTBET IPU HE3HAYMTEILHBIX OIIMOKAX B pelneHun — 4 6asia;

® II0JTHOCTBHIO BEpHBIE pelIeHre U OTBeT — 5 HAJIIOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
prove that the required number can be written using only the digit «1», which means Anna is right.
First, let a,, be a positive integer which decimal notation consists of n digits «1», i.e. ay = 1, ag = 11,
az = 111, .... Let r,, be the remainders from dividing a,, by 2023%°?* for all possible integers n. If among
T1,T2, . .., ageg2024 there is 7, = 0, then the corresponding ay, is a multiple of 20232°?*, which proves Anna
is right.
If among ry, 79, ..., 932024 there is no «0», then, according to the Dirichlet’s principle, there exist
r; = r; (i # j; without loss of generality, we assume i < j). Then a; — a; = a;—; - 10" is a multiple of
20232024 while 10 is coprime with 2023 — thus, a;_; is a multiple of 2023%*?*] which proves Anna is right.

Criteria:
e there is an idea to use only one digit to write the required number — 1 point;

e when considering remainders, the Dirichlet principle was used — 2 points;

e when considering remainders, the Dirichlet principle was used, also it was proven that the remainder
when dividing a,, by the required number can be equal to 0 — 3 points;



e correct answer with minor errors in the solution — 4 points;

e completely correct solution and answer — 5 points.

Task 6.

1. 13 66abImero npaBUIbHOTO 8-yrOJbHUKA BBIPE3aJIM MEHbIIHH MpaBUIbHBIN 6-yroapHuk. Obs3a-
TeJILHO JI MOYKHO NPOBECTH IIPAMYIO TaK, YTOOBI OHA pa3JeIuaa ocTaBuIyiocs UIYPY Ha JBe
paBHOBesnKHe (T.e. paBHBIE HO ITOMAN) HUrypsr?

From the larger regular 8-gon a smaller regular 6-gon was cut out. Is it always possible to draw a
straight line that divides the remaining figure into two figures with equal areas?

2. U3 66sbItIero mpaBuIbHOTO 6-yrO/IBHUKA BBIPE3aJid MEHbINN npaBuibabiii 10-yrogpank. Obsa3a-
TeJIbHO JIU MOYKHO MPOBECTH MPAMYIO TaK, YTOOBI OHA pa3jesuia OCTaBIIyiocd (burypy Ha mBe
paBHOBesnKYe (T.e. paBHBIE N0 TIOMAH) HUrypsr?

From the larger regular 6-gon a smaller regular 10-gon was cut out. Is it always possible to draw
a straight line that divides the remaining figure into two figures with equal areas?

3. W3 66s1bIm1ero npaBUIbLHOTO 8-yTOJIbHUKA BBIpE3and MeHbIMUi npaBuabHblil 10-yroabauk. Obs3a-
TEJbHO JIU MOZKHO MPOBECTU NPAMYIO TaK, 4TOOBbI OHA pa3/ie/njia OCTaBIIyocsd (UTYPY Ha JBe
paBHOBesnKHe (T.e. paBHBIE MO TLTOMAN) Urypsr?

From the larger regular 8-gon a smaller regular 10-gon was cut out. Is it always possible to draw
a straight line that divides the remaining figure into two figures with equal areas?

4. U3 66sabmero npaBuabHOro 10-yroJibHUKA BBIPE3aJ MEHBINHI TPaBUILHBIA 6-yroibHuk. Obds3a-
TEeJBHO JIU MOXKHO NMPOBECTH IPSIMYIO TaK, YTOOBI OHA pas3e/ujia OCTaBIIyIocs (UTYPY Ha JBe
paBHOBesInKME (T.e. paBHBIE MO TIOMAN) Hurypor?

From the larger regular 10-gon a smaller regular 6-gon was cut out. Is it always possible to draw
a straight line that divides the remaining figure into two figures with equal areas?

Solution (RUS). (npeacrapieno penrenne Bapuanta N1, octajabHbIe pENIAIOTCS AHAJTOTHIHO) 371eCh
u jgajiee OyJeM Ha3blBaTh IEHTPOM IMPABHILHOTO 2Nn-yTOJbHUKA HEHTD OMUCAHHONW OKOJI0 HETO OKPY K-
HOCTH — OH PACIIOJIATaeTCs Ha MepecevdeHrr HauOOJbITNX JuaroHa el 2n-yroabHUKa. 3aMeTHM, 9TO
NpOW3BOJIbHAA HpAMad [, MpoXoAdiiad 4depe3 IEeHTD MNPABUJIBHOTO 2n-yTOJbHHUKA, JTEJIUT €ro Ha /IBa
PaBHBIX (& 3HAYUT, U PABHOBEJNUKUX) MHOIOYTOJIbHUKA: OHU COBMENIAIOTCSI TOBOPOTOM BOKPYT HEHTPA
UCXOJHOTO 2n-yrojabHuKa Ha 180°.

[Tycrs A — nentp ucxoaoro (66binero) 8-yrojubHuka, a B — neHTp MeHbinero 6-yroapauka. Toria
npsamast AB genuT KarKaplit 13 HUX Ha JIBA PABHOBEINKUX MHOTOYTOJIBHUKA, T.€. 0 KaKIyi0 cTopony AB
JIEYKUT MOJOBWHA, IO/ KAZKJIOTO U3 JIBYX YIOMSIHYTHIX MHOTOYTOJBHUKOB — & 3HAYUT, 9T, IPAMast
VJIOBJIETBOPSIET YCIOBUAM 3aa9H.

Kpurepuun oneHuBaHmA:

® JI0Ka3aHO, 9TO eCJIN MEeHTPhl MHOTOYTOJIbHUKOB COBIAIAIOT, TO JIIO0as MpsMasi, ITPOXOIAIIas depe3
STH NEHTPBI, AeJuT GUrypy Ha paBHOBeIuKHE — 1 OaJLT;



® I0KA3aHO, UYTO MPAMasl, TPOXOAAIIA Yepe3 MeHTP MPaBUIbHOTO 2n-YTOMbHUKA, JeJTUT €TI0 Ha JIBa
PaBHBIX / DABHOBEJINKHX — 3 OaJlia;

® JI0Ka3aHO, YTO TpedyeMas NMpsMas COeJIMHSeT IEeHTPhl MHOIOYTOJbHUKOB — 5 HAJLIOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Here
and later we will call the center of a regular 2n-gon the center of its circumcircle — it is located at the
intersection of the largest diagonals of the 2n-gon. Note that an arbitrary line [ passing through the
center of a regular 2n-gon divides it into two equal (and therefore having equal areas) polygons: they
coincide after rotating around the center of the original 2n-gon by 180° .

Let A be the center of the original (larger) octagon, and B the center of the smaller 6-gon. Then
the line AB divides each of them into two equal polygons, i.e. by each side from AB lies half the area
of each of the two polygons, which means that the line satisfies the task’s conditions.

