7" degree

Task 1.

1. B duBape HEKOTOPOIO rojia 4eTBeproB 0OJIbIIE, YeM BTOPHHUKOB, a cybOOT MeHbIIe, YeM IATHHUIL.
Ha kakoe 1uc/io mpuxoguTces MOCTeIHII MOHeIeILHAK STOr0 siHBapsi?

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its last Monday?

Answer: 27

2. B gauBape HEKOTOPOro rojia 4eTBepros 60JIbIe, YeM BTOPHUKOB, & CyOOOT MeHbINe, YeM MATHUIIL.
Ha kaxoe 1ncio mpuxogauTcs TpeTHil 9eTBepT ITOro sHBaps’

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its third Thursday?

Answer: 16

3. B gauBape HeKOTOPOro rojia 4ersepros 60Jiblile, YeM BTOPHUKOB, & cyOOOT MeHbIle, YeM M THUIIL.
Ha xaxoe 1mc/io npuxoauTes deTBepTasi Cpejia 3TOro sHBapsi?

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its fourth Wednesday?

Answer: 22

4. B gauBape HEKOTOPOrO Irojia YeTBEpProB OOJIbIIE, YeM BTOPHUKOB, & cyOOOT MeHbINe, YeM HsTHHIIL.
Ha kaxoe 1nc/io npuxoauTcss nepBblil BTOPHUK 9TOTO sIHBAPS !

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its first Tuesday?

Answer: 7

Solution (RUS). (npeacrasieno penrenne papuanta N1, ocrajapHbie pemanTces aHagorndno) B
KaKJIOM gHBape 31 /eHb, 4To cocTaBisgeT 4 MOTHbIe HeJIeIH U eTlle 3 THS — 3HAUYNT, HUKAKOH J1eHb Hele/n
He BCTpPeTHTCs MeHbIe 4 pa3 u OoJblre 5 pa3. M3 ycaoBud ciaemyet, 9To B YKa3aHHOM sHBape ObLTO 4
BTOPHUKA, 4 cyOOOTHI, 5 IeTBEProB U 5 MSITHHII.

Eciu ssHBaph HAYMHAETCHA € BOCKPECEHbsI, OHEICIbHIKA WM BTOPHUKA, TO B HEM 5 BTOPHUKOB (IIPO-
THBOPEYHT YCJIOBUIO). Ecim sHBAph HAYMHACTCS ¢ YeTBepra, MATHUIBI WK cyOOOTHI, TO B HEM 5 cy660T
(ToKe mpoTHBOpEUNT yCa0BHI). TakuM 06pa3oM, Jijisd cOOIOIeHnsT YCIOBHIl SHBAPD JOJIZKeH HAYHATh-
cd CO CpeJibl, a 3HAYUT, 3aKAaHINBATbCA NATHUIEH 31-TO, T.e. Mocae HUI MOHEJIETbHUK MPUXOIUTCS Ha
27 auBap4.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Each
January has 31 days, which is 4 full weeks and 3 more days, which means that no day of a week occurs
less than 4 times or more than 5 times. From the condition it follows that in the given January there
are 4 Tuesdays, 4 Saturdays, 5 Thursdays and 5 Fridays.

If January begins on a Sunday, Monday or Tuesday, then it has 5 Tuesdays (which contradicts the
condition). If January begins on Thursday, Friday or Saturday, then it has 5 Saturdays (also contrary
to the condition). Thus, in order to comply with the conditions, January must begin with Wednesday,
which means it must end on Friday the 31st, i.e. the last Monday appears on January 27th.



Task 2.

1. B kumacce yuarca 6 meBodek u 9 MaJBINKOB. BBLIO pelieHo co3maTh W3 YIEHHKOB STOTO KJiacca
HarOOIbIIee KOJNIECTBO MIKOJIBHBIX 4aTOB B yaeOHOM mpoduie «CdepyMs», B KaxKI0M U3 KOTOPBIX
oyaer xorst Ob1 ojiHA JAeBOYKA. CKOJIBKO 4aTOB OyIeT co31aH0?

There are 6 girls and 9 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 32256

2. B kuracce yuarca 7 mepodek u 10 MaJIBbUHKOB. BBIIO pelreHo co31aTh U3 YIEHHKOB 3TOTO KJIACCa,
HaKOOIbIIEee KOJINIECTBO MIKOJIBHBIX YaTOB B yaeOHOM mpoduie «CdepyMs, B KaxKI0M U3 KOTOPBIX
Ooyaer xorst Ob1 oHA AeBOYKa. CKOJBKO 4aTOB OyIeT CO3aaH0?

There are 7 girls and 10 boys in the class. [t was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 130048

3. B knacce yuarca 6 geBoUYeK U 7 MaJIbUMKOB. BBLIO pelreHo CO3JaTh M3 YIEHHKOB ITOr0 KJIacca
HAnOO/IbIIEe KOJTMIECTBO NIKOJIBHBIX 9aTOB B yuebuom mpoduiie « Chepym», B KazKI0M U3 KOTOPBIX
Oymer xorst Ob1 omHA AeBOYKA. CKOJIBKO YaTOB OyIeT CO3IaH0?