Criteria:

e it has been proven that if the centers of the polygons coincide, then any line passing through these
centers divides the figure into two with equal areas — 1 point;

e it is shown that a line passing through the center of a regular 2n-gon divides it into two equal /equal-
sized — 3 points;

e it is proved that the required line connects the centers of the polygons — 5 points.



10-12"" degree

Task 1.

1. Hropb, aaMmunucTparop rtexundeckoil momiepkku BKonTakTe, moMoraeT BoCCTaHABINBATL aKKa-
) ?
VHTBI OJIb30BaTe el 1 HOIMYTHO OTBeYaeT Ha UX BOIPOCHL. 3a 0aHy MEUHYTY ropb MOXKeT cae1aThb
OJIHO U3 CJIEAYIOUX JCHCTBUN:

® BOCCTAHOBHUTDL OAMH aKKaYHT, HO TOl'Zja €llle OJUH aKKayHT CJIOMaeTCd (BOSMO)KHO7 TOT )Ke),
® BOCCTAHOBHUTD /IBa aKKayYHTa — TOrla IOABHUTCHA HOBBIIA BOIIPOC OT IOJIb30BaTeJId;
® OTBETUTDH Ha OJUH BOIIPOC IIOJIB30OBaTeEJd — TOrJla HOABATCA JBa HOBBIX BOIIPOCA,
® BOCCTAaHOBHUTDL OJHWH aKKayHT M OTBETUTb Ha OJAMH BOIIPOC — TOr'Ja CJOMaeTCd OAUH aKKayHT

(BO3MOZKHO, TOT 7Ke).

Nznavaibno Oblau mpodseMsbl ¢ 10 akkayHTaMu I0JIb30BaTe eil, u 15 mob3oBareieil HanIuca I B
TeXTO/IIEPKKY ¢BOM Bompockl. Ecim Vropio ygacTed B KaKOW-TO MOMEHT CBECTH K HYJIO W IIPO-
OJIeMBI ¢ aKKayHTaMHU, ¥ KOJUYECTBO BOIPOCOB IOJIH30BATEEH, TO HOBBIX HMPODOJIEM B BOIPOCOB
cerojiast yzke He Oyjer. 3a Kakoe MUHIMAaIbHOE BpeMs (B MuHyTax) Nrops cMoxker 106UThCst 3T0-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 10 user accounts, and 15 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 24

2. Uropb, aaMuHECTPATOP TEXHUYECKOH mojaepkkn BKonTakTe, moMOraeT BOCCTAHAB/INBATD aKKa-
YHTBI oJIb30BaTeJIell u IMMOITYTHO OTBEYa€T Ha UX BOIIPOCHI. Ba OJHY MUHYTY I/II‘Opb MOZKeT CIeJIaTh
OJIHO U3 CJIJAYIOMIUX ACHCTBUM:

® BOCCTAaHOBHUTH OAMH aKKayHT, HO TO/la €lle OJWH aKKayHT CJI0OMacTCA (BOSMO)KHO, TOT }Ke),
® BOCCTAaHOBHTB JABa aKKayHTa — TOI'Ja IMOABUTCHA HOBBII BOIIPOC OT IOJIb30BaTeJId;

® OTBETUTH Ha OJUH BOIIPOC IIOJIB30BaTeEJd — TOra HOABATCA ABa HOBBIX BOIIPOCA,

® BOCCTAHOBHUTBb OJHUH aKKaYHT M OTBETHUTL Ha OJWMH BOIPOC — TOrJa CJIOMa€eTCd OAWMH aKKayHT

(BO3MOXKHO, TOT 7Ke).

Nsznavasibuo Obliiu 1podsieMbl ¢ 14 akkayHTamu 1oJib30BaTe/eil, u 15 1nojib3oBareieil Hauuca I B
TEeXIOJEPXKKY cBou Bompochl. Ecian Nropio ymacresa B Kakoii-TO MOMEHT CBECTH K HYJIO U TIPO-
OJieMbl C aKKayHTaMHU, U KOJUYECTBO BOIPOCOB TOJIHL30BaTE/EH, TO HOBBIX MPOOJIEM U BONPOCOB



cerofiHst yzke He Oyjer. 3a Kakoe MUHUMATIbHOE BpeMsl (B MUHYTax) Iropb cMOXKeT JTIOGUTHCST ITO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;
e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 14 user accounts, and 15 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 28

Uropk, aiMuHECTPATOP TeXHUUYECKOH nojaepKkn BKorTakTe, ToMoraeT BOCCTAHAB/INBATD aKKa-
VHTBI II0JIb30BaTe el 1 HOIIYTHO OTBeYaeT Ha UX BOIPOCHI. 3a 0Hy MEHYTY ropb MOXKeT cieaThb
OJIHO U3 CJIEAYIONIUX ACHCTBUM:

® BOCCTAHOBHUTDL OAMH aKKaYHT, HO TOl'/la €llle OJUH aKKayHT CJIOMaeTCHd (BOSMO)KHO7 TOT )Ke),
® BOCCTAHOBHUTDL /[IBa aKKayYHTa — TOrJa IOABHUTCHA HOBBII BOIIPOC OT IOJIb30BaTeJId;

® OTBCTUTH Ha OJUH BOIIPOC IIOJIb30BaTeEJ/Id — TO/la HOABATCA JABa HOBBIX BOIIPOCA,

® BOCCTAHOBHUTBb OJUH aKKaYHT M OTBETHUTL Ha OJWMH BOIPOC — TOJa CJIOMa€TCd OAWMH aKKayHT

(BO3MOYKHO, TOT 7Ke).

Nznavanbno Oblu npobseMsbl ¢ 12 akkayHTamu noJib3oBaTesieil, n 18 nosab3oBareieil Hanuca i B
TEeXTOEPXKKY cBou Bompochl. Ecian Uropio ymacres B Kakoii-TO MOMEHT CBECTH K HYJIO W TPO-
OJIeMBl ¢ aKKayHTaMU, W KOJHUYECTBO BOIPOCOB MOJIb30BaTeNel, TO HOBBIX MpoOJeM W BOMPOCOB
cerofiHst yzke He Oyjet. 3a Kakoe MUHUMATIbHOE BpeMsl (B MUHYTax ) ropb cMOXKeT JTOGUTHCST ITO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 12 user accounts, and 18 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 29



4. Uropb,  IMUHACTPATOP TeXHUYeCKoU momaep:kku BKoHTaxTe, moMoraeT BocCTaHABINBATHL aKKa-
YHTBI 0JIb30BaTee 1 IIOIIYTHO OTBE€4Ya€T Ha UX BOIIPOCHI. Ba OJHY MUHYTY I/IFOpb MOZKeT CIeJIaThb
OJTHO W3 CJAEAYIONNX JEHCTBUNA:

® BOCCTAHOBUTH OJIMH aKKayHT, HO TOTJIA eIlle OJMH AKKAYHT CJIOMaeTcs (BO3MOXKHO, TOT ¥Ke);
® BOCCTAHOBHUTH JIBA aKKAYHTA — TOT/A MOIBUTCS HOBBIM BOIPOC OT HMOJb30BATENT;
® OTBETUTH Ha OJUH BOIIPOC IOJIB30BaTeEJd — TOrJa HOABATCA ABa HOBBIX BOIIPDOCA,
® BOCCTAHOBHUTH OJUH aKKAYHT W OTBETUTH HA OJUH BOIPOC — TOTJA CJAOMAETCd OANH aKKayHT

(BO3MOXKHO, TOT Ke).

Nznagaibno 6pL1u mpobaeMbl ¢ 15 akkayHTamMu IoJb3oBaTeseit, u 10 mojab3oBareieil Hanuca I B
TeXTO/IIEPKKY ¢BOM Bompockl. Ecam Mropio ymacTesd B KaKOW-TO MOMEHT CBECTH K HYJIO W IIPO-
Os1eMbl ¢ aKKayHTaMHU, U KOJIMYECTBO BOIIPOCOB 110J1b30BaTeieil, TO HOBBIX HPOOJIEM U BOIPOCOB
cerofisi yzke He Oyzer. 3a Kakoe MUHHMAaIbHOE BpeMs (B MuHyTax) roph cMoxkeT 10GUTHCST 3TO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 15 user accounts, and 10 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 23

Solution (RUS). (npeacrasieno penrenne Bapuanta N1, ocraibhble periarorcest anaaoradno) Ilycrb
eCTh M «CJIOMAHHBIX» aKKAYHTOB M 7. BOIPOCOB I10/Ib30BaTe/Iell — ComocTaBuM mnape (m,n) TouKy ¢ co-
OTBETCTBYIOIUME KOOpJMHATAME Ha IutockocTu. Torma meiicrusiM Vropst (M OmMcaHHBIM B yCJIOBHU
HOCJIEJICTBUSIM STUX JIeHiCTBHUIT) OCTABUM B COOTBETCTBHE BEKTODHI:

e Bektop @ = (0,0): «BOCCTAHOBHTDH OJMH AKKAYHT, HO TOI/A €Ile OJMH AKKAYHT CIOMAETCs (BO3-
MOZKHO, TOT 2Ke)»;

%
e BekTop b = (—2,1): «BOCCTAHOBUTH /iBa AKKAYHTA — TOI/IA MOSBUTCS HOBBIH BOIIPOC OT MOJIB30-
BaTEJIST» ;

® BEKTOD 7 = (0,1): «oTBeTHTH Ha OJWH BOMPOC TMOJB30BATE/ST — TOTJA TOSIBATCS JBa HOBBIX BO-

npocas;

® BEKTOD d = (0, —1): «BOCCTAHOBHUTD OJWH AKKAYHT M OTBETHTDH HA OJIIH BOIPOC — TOT/IA CJIOMAETCS
OJINH AKKAYHT (BO3MOKHO, TOT ZKe)>».

T.e. BLIIOJIHUTD JAeHCTBUE — 3HAYUT MEPEMECTUTHCS BIOJIb COOTBETCTBYIOMIETO BEKTOPA, IPH ITOM He
Hapyllad yCJI0BUA HECOTPULATEC/JIbHOCTU KOOPAUMHAT €I'0 KOHIIOB (KOJI—Ba AKKayYHTOB U BOIIPOCOB — LEJIbIE
HeoTpuiaTeabubie dncia). [leab — nomacts B Touky (0,0) — 510 GymeT o3HAYATH, YTO HE OCTAJIOCH
npobJieM ¢ aKKayHTaM¥u ¥ BOIPOCAMU TIOJIH30BATEIEH.



Cpasy 3aMeTHM, UTO IeHCTBUsI, COOTBETCTBYIONME BEKTOPaM @ 1 C , He IPHBOAT K IIPHOIMZKOHIIO
K (0,0), Kpome ciydaes, KOUja 3TH JeHCTBUSI BBIIOJHIIOTCS U3 TOYEK (1, 0) u (0, 1), cooTBETCTBEHHO.
Wabivu cioBamu, u3 atux gefictBuii ropio npuroaurces ne 60Jsee 0JHOTO, TPUYEM €CJU U NPUTOINUTCH,
TO TOJIBKO 1 pa3 — B caMyIo TOCJEIHIO MUHYTY.
Yro6br mepemectuthest B T0Uky (0,0) meficTBUAME, COOTBETCTBYIOMMME BEKTOPDAM ? u 7, HYZKHO Ha-
xonuThes B Toukax (2,0) u (1, 1), cooTBeTCTBEHHO.

Vrak, npu MOMOIIY BEKTOPOB ? u j HeoOX0 MO TepeMecTuThest w3 Touku (10, 15) B Touky (2,0),
60 (1, 1), 6o (1,0), 6o (0, 1) 32 MUHEMAIBHOE KOJIMIECTBO «IMArOBY, IIOC/IE 9ero HoTpedyercs ere
onuu mar aias nepemernerus B (0,0).

%
Paccmorpum caydait nepemerienust B (2,0): mycTh st 9TOr0 mOTpeGOBATIOCH T BEKTOPOB b U Y
BEKTOPOB 7 re.x- b +y-d = (-8 —15), win
—2z 4+ 0y = =8
lr —1y=-15

orkyna r = 4, y = 19, t.e. Bcero Uropro nmorpedyercs 4+ 19+ 1 = 24 neficrBust. AHaIOTHIHBIM 00pa30M
pacemorpes Touku (1,1), (1,0), (0,1), nonyunm, aro HaiineHHbie 24 geficTBust — caMblii OBICTDBIA U3
BO3MOYKHBIX CIIOCODOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
there be m «broken» accounts and n user questions — match the (m,n) pair to a point with the
corresponding coordinates on the plane. Then we will associate Igor’s actions (and the consequences of
these actions described in the task’s formulation) with the following vectors:

e vector @ = (0,0): «restore one account, but then another account will break (possibly the restored
one)»;

_>
e vector b = (—2,1): «restore two accounts — then a new question from the user will appear»;

_>

e vector ¢ = (0,1): «answer one user question — then two new questions will appears;

e vector 7 (0, —1): «restore one account and answer one question — then one account (possibly
the restored one) will breaks.

To perform an action means to move along the corresponding vector, without violating the condition
of non-negativity of the coordinates of its ends (the number of accounts and questions are non-negative
integers). The goal is to get to the point (0,0) — by that, there will be no problems left with accounts
and user questions.

Note that the actions corresponding to the vectors @ and @ do not lead to (0,0), except when
these actions are performed from points (1,0) and (0, 1), respectively. In other words, Igor will need no
more than one of these actions, and if he does, it will be only once — at the very last minute.

To move to the point (0,0) by actions corresponding to vectors b and d, you need to be at points
(2,0) and (1,1) , respectively.