There are 6 girls and 7 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 3064

4. B xiacce yuarcs 6 geBodek n 10 MaIbuMKOB. BBIIO pelneHo co3garh U3 yIEHHKOB 9TOTO KIACCA
HanOO/IbIITee KOJTMIECTBO MIKOJIBHBIX 9aTOB B yaebHOM mpoduie « Chepym», B KazKI0M U3 KOTOPBIX
Oymer xorst Ob1 omHA AeBOYKa. CKOJIBKO 4aTOB OyIeT CO3aaH0?

There are 6 girls and 10 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 64512

Solution (RUS). (npexcrapieno penrenne Bapuanara N1, octaibHble penaores anaaorundno) Ecrb
poBHO 2" ¢110c0O60B BbIOpATH 1OJMHOKECTBO U3 MHOZKECTBA C 70 9JIEMEHTAMK — 3HAYUT, BCEI'O U3 yUeHU-
KOB 3TOr0 KJIAcCa MOXKHO cocTasuThb 2'° = 32768 uaros. CocraButhb 4ar 06e3 meBodexk MoxHO 27 = 512
crocobaMu, T.K. B Kjtacce 9 MaTb9uKOB. 3HAYUT, OCTATHHBIX 9aTOB, B KOTOPBIX OYIET XOTs ObI MO OHO

JieBouKe, Oyaer 32768 — 512 = 32256.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) There
are 2" ways to select a subset from a set with n elements, thus there can be 2 = 32768 chats created
from the students in the class. Also there can be 2% = 512 chats without girls since there are 9 boys in
the class. By that, the rest of the chats will have at least one girl, and there will be 32768 — 512 = 32256
such chats.



Task 3.

1. Ha ocTpoBe »KUBYT JBa ILIEMEHH — DHINApPH (BCErIa TOBOPAT MpaBiy) M JIZKelbl (Bcerga Jryr).
OpnHazkapl 2023 OCTPOBUTSHUHA CEJIM 338 KPYIVIBIH CTOJI, U KaXKJIBIH M3 HUX CKa3aJl: «CPEIH JABYX
MOHX cocejieii ecTb MO comieMeHHMK». [loToMm mnpwimes emne oauMH JizKel, U ceja 3a croj. [lpu
KaKOM HauOOJIbIIEM KOJMYECTBE PBIapeil MOXKHO TapaHTHPOBATH, YTO HE BCE CMOT'YT IIOBTOPUTH
YTBEPK/IEHNEe «CPEIN JBYX MOUX COCEIeHl eCTh MO COILIEMEHHUK Y 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 2023 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesman». Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesmans?

Answer: 1517

2. Ha ocrpoBe KuByT [Ba IJIeMeHH — pbiliapu (BCeria roBopsaT MPaBiy) U JzKelbl (BCerjaa JryT).
Opnazkapl 9999 ocTPOBUTSAH CeIU 3a KPYIVIBIH CTOJI, M KaxKJIblfl W3 HUX CKa3aJ: «CPeIu JIBYX
MOMX cocejeil ecThb MOM colieMeHHHMK». [loToMm mpwuimes emme oquH JIKeIl U cel 3a cToa. Ilpu
KaKOM HauOOJIbIIEM KOJMYECTBE PhIIapeil MOXKHO IapaHTUPOBATH, YTO HE BCE CMOI'YT IIOBTOPUTH
YTBEPK/IEHNE «CPEIN JIBYX MOUX COCEIeHl eCTh MO COILTEMEHHUK Y 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 9999 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesman». Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesman»?

Answer: 7499

3. Ha ocrpoBe KuByT 1Ba miaeMeHu — pbiapu (Bcerga roBopsT MpaBy) W JzKerbl (BCerjga JryT).
Onnazxkapl 5432 OCTPOBUTSIHMHA CEJIM 3a KPYIVIBIA CTOJI, U KayKIbli U3 HUX CKa3a/l: «CPeId JBYX
MOMX cocejleil ecTb MO colieMeHHUK». [IoToM IpuIen elne OJMH JIZKEIl U cel 3a cToa. Ilpu
KaKoM HauOGOJIBIIEM KOJIMYECTBE PHIIApei MOXKHO FapaHTHPOBATH, YTO HE BCe CMOTYT HOBTOPUTH
YTBEPKJACHUE «CPEJH JBYX MOUX COCeJeH eCTh MO COIIeMEeHHUK» 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 5432 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesmans. Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesman»?

Answer: 4074

4. Ha ocrpoBe KHBYT JiBa IJEMEHH — DbIapu (BCerja roBopsiT MpaBay) W JIKenbl (BCerja JryT).
Oanaxkaer 6002 ocTPOBUTSHUHA CeJIM 33 KPYTJIBIHA CTOJI, M KaXKIblil U3 HUX CKA3aJ: «CPEIN JIBYX
MOUX cocejieil ecTb MOIl comsieMeHHUK». [loTom mpuries erie oauH JzKel U cea 3a ctosa. Ilpm
KaKOM HauOOJIBIIEM KOJMYECTBe PBINapeil MOYKHO TapaHTUPOBAaTh, YTO He BCE CMOTYT TOBTOPHTH
YTBEPK/IEHUE «CPE/IU JBYX MOUX COCE/ell ecTh MOW COIJIEMEHHUK 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 6002 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesmans. Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesman»?

Answer: 4501



Solution (RUS). (mpejicraieno penienne papuanta N1, ocTaabHbIe DEITAIOTCS AHAJOTHIHO) Slc-
HO, 9TO JIBa JIXKENA He MOIYT CHJETH PSJIOM, & C KazKJbIM PBIIAPEM CHJNT XOTs Obl OJIMH PbINAPh —
3HAYNT, BCE CUAAIIME 34 CTOJOM Pa3OMTBhI HA TPYNIBI PHINAPE, MeK/ILy KOTOPBIMH CHUIAT IO OJHOMY
JKEILY. 3aMeTHM, YTO €CJIM B KAKOW-TO W3 TAKWX TPYII €CTh XOTst Obl 4 philapst, TO B 9TY I'PYIITY MOYKET
«BKJIMHUTBCS» OIO3/IABIINH JIZKEIl: OH CaJUTC TaK, 9TO0BI ¢ KazKJ0i CTOPOHBI OT HEI'O CHIEJIU XOTsI Obl
IBa pbiaps. MTak, B KaxKI0i yIOMAHYTOM rpymime Ju6o 2, mubo 3 phimaps.
[Iycth ectb m rpylil ¢ TpeMs pblIApsAMU U N IPylil ¢ JByMms pbinapsamu. Torga 4m + 3n = 2023
(KazK10#i Ipyme COOTBETCTBYET POBHO OJMH JIZKeIl), a obIiee 9ucyo peinapeil paBao 3m + 2n. Jlamee
n = (2023 — 4m)/3, orkymna

-1
3m+2n:3m+2-(2023—4m)/3:3m—|—2-(2022/3—m—(m—l)/3):m—|—1348—2-mT,

otkyaa m = 3k + 1 g HeKoToporo nesoro k (nHade obInee YUCI0 pHapeil He 6yIeT HeJbIM TUCTIOM).
[Tonyuum, 9To obiiee Yucso pblmapeil 3a crojom paBuo 3k + 1349 — 2k = k + 1349, npudem 4m =
4(3k + 1) < 2023, orxyma k < 2019/12 = 168.25, T.e. naubomabimee meaoe k = 168. Urak, manbosbiiee
BO3MOKHOE YHCJI0 phiiapeii paBuo 168 + 1349 = 1517.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) It
is clear that two liars cannot sit next to each other, and at least one knight sits next to a knight, which
means that everyone sitting at the table is divided into groups of knights with one liar sitting between
the groups. Note that if in any of these groups there are at least 4 knights, then a new liar can «fit»
into this group: he sits down in such way that at least two knights sit on each side of him. So, in each
group there are either 2 or 3 knights.

Let there be m groups with three knights and n groups with two knights. Then 4m + 3n = 2023
(each group corresponds to exactly one liar), and the total number of knights is 3m + 2n. We have
n = (2023 — 4m)/3, thus

—1
3m+2n:3m+2-(2023—4m)/3:3m—|—2-(2022/3—m—(m—l)/S):m—|—1348—2-mT,

thus m = 3k+1 for some integer k (otherwise the total number of knights will not be an integer). We get
the total number of knights at the table as 3k + 1349 — 2k = k+ 1349, with 4m = 4(3k+1) < 2023, thus
k <2019/12 = 168.25, i.e. the largest possible value of k is 168. Finally, the largest possible number of
knights is 168 + 1349 = 1517.

Task 4.

1. HarypajbHOe 4uc/I0 a, B AeCATHYHON 3allUCH OKaHYMBalolieecd Ha 1udpy d, yI0BIETBOPSIET pa-
BEHCTRY

a
— = 0.d4d4d4d4 ... = 0.(d4
891 0 0.(44)

— mepruoanvuecKas JecsaTudHas apodw. Haiiqure a.

Positive integer a ends with decimal digit d and satisfies

a
—— = 0.d4d4d4d4 ... = 0.(d4
891 0 0.(a4)

— periodical decimal fraction. Find a.
Answer: 576

2. HarypasbHoe duciio a, Kparhoe nudpe d (2 < d < 9), yI0BIeTBOPSET PABEHCTBY

a
— = 0.0d6d6d6d6 . .. = 0.0(d
100 0.0d6d6d6d6 0.0(d6)

— mepuonYdecKas jgecsaTudnas aApodw. Haitaure a.