So, it is necessary to use the vectors ? and 7 to move from point (10, 15) to point (2,0), or (1, 1), or

(1,0) or (0,1) in a minimum number of «steps», after which it would take another step to move to (0, 0).

— —
Consider the case of moving to (2,0): let this require x vectors b and y vectors 7, ie.x- b —|—y-7 =
(—8,—15), or

—2z 4+ 0y = -8
le — 1y = —15

thus z =4, y = 19, i.e. Igor will need 4 4+ 19 + 1 = 24 actions in total. Having similarly considered the
points (1, 1), (1,0), (0,1), we find that the 24 actions just found are the fastest possible way to achieve



the goal.

Task 2.

1. B ocrpoyromprom AABC' BbIcOTa, omymieHHas Ha cropory BC, pasua 10. Ha Menbmux myrax
AB, AC' okpyzxuocTH, onucanuoi okoso AABC, ormeuenbl Touku P, () (COOTBETCTBEHHO) TakK,
910 paccrosgaus or Touku A no npameix B P, C'() coorBerctBenno pasubl 4 u 6. Haiiqure paccro-
sare or Toukn A no npsmoit P(Q). OTBer 3anumninTe B BUAE IEA0TO YHCIa WIH JeCITHIHONR apo0H,
OKPYTJIEHHON JI0 COTBIX.

In an acute-angled AABC' the height to its side BC' is equal to 10. On the lesser arcs AB, AC' of
the AABC circumcircle, points P, () are marked respectively such that the distances from point
A to lines BP,C'() are equal to 4 and 6, respectively. Calculate the distance from point A to line
PQ). Write your answer as an integer or a decimal rounded to the nearest hundredth.

Answer: 2.4

2. B octpoyroasaom AABC' BeicoTa, onyineHHas Ha cropony BC, pasHa 10. Ha meHpmmx myrax
AB, AC okpyzxuocTH, onucanuoi okono AABC, ormeuenbl Touku P, () (COOTBETCTBEHHO) TakK,
910 paccrosgausg or Touku A mo npameix B P, C'() coorBercTBenno pasubl 7 u . Haiiqure paccro-
ssare or Toukn A 1o npsmoit P(Q). OTBeT 3anuninTe B BUAE IEI0TO YHCIa WIH JeCITHIHONR Apo0H,
OKPYIVIEHHON 10 COTBIX.

In an acute-angled AABC the height to its side BC'is equal to 10. On the lesser arcs AB, AC of
the AABC circumcircle, points P, () are marked respectively such that the distances from point
A to lines BP,C'(Q are equal to 7 and 5, respectively. Calculate the distance from point A to line
PQ). Write your answer as an integer or a decimal rounded to the nearest hundredth.

Answer: 3.5

3. B ocrpoyroapaom AABC BwICOTa, omyimeHHass Ha cropony BC, paBna 8. Ha MeHbmux myrax
AB, AC okpyzxuoctu, onucanuoii okoso AABC, ormedenst 1ouku P, () (COOTBETCTBEHHO) TaK,
910 paccrogausg or Touku A mo npameix B P, C'() coorBerctBenno pasubl 4 u 6. Haiiqure paccro-
ssare 0T Toukn A 1o npsmoit P(Q). OTBeT 3anunnTe B BUAE IEI0TO YHCIa WIH JeCITHIHONR Ipo0H,
OKPYIVIECHHON 10 COTBIX.

In an acute-angled AABC the height to its side BC' is equal to 8. On the lesser arcs AB, AC' of
the AABC circumcircle, points P, () are marked respectively such that the distances from point
A to lines BP,C'(Q are equal to 4 and 6, respectively. Calculate the distance from point A to line
PQ). Write your answer as an integer or a decimal rounded to the nearest hundredth.

Answer: 3

4. B octpoyromsaom AABC' BbIcOTa, omylneHHas Ha cropony BC, paBHa 6. Ha MeHpmmx myrax
AB, AC okpyzxuocth, onucanuoii okoso AABC, ormedensr Toukn P, () (COOTBETCTBEHHO) TaK,
910 paccrogausg or Touku A 1o npameix B P, C'() coorBercTBenHo pasubl H u 3. Haiiaqure paccro-
sare or Toukn A 1o npsmoit P(Q). OTBeT 3anumuTe B BUAE IEI0TO YUCIa WA JeCITHIHONR IpodHu,
OKPYIVICHHON 10 COTBIX.

In an acute-angled AABC the height to its side BC' is equal to 6. On the lesser arcs AB, AC' of
the AABC circumcircle, points P, () are marked respectively such that the distances from point



A to lines BP,C'QQ are equal to 5 and 3, respectively. Calculate the distance from point A to line
PQ). Write your answer as an integer or a decimal rounded to the nearest hundredth.

Answer: 2.5

Solution (RUS). (npexcrapieno penrenne Bapuanta N1, ocraipable periarorest anaaorndno) Ilycrb
D, E, F, H — ocHOBaHUs TI€PIEHINKYJIAPOB, IPOBeIeHHBIX n3 Toukn A K npameiMm BC, BP, CQ), PQ co-
OTBETCTBEHHO.
Torpa rouku A, H, P, E nexar Ha ojHO# OKpyzxkHocTu ¢ jguamerpom AP, 1.x. ZAEP = ZAHP = 90°;
aHajornvgHO mokazbiBaeM, uto Touku A, D, C| F nexar #Ha onuoit okpyzkuoctu ¢ guamerpom AC. Torma

LAFEH = ZAPH = ZACQ = LADF'; rakxe LEAH = 180° — ZEPH = Z/BPQ = 180° — ZDCQ =
ZDAF.

L1
1
1
1
I
]
]
L}

g?i,ZLEOBaTe.HbHO, rpeyrosbauku AEH uw ADF nogo0HBl IO AByM yrjiaM, OTKY/1a ﬁ—g = j—g = AH =
£ =24,
AD

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
D, E,F, H be the bases of the perpendiculars drawn from the point A to the lines BC, BP,CQ, PQ,
respectively.
Then the points A, H, P, E lie on the same circle with diameter AP, because ZAEP = ZAHP = 90°;
similarly, the points A, D,C, F lie on the same circle with diameter AC. Then ZAEH = ZAPH =
LACQ = LZADF; also /ZEAH = 180° — Z/ZFEPH = /BPQ = 180° — ZDC@Q = ZDAF.



. o AH _ AE _ AF-AE _
Therefore, triangles AEH and ADF are similar, whence 57 = 45 = AH = =55~ = 2.4.

Task 3.

22024

1. Hajinure MuHnMaabHOE HATYpaIbHOE k, IpH KOTOpOM k! Haleso neanTcs Ha . I[To onpenene-

mmo k! =1-2-3---(k—1) - k.

Find the smallest positive integer k such that k! is divisible by 22024, By definition k! = 1 -2 -
3o (k—1)-k.