Positive integer a is divisible by the decimal digit d (2 < d < 9) and satisfies

a
— = 0.0d6d6d6d6 . .. = 0.0(d
100 0.0d6d6d6d6 0.0(d6)

— periodical decimal fraction. Find a.
Answer: 18

3. HarypajbHoe 4uc/io a, B JieCaTUIHON 3anucu okan4dupatotieecd ua mudpy d > 0, yaoBjieTBopsaeT
pPaBEHCTBY

a
— = 0.3d3d3d3d ... = 0.(3d
593 0.3d3d3d3 0.(3d)

— mepruoanvuecKas gecaTudHas apodb. Haiiqure a.

Positive integer a ends with decimal digit d > 0 and satisfies

a
— = 0.3d3d3d3d ... = 0.(3d
593 0.3d3d3d3 0.(3d)

— periodical decimal fraction. Find a.
Answer: 245

4. HarypaJibHOE YHCJIO @, B JIECATUYIHON 3anucH OKaH4YMBaoIeecs: Ha nudpy d, yJaoBjieTBOpsieT pa-

BEHCTBY
a

— = 0.d3d3d3d3 ... = 0.(d3
396 (d3)

— meproanvecKas JgecaTudHas apodw. Haiiaure a.

Positive integer a ends with decimal digit d and satisfies
a

— = 0.d3d3d3d3 ... = 0.(d3
396 (d3)

— periodical decimal fraction. Find a.

Answer: 92

Solution (RUS). (npexcrasieno penrenne Bapuanta N1, ocraibhble pernarorcest anaaoradno) Ilycrb

z = 0.(d4), Torga 100z = d4.(d4) u 100z — z = 99z = d4, orkyna x = d4/99 = 1% Tlepponauasbroe
PaBEHCTBO MOXKHO IIPEJICTABATD B BUJE g7 = 105; 1 = 4 =90-d+ 36. OueBUAHO, UCJIO @ TIPH JIOOOM

d okanumBaercsd Ha 6, oTkyaa d = 6 u a = 576.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
z = 0.(d4), then 100z = d4.(d4) and 100z — z = 99z = d4, thus z = d4/99 = %1 The initial equality
can be represented as 2 = 04 — 4 — 90 . d + 36. Obviously, the number a ends with 6 for any d,

891 99
thus d = 6 and a = 576.

Task 5.

1. AuHa npuayMaia HOBYIO MIaXMaTHYO (Urypy — nerac (KpbLaaThlil KOHb): OH MOYKET XOAUTh Ha 10
KJIETOK B OJHOM HAIPAaBJIeHNH (110 TOPU3OHTAJIN WJIH BEPTUKAIK), & 3aTeM Ha 8 KJIeTOK B IepIleH-
IUKYJISPHOM HampaBaeHuu. MOXKHO JIM MOKPACUTh HEKOTOPbIE KJIeTKH OeCKOHEeUHO 0Oe/Iof ToCKH
B YepPHBIl 1BET TaK, YTOOBI KaKIBIM CBOMM XOIOM IIerac Mmomaaasl B KJIETKY IPOTHBOIOJJIOXKHOTO
upera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 10 squares in one
direction (horizontally or vertically), and then 8 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?



2. AnHa npuyMasa HOBYIO MaXMaTHYIO Gburypy — nerac (KpbLIATBIA KOHB): OH MOYKeT XOJuTh Ha 10
KJICTOK B OAHOM HallpaBJICHHUUN (HO T'OPpU30HTAJIU WJIX BepTI/IKaJH/I), a 3aT€M Ha 4 KJICTKH B II€pIeH-
JUMKYJISpHOM HampasjaeHuu. MoxKHO Jin TOKpacuTh HEKOTOPbIE KJIeTKN OecKoHeuHoit 6e/10it jocku
B ‘leprIﬁ IIBET TakK, LITO6I~;I KaKJIbIM CBOUM XOJAOM IIerac ImomaJgaJl B KJIETKY ITPOTUBOIIOJJIOZKHOT'O
npera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 10 squares in one
direction (horizontally or vertically), and then 4 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?

3. Anna mpuIyMaia HOBYIO IAXMATHYIO (urypy — merac (KpbLIATHI KOHB): OH MOYKET XOJMTb Ha 8
KJICTOK B OJHOM HallpaBJICHUU (HO T'OpU30HTaAJIU UJIN BepTI/IKaJH/I)7 a 3aTeM Ha 6 KJIETOK B IIEepIIeH-
JUMKYJIIpHOM HampaBiaeHuu. MoxKHO Jin TOKpacuTh HEKOTOPbIE KJIeTKN OecKoHeuHoit 6e/10ft jocku
B LIeprIIL/’I IIBET TakK, LITO6bI KaKJIbIM CBOUM XOJAOM IIerac ImomnaJgaJl B KJIETKY ITPOTUBOIOJIOZKHOT'O
nBera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 8 squares in one
direction (horizontally or vertically), and then 6 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?

4. AHHa TpuayMasa HOBYIO MaxMaTHY0 GuUrypy — merac (KpbLIATBIH KOHB): OH MOXKeT XOIUTh Ha 6
KJICTOK B OAHOM HallpaBJICHUU (HO T'OpU30HTaJI WJIN BepTI/IKaJ'H/I), a 3aT€M Ha 4 KJIETKH B II€pIIEeH-
JUMKYJIIpHOM HampasjaeHuu. MoxKHO Jin TOKpacuTh HEKOTOPbIE KJIeTKN OecKoHeuHoit 6e/10it jgocku
B qeprIﬁ IIBET TakK, LITO6bI KaKJIbIM CBOUM XOAOM IIerac ImomaJgaJl B KJIETKY ITPOTUBOIOJIOZKHOT'O
npera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 6 squares in one
direction (horizontally or vertically), and then 4 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?

Solution (RUS). (npeicrapieno penrerne Bapuanta Nel, ocTaipbHbIe pENIAIOTCST aHATOTHIHO) Pazo-
ObeM JOCKY Ha KBaJpaThl 2 X 2 U pacKpacuM 3TH KBaJpaThl B IIaXMaTHOM Hopgaike. Torma mocie me-
peMeleHusd Ha 10 KJIETOK 110 I'OPU3OHTAJIM WJIM BEPTUKaAJIU LIBET KJCTKU IIeraCa U3MEHUTCA, a I110CJIe
HOC/IeIYIONIETrO TepeMelenns Ha 8 KJIETOK B NEPHeHIUKYJIIPHOM HAIPABJICHUU 1[BET KJETKH YK€ He
TTOMEHAETCHA.

Kpurepunu oneHnBaHus:
® 1IpUBEJIEH IIPUMED HOJAXO/IAIIell pacKpacku — 2 DaJLia;

® JI0KA3aHO, YTO HPUBEIECHHBII IPUMeED VIOBJIETBOPSET YCIOBUIO — 3 GaJLia.
Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
divide the board into 2 x 2 squares and color these squares in a chessboard pattern. Then, after pegasus

moves 10 steps horizontally or vertically, the color of its cell will change, but after a subsequent move
of 8 cells in a perpendicular direction, the color of the cell will not change.

Criteria:
e an example of a suitable coloring is given — 2 points;

e it is proved that the given example satisfies the task’s condition — 3 points.



Task 6.

1. Ha mmockoctn nan 20-yropHEK. |leTs mportresr BIOb €ero CTOPOH, PAAOM € KazKI0i U3 HUX 3aITICaB
JIpo0b, B YUCAUTEIE KOTOPOH — JJIMHA 9TOH CTOPOHBI, a B 3HAMEHATEe — CYMMa, JJIUH OCTAJIbHBIX
cropon 20-yrosibHuka. Jlokaxkure, 9T0 CyMMa BCEX 3allMCAHHBIX JPo0eil MeHbie 2.

A 20-gon is given on the plane. Peter walked along its sides, writing down a fraction next to each
of them: the numerator of a fraction is the length of the side, and the denominator is the sum of
lengths of the remaining sides of the 20-gon. Prove that the sum of all the written fractions is less
than 2.

2. Ha mrockoctu nan 15-yroabauk. [leTs mpoiies B/1oJib ero CTOPOH, PSIJIOM C KayK 10 U3 HUX 3aIncaB
JIpoOb, B YUCAUTEIE KOTOPOI — JIJIMHA 3TOW CTOPOHBI, a B 3HAMEHATEE — CyMMa JIJIUH OCTAIbHBIX
CTOpPOH 15-yrosibHuka. Jlokaxkure, 9To cyMMa BCeX 3allUCAHHBIX JIpoOeil MeHbie 2.

A 15-gon is given on the plane. Peter walked along its sides, writing down a fraction next to each
of them: the numerator of a fraction is the length of the side, and the denominator is the sum of
lengths of the remaining sides of the 15-gon. Prove that the sum of all the written fractions is less
than 2.

3. Ha mnockoctu man 2023-yronpHuK. lleTd mpormmen BI0OJIb €r0 CTOPOH, PAJAOM € KaxKJA0# W3 HHX
3alMcaB JIpo0b, B YUC/UTE/Ie KOTOPOH — JIJIMHA 3TOM CTOPOHbI, a B 3HAMeHare/e — CyMMa JIJIMH
octaJbHBIX cTopoH 2023-yroabuuka. /lokazxKure, 9T0 cCymMMa BCeX 3allUCAHHBIX JIpobeil MeHbIie 2.