Answer: 2032

2. Hajinure MunuMa/bHoe HATYpaabHOe k, 1pu KoTopoM k! mameso memurcea ma 22020, Tlo onpenese-
mmo Kl =123 (k—1)- k.

Find the smallest positive integer k such that k! is divisible by 22026, By definition k! = 1 -2 -
3. (k—1)- k.

Answer: 2034

3. Haiinure MuHEMAIbHOE HATYpaabHOE k, IpH KoTopoM k! mamesro memurcea ma 22032, Tlo ompenerne-
mmo Kl =123 (k—1)- k.

Find the smallest positive integer k such that k! is divisible by 22°32. By definition k! = 1-2 -
3o (k—1)-k.

Answer: 2040



4. Haijinre MUHIMaIbHOE HaTypaabHoe k, mpu KoTopoM k! Hameso geanTed Ha 22021

mio k!l =1-2-3-+-(k—1) - k.

. ITo onpenene-

Find the smallest positive integer k such that k! is divisible by 22°?!. By definition k! = 1 -2 -
3. (k—1)-k

Answer: 2028

Solution (RUS). (npencrapieno penrenne Bapuanta Nel, octajpHbIe pentaiorest anagoradno) CHa-
yasIa JOKayKeM, 9To A7 Moboro HaTypambHoro n unciao (27)! kparmo 22"~V no ne xparno 22",
B npoussegenuu (27)! = 1-2---(2" — 1) - (2") ecrb posuo 2"/2 = 2"~! yernbix comuokurenei (Jo-
Gapnsior 1 K cremenn nBoiikm B pasioxkenne (27)! Ha mpocThie MHOKHATEN), 27 /4 = 2"7% cOMHOKH-
Tesieii, KpaTtHbix 4 (7106aBystorT eme Mo 1 K cTemeHd JBOWKM B pasioxkenue (2")! Ha OpOCTbIE MHO-
KATE), 2"% coMHOKMTEIel, KpaTHBIX 8, ..., 2" " = 1 coMHOXKHTeTb, KpaTHBIH 2" (eme +1
CTeIeHN JBOIMKHN) — UTAK, YUCIO 2 BXOAUT B paszjioxkenue (2")! Ha mpocTbie MHOXKHUTENN B CTENCHH
on=l pon=2 4 ... 4 21 4 20 =97 1 wro mokasbiBaeT TpeGyeMmoe.

B mameii 3ajaqe HyKHO 110100paTh Takoe n, 4o (2" — 1) Gamke Beero k 2024. dro 11 n k = 211 =
2048; Torga (2! — 1) = 2047. Ham Hy:kHO HaiiTH MEHEMaIbHOe k Takoe, 4Tobbl k! GbL10 Kparho 22024,
Byaem ymenbmarh k& ¥ ¢MOTpeTb, Kak YMEHBIIAeTCs CTeleHb IBOHKU B passoxkenun k!. Haupumep,
2047! numeer Ha 11 JBoeK B pasjozKeHUn MeHbIe, deM 2048! — Her muoxkuTens 2048 = 2!1: 2033! ume-
er Ha 22 jBoiiku Menbine (Her mMuoxuresein ¢ 2034 no 2048, ux upoussejenue Kkparuo 222) — suauur,
2033! gemmresa ma 220%°. A BoT BRIGPOCHTD CJleTyIONT YETHEIH MHOKEATENb, 2032, MBI He MOzkeM — 2032
nemurea ma 8, u 2031! 6yner xparro qumn 2202, Tlosromy mMumrmvamabhoe k, pu kotopom k! mareso
nemanted Ha 22924 pasro 2032.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Lets
prove that for any positive integer n the number (27)! is a multiple of 22"~V but not a multiple of 22",
The product (2")! =1-2---(2" — 1) - (2") has exactly 2"/2 = 2"~1 even factors (adding 1 to the power
of 2 in the representation of (2")! as a product of primes), 2"/4 = 2"~2 factors that are multiples of 4
(add another 1 to the power of 2 in the representation of (2")! as a product of primes), 2"~3 factors are
multiples of 8, ..., 2" = 1 factor is a multiple of 2" (+1 more to the power of 2) — so, the number 2 is
included in the representation of (2")! into prime factors in the power of 2" 142772 4... 421420 =271
which proves what is required.

In the task presented, we need to find a number n such that (2" — 1) is closest to 2024. This is 11
with & = 2 = 2048; then (2'! — 1) = 2047. We need to find a minimum & such that k! is a multiple of
22024 We will reduce k and see how the number of powers of two in the expansion of k! decreases. For
example, 2047! has 11 fewer twos in the expansion than 2048! — there is no multiplier 2048; 2033! has
22 fewer 2s (there are no multipliers 2034 through 2048, their product is a multiple of 2%2). So, 2033!
is divisible by 22925, But we can’t throw away the next even multiplier 2032 since is divisible by 8, and
2031! will only be a multiple of 22923, Therefore, the smallest k£ such that k! is divisible by 220%* is 2032.

Task 4.
1. Tpoiika HATypaabHBIX YHCes (T,Y, 2) YAOBIETBOPSIET YPABHEHUIO
z? 4+ 2023y* = 2*

Tax>ke usBecTHo, 4uro y > 113 — mpocToe 4uca0, a z — HAUMEHbIIIee IIPU JAHHOM Y. deMy paBHO
HauOoJIbIlee BO3MOKHOe 3HadeHHe =7 3allMIIuTe OTBT B BHJE IEJIOr0 YMCIa MM JIeCATHIHOMH
JIpoOH, OKPYIVIEHHO# 10 COTBIX.



Triple of positive integers (z,y, z) satisfies the equation
z? + 202317 = 22

It is also known that y > 113 is a prime number, and z is the smallest number for a given y. What
is the largest possible value of 27 Write your answer as an integer or a decimal rounded to the
nearest hundredth.

Answer: 1.33
. Tpoiika HaTypaabHbIX Yuces (T,y, 2) YAOBIETBOPSIET YPABHEHUIO

x? + 845y% = 2*
Taxxke uzBecTHO, 4TO Yy > 61 — MpPOCTOE YUC/IO, & 2 — HAUMEHbIee MPHU JAHHOM 3. demy paBHO
HauOO/IbIICe BO3MOKHOE 3HAICHHE =7 BalMIIUTE OTBET B BUJIE NEJOTO YMC/IA WA JECATHIHOL
JIpoOH, OKPYTJIEHHOHN JI0 COTHIX.
Triple of positive integers (z,y, z) satisfies the equation

x? + 845y% = 2*

It is also known that y > 61 is a prime number, and z is the smallest number for a given y. What
is the largest possible value of 27 Write your answer as an integer or a decimal rounded to the
nearest hundredth.