A 2023-gon is given on the plane. Peter walked along its sides, writing down a fraction next to
each of them: the numerator of a fraction is the length of the side, and the denominator is the sum
of lengths of the remaining sides of the 2023-gon. Prove that the sum of all the written fractions
is less than 2.

4. Ha mnockoctn gan 100-yroabuuk. [lers npornes BoJIb €ro CTOPOH, PSJIOM € KazKJIOW U3 HUX
3aIllCaB JIpoOb, B YUCIUTEE KOTOPOH — JIJIMHA 3TOI CTOPOHBI, a B 3HAMEHAaTesJ e — CyMMa JJIUH
ocTaJbHBIX cTOopoH 100-yrosbuuka. Jlokaxkure, 9T0 cyMMa BCeX 3allMCAHHBLIX JIpobeil MeHbIme 2.

A 100-gon is given on the plane. Peter walked along its sides, writing down a fraction next to each
of them: the numerator of a fraction is the length of the side, and the denominator is the sum of
lengths of the remaining sides of the 100-gon. Prove that the sum of all the written fractions is
less than 2.

Solution (RUS). (npexcrapieno pentenne Bapuanara N1, octapHble penarorcest anaaorndno) Ilycrb
a1,03, . ..,0 — JIAHBI CTOPOH 20-yTroabHUKA, Toraa P = aj; + as + - - - + agy — €ro mepuMerp. 3aMeTHM,
9TO KaK/asi CTOPOHA MHOTOYTO/IbHUKA MEHBIIE CYMMBbI OCTATHHBIX — 3HAYUT, CYMMa OCTAJIbHBIX OOJIBITE
nostynepumerpa: P—a; > P/2 nnst mo6oii croponsl a;. Pacemorpum cymmy apobeii, 3anucanubix [lereit:

aq a2 20 ap a2 R

P—a1+P—a2+ +P—a20 P/2+P/2+ +P/2 P/2

=2

9T0 U TPeDOBAJIOCH JIOKA3aTh.

Kputepuu onennBanuda:

® OTMeYeHO, YTO JJIMHA CTOPOHBI MHOTOYTOJIbHUKA MEHbBIIEe CYMMBI JIJIMH OCTAJBHBIX €0 CTOPOH —
2 DaJLia;

® IIOMHUMO YKA3aHHOT'O B IIPEJBIIYIINEM IIYHKTE, OTMe4YeHo, uto P — a; > P/2 — 1 6asr;

® [IpUBCIACHBI IIPOYHNEe PACCY2KJ/JAeHUnd, BMeCTe C IPpeAblAVIIUMU IIYHKTaMH COCTaBJIAIOIINAE DeHIeHHe
3ama4n — 2 daJjuia.



Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
ai, as, ..., as be the lengths of the sides of the 20-gon, then P = a; + as + - -+ 4 ag is its perimeter.
Note that each side of the polygon is less than the sum of the others, which means that the sum of the
others is greater than the half of the perimeter: P — a; > P/2 for any side a;. Consider the sum of the
fractions written by Peter:

aq a 20 aq a2 (g0 Ay + Qg+ -+ ay

P—CL1+P—CL2+ +P—a20 P/2+P/2+ +P/2 P/2 ’

Q.E.D.

Criteria:

e it is noted that the length of a side of a polygon is less than the sum of the lengths of its other
sides — 2 points;

e in addition to what is indicated in the previous row, it is noted that P —a; > P/2 — 1 point;

e other reasoning is given, together with the previous ones, completing the solution to the task — 2
points.



8-9'" degree

Task 1.

1. HarypajbHOe YUCI0 @, B AECATUYHO 3alucu OKaHduBalomeecsd na mudpy d, yJI0BJAeTBOPIET pa-
BEHCTBY

a
— = 0.d4d4d4d4 ... = 0.(d4
891 0 0.(a4)

— nepuojuyuecKas Jecsstudnas Japodw. Haiture a.

Positive integer a ends with decimal digit d and satisfies
a
—— = 0.d4d4d4d4 ... = 0.(d4
891 (d4)
— periodical decimal fraction. Find a.
Answer: 576
2. HarypanbHoe unciio a, Kparuoe nudpe d (2 < d < 9), yI0BIeTBOPSET PABEHCTBY

a
105 = 0.0d6d6d6d6 . .. = 0.0(d6)

— mepuoanYecKas JgecsaTudnas Apodw. Haitaure a.

Positive integer a is divisible by the decimal digit d (2 < d < 9) and satisfies
a
—— = 0.0d6d6d6d6 . .. = 0.0(d
10 0.0d6d6d6d6 0.0(d6)

— periodical decimal fraction. Find a.

Answer: 18

3. HarypaabHoe 4uc/Io a, B JeCATUIHON 3anucu oKaHUYnBaIIeecs Ha 1mudpy d > 0, yI0BIeTBOPSET
PaBEHCTBY
a
— = 0.3d3d3d3d ... = 0.(3d
693 (3d)

— HepuoanvuecKas JgecaTudHas apodb. Haiiaure a.