Answer: 1.5
. Tpoitka HaTypaabHBIX Ynces (,Y, 2) YAOBIETBOPSIET yPABHEHUIO
2 + 3179y° = 2°

Tak:ke usBecTHO, 9TO Yy > 181 — mpocToe YUCTIO, a 2 — HAUMeHbIlee Ipu JaHHOM Y. YeMy paBHO
HauOOIbIICe BO3MOXKHOE 3HadeHHe =7 BalMIIUTE OTBET B BUJE IEJOTO YHCIA WA JECATHIHOH
JpoOH, OKPYTJIEHHOH 10 COTBIX.

Triple of positive integers (z,y, z) satisfies the equation
x? + 3179y° = 22

It is also known that y > 181 is a prime number, and z is the smallest number for a given y. What
is the largest possible value of 27 Write your answer as an integer or a decimal rounded to the
nearest hundredth.

Answer: 1.2
. Tpoiika HaTypaJbHBIX YHCE]T (x, Y, z) VIOBJIETBOPAET YPABHEHUIO
z? 4+ 1859y* = 22

Tak:ke u3BecTHO, 9TO ¥y > 139 — MpocTOe YUCTO, a 2 — HAUMeHbIlee TP JaHHOM ¥y. YeMy paBHO
HauGoJIbllee BOBMOXKHOE 3HadeHue =7 3anuinure OTBET B BUJE LEJIOI0 YMC/IAa MJIU JIeCATHYHON
Jpobu, OKPYTJIEHHOH 10 COTHIX.



Triple of positive integers (z,y, z) satisfies the equation
2?2 + 18592 = 22

It is also known that y > 139 is a prime number, and z is the smallest number for a given y. What
is the largest possible value of 27 Write your answer as an integer or a decimal rounded to the
nearest hundredth.

Answer: 1.2

Solution (RUS). (upescrasieno pemmenne Bapuanra Nel, ocrajibable pemarorcs anagorndno) Tak
kaK 22 > 2%, nycth 2 = o + k, rae k — HaTypasbHOe YHCIIO:

2% +2023y* = (z + k)?

2 42023y = 2 + 2k + k?
2kx = 2023y° — k*

2023y? — k?
_ Y TR 1
T (1)
OTKY/Ia
2023y° 4 k*
— T 2
ok (2)
U3 paBeHncrBa (1) U TOTO, YTO T — HaTypaJbHOE, JejlaeM CJIeAVIONNe BBIBOIBL:
k < 45y (3)
(2023y* — k) : 2 (4)
(2023y* — k*) : k (5)

Eciu Boibpannoe 3uadenue k yjosiersopsier (3)-(5), To OHO JaeT HAM PEHIeHHe UCXOJHOIO yPABHEHHS.
Tenepsb mokazkeM, 9TO HPH yBEJIHYCHHN 3HAYCHHS k 3HAUCHEE 2 yMEHbIIaeTcs i Jjoboro y. [ox-
CTaBUM B BhIpazkenue (2) 3uadenns k u k + 1 1 TOay9nM cJieyoliee HePaBEHCTBO:

2023y% + (k +1)*  2023y* + k?
2(k +1) 2k

(3meCH BMECTO V JIOJIZKEH CTOATH 3HAK HEPABEHCTBA), KOTOPOE CBOIUTCH K:
kE Vv 4046y% — 1
Coeumss ¢ HepaBeHCTBOM (3), IOy IaeM:
0 V 4046y* — 45y — 1

g mr060T0o HATYPATBHOTO Yy BMECTO \V 3/1eCh JOJIKEH CTOATH 3HAK <, UTO U TpeOOBaIOCh TOKa3aTh. Ta-
KUM 00pa3oM, BOIPOC 3a/[a4i CBOJIUTCH K HAXOZK/ICHUIO HAnOOJIbIIero 3Hadenus k, yJ10BJIeTBOPSIONIErO
kpurepusam (3)-(5).

2023 = 7-172. Bnavenus k = 7- 17y, 17%y, 7-17%y, 17y, 7-17y%, 17%y2, 7-17%y* He noaxondar mos
kpurepuit (3). Takzke mox Hero me noaxoaut k = y%, .. y> > 45y (y > 113 > 45). Ilog nepeunciennpre
KPUTePHUN HOIXOAAT ToabKo 1,7,17,7-17 = 119,17 = 289, y, Ty, 17y. Ecin cpaBHATL UX MexK1y coboi,
TO MOJTyunTCst, 9T 17y > 2023 (T.K. y > 119). Buaunt, k = 17y aBagercss HAKOOIBITUM U3 MOAXOAIINX,
u

2 2023y% +289y* 4
max — = =-~1.33
x  2023y% —289y%2 3




Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Since
22 > 22, let 2 = x + k for some is a positive integer k:

2% 4+ 2023y% = (z + k)?

2 4 2023y? = 2 + 2kx + k?
2kx = 2023y* — k?

2023y? — k?
el S 1
e 1

thos 2023y? + k*

y©
=g T 2
ok (2)
From (1) and the fact z € N we get

k < 45y (3)
(2023y* — k*) : 2 (4)
(2023y* — k%) : k (5)

If some k satisfies (3)-(5), then it gives us a solution to the initial equation.
Lets show that as the value of k£ increases, the value of z decreases for any y. We substitute the
values k and k + 1 into expression (2) and obtain the following inequality:

202332 + (K +1)2 202332 + k?
2(k+1) 2k

(there should be an inequality sign instead of V), which simplifies to:
kE Vv 4046y% — 1
Combining with inequality (3), we get:
0 V 4046y* — 45y — 1

For any positive integer y, instead of VV there must be a sign <, which is what we needed to prove. Thus,
the task is reduced to finding the largest value of k that satisfies criteria (3)-(5).

2023 = 7-172. The values k = 7- 17y, 17%y, 7-17%y, 17y%, 7-17y% 17%y%, 7-17%y? do not meet the
criteria (3). Also, k = y? does not fit it since y? > 45y (y > 113 > 45). Only 1,7,17,7-17 = 119,17? =
289, y, Ty, 17y fit the criteria. If we compare them with each other, it turns out that 17y > 2023 (since
y > 119). By that, k£ = 17y is the largest suitable one, and

z 2023y2 + 289y2 4
max — = =-=1.33
x  2023y% —289y%2 3

Task 5.

. HHa yTBEpzKAa€eT, YTO MOZKHO 3alliCaThb 4YUCJI0, KPAaTHOE HE HCIIOJIb3V4d 1IN bl «U» U
1. Auna y Jaet, : 20232024, ye 1 0

nocJjeoBareabuocTeil mudp «13» u «666», a cyeBepublit TUMyp TOBOPHT, 4TO 3TO HEBO3MOZKHO.
Kro u3 aux npas? ObocHyiiTe CBOI OTBET ¢ MOMOINIBIO MATEMATHKH, & HE CyeBePHil.

Anna claims that it is possible to write a number that is a multiple of 20232°?* without using
the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.



2. AnHa yTBep:KJaeT, 9TO MOKHO 3allicaTh 4ucio, kpaTHoe 2023202 ne ncnonbsya nudpor «0» u
nocJejoBarebuocreil mudp «13» n «666», a cyeBepublit TuMyp roBoput, 4TO 3TO HEBO3MOZKHO.
Kro u3 aux npas? ObocHyiiTe CBOI OTBET ¢ MOMOIIHIO MATEMATHKH, & HE CyeBepHil.