Positive integer a ends with decimal digit d > 0 and satisfies
a
— = 0.3d3d3d3d ... = 0.(3d
693 (3d)

— periodical decimal fraction. Find a.
Answer: 245

4. HarypaJibHOE 9HCJIO @, B JIECATHYHON 3allUCU OKaH4YUBalolneecs Ha 1mudpy d, yIoBJeTBOPseT pa-

BEHCTBY

a
— =0.d3d3d3d3 ... =0.(d
396 0.d3d3d3d3 0.(d3)

— mepuonYdecKas jecssTudnas aApodw. Haitaure a.

Positive integer a ends with decimal digit d and satisfies
a
— = 0.d3d3d3d3 ... = 0.(d3
396 (d3)

— periodical decimal fraction. Find a.

Answer: 92



Solution (RUS). (npeacrasieno penienne papmanta N1, octanpHble pemraiotcs anatornTao) Ilyets

z = 0.(d4), Torpa 100z = d4.(d4) u 100z — z = 99z = d4, orkyna © = d4/99 = 1% Tlepponauasbroe

PaBEHCTBO MOYKHO IDEJCTABATD B BUJE gor = 10d+4 = a=90-d+ 36. O‘{eBI/I,ZLHO ‘H/ICJIO a Tpu JIFOOM

d okanunBaercst Ha 6, oTkyna d = 6 u a = 576.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
z = 0.(d4), then 100z = d4.(d4) and 100z — z = 99z = d4, thus = d4/99 = %1 The initial equality
can be represented as 2 = 04 — 4 — 90 . d + 36. Obviously, the number a ends with 6 for any d,

891 99
thus d = 6 and a = 576.

Task 2.

1. JJano MHOXKecTBO A HATypaJabHBIX dHcesI, He IpeBocxoaamux 15, CKOIbKIMHE CIIOCODAMH MOXKHO
BBIOPATH M3 HEI'O IOAMHOYKECTBO, COJEPIKAIIee XOTs Obl OIHO MPOCTOE YUCJO?

Given set A of all positive integers not exceeding 15. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 32256

2. Jlano MHOKecTBO A HaTypaJIbHBIX UnCes, He IpeBOCXoAamuX 17. CKOJIbKUMHU CIOCOOAME MOXKHO
BBIOpATH U3 HEroO IOJIMHOXKECTBO, COAepIKAIee XOTs Obl OJHO IPOCTOE UUCJIO?

Given set A of all positive integers not exceeding 17. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 130048

3. Jlano mHOXkecTBO A HATypaJbHBIX Ynces, He npeBOCXOAsmuX 13. CKOJMBKAMHU CIIOCO0AME MOYKHO
BBIOpATH U3 HEro IIOJMHOXKECTBO, COAepIKaIee XOTs Obl OJHO IPOCTOe UUCJIO0?

Given set A of all positive integers not exceeding 13. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 8064

4. Jano muoxectBo A HarypasibHbIX duces, He npeBocxoasanmx 16. CkoabkuMu crrocodbamMu MOKHO
BBIOPATH W3 HETO IMOAMHOYKECTBO, COIePIKAIIee XOTs Obl OTHO MPOCTOE TUCTO?

Given set A of all positive integers not exceeding 16. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 64512

Solution (RUS). (npeicrapieno penrenne Bapuanta N1, octaipHble penarorces anaaoradno) Ecrb
poBHO 2" ¢1ocoOOB BHIOpATH MOAMHOXKECTBO M3 MHOXKECTBA C 1 JEMEHTAMH — 3HAYUT, U3 MHOXKECTBA
A MOXKHO BBIGpaTh IoAMHOKecTBO 21 = 32768 crmocobamu. MHOKeCTBO A COMEP:KUT MIeCTh MPOCTHIX
ancen (2,3,5,7,11,13), ocranbHble IeBATH HE SIBISIOTCS IPOCTHIME, H COCTABHTH HOJMHOKECTBO TOJIHKO
¢ v MoxkaO 2 = 512 cocobamu. OcTagbHble MOAMHOXKecTBa A ByIyT comep:KaTh IPOCTOe HYHCJIO,
X KOJIMIECTBO paBHO 32768 — 512 = 32256.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) There
are 2" ways to choose subset of a set with n elements, thus there are 2'5 = 32768 ways to choose subset
from the set A. There are 6 primes (2,3,5,7,11,13) in the set, so other 9 numbers are not prime and
we can choose 27 = 512 subsets of A using only these 9 non-primes. Other 32768 — 512 = 32256 subsets
will contain at least one prime each.



Task 3.