Anna claims that it is possible to write a number that is a multiple of 2023%2°?% without using
the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2023
3. AHHa yTBep:KJaeT, YTO MOKHO 3allicaTh dncjo, KpaTHoe 20232027 ne ucnonnsys mudpst «0»

u nocjejoBarebHocreit mudp «13» u «666», a cyeBepublii TuMyp roBOpUT, 4TO 3TO HEBO3MOZKHO.
Kro u3 aux npas? ObocHyiiTe CBOI OTBET ¢ MOMOIIHIO MATEMATHKH, & HE CyeBepHil.

Anna claims that it is possible to write a number that is a multiple of 20232023"* without using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2023
4. AHHa yTBep:KIaeT, 9TO MOYKHO 3allicaTh UhcI0, KpaTHoe 202320247 we ncenmonbsya mudpsl «0»

u nocjejoBarejbHocreit nudp «13» u «666», a cyeBepublii TuMyp roBOpUT, 4T0 3T0 HEBO3MOZKHO.
Kro u3 aux npas? ObocHyiiTe CBOI OTBET ¢ MOMOIIHIO MATEMATHKH, & HE CyeBePHil.

Anna claims that it is possible to write a number that is a multiple of 20232024 without using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

Solution (RUS). (npeicrasieno penrenne apuaata N1, octaabHbIE peNIaroTcest aHAJI0ruIHo) To-
KasKeM, 4TO TpebyeMoe 4HCJIO MOMKHO 3allICATh NP IIOMOIMIM TOJLKO Iudpsl «1» — a 3maunt, Anna
npasa.

I/ITaK, oyCcTh G, — HATYpaJbHOE YUCJI0, JeCATUYHaAA 3allUCh KOTOPOTro COCTOUT U3 N «CAWHUIL», T.€.
ar = 1, ap = 11, a3 = 111, .... IlycTb 7, — ocTaTKu OT jAejeHud a, Ha 20232°%* mpu BceBO3MOMKHBIX
HaTYPAJIbHBIX N. ECIM Cpen 11, 7o, . . ., Topas2024 €CTh 7 = 0, TO COOTBETCTBYIOMIee a; KpaTHo 20232924,
4TO MOKA3BIBAET MPABOTY AHHLL.

Ecim e Cpes 11, 7a, . . ., Taggzeo2e HET «0», TO, cormacno npunmuiy Tupuxie, nafixyrea r; = r; (i # J;
HE OrpaHmYuBast 00mHOCTH, Oygem cuntarh i < j). Torga a; —a; = a;_; - 10" kparro 20232°2*) npu sToM
10 B3anmHO mpocto ¢ 2023 — a 3HaUMT, a;_; kpatHo 2023292 uro nokaspiBaeT NpaBoTY AHHBI.

Kpurepun oneHnBaHusd:
® IIPUCYTCTBYET HJiesl UCIIOJIb30BATh B 3alUCU YUC/IA TOJHKO OfHY nudpy — 1 das;
® [IpH PACCMOTPEHUN OCTATKOB MCIOJIb30BaH npuHimn JIupuxie — 2 6asia;

® IIpH PACCMOTPEHHHN OCTATKOB UCIIOJIL30BaH MpUHIMI Jlupuxie, 10Ka3aHo, 9TO OCTATOK MPH IeJIe-
HUW @, Ha HYKHOe YHUCJI0 MOKeT ObITh papen () — 3 DaJiia;

® BEpHBII OTBET NPU HE3HAYMTEILHBLIX ONMOKaX B perrenun — 4 6asia;

® II0OJIHOCTBIO BEPHBIE PellleHne U OTBET — O HaJIIoB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
prove that the required number can be written using only the digit «1», which means Anna is right.

First, let a,, be a positive integer which decimal notation consists of n digits «1»,i.e. ay = 1, ag = 11,

az = 111, .... Let r, be the remainders from dividing a,, by 2023%°** for all possible integers n. If among



T1,T2, . .., agag2024 there is 7, = 0, then the corresponding ay, is a multiple of 20232°?*, which proves Anna
is right.

If among rq, 79, ..., r9ga32024 there is no «0», then, according to the Dirichlet’s principle, there exist
r; = r; (i # j; without loss of generality, we assume i < j). Then a; — a; = a;—; - 10" is a multiple of
20232024 while 10 is coprime with 2023 — thus, a;_; is a multiple of 2023%°* which proves Anna is right.

Criteria:

e there is an idea to use only one digit to write the required number — 1 point;
e when considering remainders, the Dirichlet principle was used — 2 points;

e when considering remainders, the Dirichlet principle was used, also it was proven that the remainder
when dividing a,, by the required number can be equal to 0 — 3 points;

e correct answer with minor errors in the solution — 4 points;

e completely correct solution and answer — 5 points.

Task 6.

1. N3 66abm1ero mpaBuibHOTO 8-yrOJIBHUKA BEIPE3a/In MEHbBIHIT MPaBUIbHBI 6-yroapHuK. OnurmmTe,
KaK IIPH IIOMOIIU TOJbKO MaTeMaTHIECKON JUHEHKH ITPOBECTHU MPIMYIO TaK, YTOOBI OHA Pa3/Ie/IiIa
ocraBiytocs (Gurypy Ha JBe paBHOBeIHuKHe (T.e. paBHble 1o wiomaan) dburypsl. I[lomuauTe, 9TO
MaTeMaTH4IecKas JUHeHKa TO3BOJISIET MPOBOJUTE TPSIMbIe depe3 JiBe OTMeUeHHbIe TOUKH, a TaK»Ke
OTMeYaTh [epecedeHus: IPSIMbIX (OTPe3KOB, JIydeil), HO He MO3BOJISIeT U3MEPSITh JAJIMHBI OTPE3KOB.

From the larger regular 8-gon a smaller regular 6-gon was cut out. Describe how to use a
mathematical ruler to draw a straight line that divides the remaining figure into two figures
with equal areas. Remember that a mathematical ruler allows you to draw straight lines through
two marked points, as well as mark the intersections of straight lines (segments, rays), but does
not allow you to measure the lengths of segments.

2. U3 66abmtero npaBuibHOTO 6-yroJibHUKA BRIPE3AJIN MEHBITNH npaBuabHbll 10-yroapauk. Onurrm-
Te, KaK IIPU MOMOIIH TOJHKO MaTeMATHYECKON JIMHEHKU MPOBECTH MPIMYIO TaK, YTOOBI OHA pa3jie-
JIMJIA OCTABINYIOCs (DUTYPY HA JiBe paBHOBeJHKHe (T.e. paBHbIe 1O wiomaan) ¢urypsl. [lomHure,
YTO MaTeMaTrhdeckas JUHeHKa MO3BOJIAeT MPOBOJINTH NMpsAMble depe3 JiBe OTMedeHHble TOYKH, a
TaKyKe OTMEUYATh MepeceueHnst IPIMBIX (OTPE3KOB, Jiyueii), HO He TO3BOJISET U3MEPSITh JIJIHHbI OT-
PE3KOB.

From the larger regular 6-gon a smaller regular 10-gon was cut out. Describe how to use a
mathematical ruler to draw a straight line that divides the remaining figure into two figures
with equal areas. Remember that a mathematical ruler allows you to draw straight lines through
two marked points, as well as mark the intersections of straight lines (segments, rays), but does
not allow you to measure the lengths of segments.

3. U3 66abmtero npaBuibHOTO 8-yroJibHUKA BRIPE3AJIN MEHBITHH npaBuabHbli 10-yroapauk. Onurrm-
Te, KaK IIPU HOMOIIY TOJTBKO MaTeMaTHIeCKO! JUHEeHKN MPOBECTU MPAMYIO TaK, YTOOBI OHA pas/ie-
JIMJIA OCTABINYIOCsT (DUTYPY Ha JiBe paBHOBeJHKHe (T.e. paBHbIe 1O mwiomaan) urypsl. [TomHure,
YTO MaTeMaTHdecKasd JUHeHKa MO3BOJIgeT MPOBOJUTH MpsMble depe3 JiBe OTMedeHHBble TOYKH, a
TaKzKe OTMEYATh [epecedeHns IPSIMbIX (OTPE3KOB, Jiydeii), HO He TO3BOJISeT U3MEePSITh JIJIHHbL OT-
PE3KOB.



From the larger regular 8-gon a smaller regular 10-gon was cut out. Describe how to use a
mathematical ruler to draw a straight line that divides the remaining figure into two figures
with equal areas. Remember that a mathematical ruler allows you to draw straight lines through
two marked points, as well as mark the intersections of straight lines (segments, rays), but does
not allow you to measure the lengths of segments.

4. N3 66abirero npaBuibHOro 10-yrOIbHUKA BHIPE3aan MEHBINHN TPABUIBHBI 6-yroabauK. Onurirm-
Te, KaK IIPU MOMOIIK TOJBKO MaTeMATHYECKON JIMHEHKN MPOBECTH MPIMYIO TaK, YTOOBI OHA pas3jie-
JIMJIA OCTABINYIOCs (DUTYPY Ha JiBe paBHOBeJHKHe (T.e. paBHbIe 1O wiomaan) urypsl. [ToMmuure,
YTO MaTeMaTHdecKas JUHEHKa MO3BOJIgeT MPOBOJUTH MpsMble depe3 JiBe OTMedeHHBble TOYKH, a
TaKZKe OTMEYATh [epecedeHus UPSIMbIX (OTPE3KOB, Jiydeii), HO He TIO3BOJISeT U3MEPSITh JJIHHbL OT-
PE3KOB.

From the larger regular 10-gon a smaller regular 6-gon was cut out. Describe how to use a
mathematical ruler to draw a straight line that divides the remaining figure into two figures
with equal areas. Remember that a mathematical ruler allows you to draw straight lines through
two marked points, as well as mark the intersections of straight lines (segments, rays), but does
not allow you to measure the lengths of segments.

Solution (RUS). (npeacrasieno penrenne Bapuanta N1, ocrajabHbIe pENIarOTCst AHAJTOTHIHO) 37eCh
n Jajee OyaeM Ha3bIBaTh IIEHTPOM TMPABUIBLHOTO 2n-yTOJbHUKA HEHTD OMUCAHHONW OKOJO HETO OKPYIK-
HOCTH — OH paclojiaraeTcs Ha IMepecedeHWr HanOOJBIINX JuaroHajJeil 2n-yroabHHKA. 3aMeTuM, 9TO
NPOW3BOJIbHAA TpAMas [, TPOXoAdNiasd 4depe3 IEeHTD MPABUJIBHOIO 2n-yTOJbHHUKA, TEJIUT €ro Ha JBa
PaBHBIX (& 3HAYHUT, U PABHOBEJUKUX) MHOTOYTOJBLHUKA: OHU COBMENIAIOTCS TTOBOPOTOM BOKPYT HEHTPA
HCXOJHOTO 2n-yrojapHuKa Ha 180°.

[Tycts A — menTp mexoaroro (66abImero) 8-yrojibHuka, a B — MeHTp MeHbInero 6-yroapauka. Torma
upsaMas AB 1enuT KaXK Il 13 HUX Ha B PABHOBEJTMKHX MHOTOYTOJBHUKA, T.€. [0 KaXKIyio cropony AB
JIeYKUT MOJOBWHA TJIOMAJN KaXKJIOTO U3 JIBYX YHOMSIHYTBIX MHOTOYTOJIBHAKOB — & 3HAYUT, 9Ta IIPAMast
VIOBJIETBOPSIET YCIOBUSM 33a9H.

Yro0bl mpoBeCTH TaKyIO MPsiMyIo, Haiigem Touku A, B: Jjis 9TOro mpoBejeM 10 JiBe HAMOOJIbINNe
JINATOHAJHN UCXOJHBIX 8-yTOJbHUKA U 6-yroJbHUKA. 1ermepb ocTaercs TOJAbKO OTMeTHTh Toukn A, B 1e-
pecedeHns yIOMAHYTHIX JUATOHAJICH, U 3aTeM IPOBeCTH npsamyio AB.

Kpurepunu oneHnBaHus:

e omnucana TpebyemMas mmpsmMasi, HO HE IPEJICTaB/JIeH aJropuTM ee nocrpoenus — 1 6as;
® IIpeJ/ICTaBJIeH AJTOPUTM ITOCTPOeHHs Oe3 ToKa3aTeTbCcTBa — 3 Hasia;

® IIPeJICTABJIEH AJTOPUTM IIOCTPOEHHS C JIOKA3aTeIbCTBOM — O OAJIIOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Here
and later we will call the center of a regular 2n-gon the center of its circumcircle — it is located at the
intersection of the largest diagonals of the 2n-gon. Note that an arbitrary line [ passing through the
center of a regular 2n-gon divides it into two equal (and therefore having equal areas) polygons: they
coincide after rotating around the center of the original 2n-gon by 180° .

Let A be the center of the original (larger) octagon, and B the center of the smaller 6-gon. Then
the line AB divides each of them into two equal polygons, i.e. by each side from AB lies half the area
of each of the two polygons, which means that the line satisfies the task’s conditions.

To draw such a line, we find points A, B: to do that, we draw the two largest diagonals of the original
octagon and hexagon. Now all that remains is to mark the intersection points A, B of the diagonals,
and then draw the line AB.

Criteria:



e the required line is described, but the algorithm for its construction is not presented — 1 point;
e the construction algorithm is presented without proof — 3 points;

e the construction algorithm with proof is presented — 5 points.