1. Ecth gamednbie Bechl (YalKi BMeIIAOT JIO00H 00beM), rEpbKa BECOM B 1 IpaMM, MeIIOK Ca-
XapHOI'o IMecKa M coBoYeK. JlOMoMHUTEeIbHBIX €MKOCTE!l HeT, B JalllKe JiBe Ky4KH caxapa Cpasy
cMmeruBatoTcst. OIpegeuTe MUHAMAJIBHOE YHCI0 B3BEMIUBAHUI, HEOOXOIUMBIX /I TOTO, YTOOBI
otMepuTh 2023 rpamMMma caxapa.

There are weighing scale (its cups can hold any volume), a 1 gram weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 2023 grams of sugar.

Answer: 11

2. Ectb vamednbie Bechl (dalku BMeEIAOT 060 00beM), THPbKa BECOM B 2 IDaMMa, MEIIOK Ca-
XapHOTO IeCKa M COBOYEK. JIOMOMHUTESbHBIX €MKOCTeH HeT, B Jalllke JiBe Kyd4KH caxapa cpas3y
cMmeruBatoTcd. OnpeeinTe MUHIMAILHOE YHCI0 B3BEHIUBAHUIl, HEOOXOUMBIX /I TOTO, YTOOBI
oTMepuTh 2024 rpamMma caxapa.

There are weighing scale (its cups can hold any volume), a 2 grams weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 2024 grams of sugar.

Answer: 10

3. Ectb uarmeunble Bechl (YalikKu BMeNAT Ji06oil 00beM), THpbKa BeCcOM B 1 rpaMm, MoK ca-
XapHOIo IecKa M coBoveK. JlomoHurebHbIX €MKOCTEH HeT, B 4alllKe JiBe Ky4YKU caxapa Cpasy
CMEIIUBAIOTCA. OHpe,ZLeJ'II/ITe MHUHUMAJIBHOE YUCJIO BSBGH_II/IBaHI/II'7'I7 HeO6XO,ZLI/IMbIX AJId TOro, LITO6BI
oTMepuTh 199 rpamm caxapa.

There are weighing scale (its cups can hold any volume), a 1 gram weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 199 grams of sugar.

Answer: 8

4. Ecrb yamiednble Bechbl (YallKu BMeMAOT JTI000H 06beM), TUPbKA BECOM B 2 IpaMMa, MEIIOK Ca-
XapHOTO TeCcKa W COBOYEK. JlOMOTHUTEBHBIX €MKOCTeH HeT, B Jalllke JIBe KYUKH caXxapa cpas3y
CMEIIHUBAIOTCA. OHpeﬂeﬂHTe MHUHUMAJIBHOE YHUCJIO BBBGH_H/IBaHI/II'?'I7 HGO6XOLLHMBIX AJid TOro, LITO6bI
oTMepuTh 198 rpamMm caxapa.

There are weighing scale (its cups can hold any volume), a 2 grams weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 198 grams of sugar.

Answer: 7

Solution (RUS). (npexcrapieno penrenne Bapuanra N1, ocraipHble penarorcest anaaorndno) Ilycrb
k — KomM4YCTBO TpaMM caxXapa Ha OJHOH M3 4all BECOB. 3a OJHO B3BENIMBAHUE MBI MOXKEM VIBOUTL K
(OJIOKMB HA JPYTYIO Yally BECOB CTOJIBKO 7K€ €axapa, yPABHOBECHB YAIIH) WA PA3JEIUTD k OLOJAM
(pasaesnB UMEIONIYIOCs KYUKY Ha J[Be paBHBbIE MO Becy). VIMes JOMOJHUTEIBHO TP MAacCoii n rpaMu,
MBI MOYKEM 32 OJIHO B3BEIUBAaHUE TOJYIUTH k + n win k — n rpamm. Coueras onucaHHbIe JefCTBUS,
MOYKHO 32 OJIHO B3BeIIUBaHHe HOAYYUThL 2k + n wam 2k — n rpaMuM.

2023 =2-101141=2-(2-5054+1)+1 =2-(2-(2:2524+ 1)+ 1)+1=2-(2-(2-2-126+ 1)+ 1)+ 1 = -- -

e=2.(2(2-2-2-(2:2-2:2:2.2. 1 1)+ 1)+ 1) +1

— 371eCh KOJIMYECTBO YMHOXKEeHMIT HAa 2 PAaBHO KOJIWYECTBY B3BelmBaHwmii, T.e. 11 B3BemmBanuii XBaTuT:

0—-1—-3—>7—15—=31 — 63 — 127 — 253 — 506 — 1012 — 2023



[Tokaxkem, uTo 10 B3BemmBaHWil Beerma HEAOCTATOYHO. /[y 3TOro cHava a 3aMeTUM, UYTO B YCIOBUSIX
3aJ1a41, UMest THPIO B N TPAMM U KY9YKY B kK IPaMM caxapa, 3a OJIHO B3BENINBAHUE Mbl MOXKEM IOy YUThH
He 6osee 2k + n rpamm caxapa. Toraa HanboOIBITNH BO3MOXKHBIN BeC, KOTOPBIil MOXKHO OTMepUTH 3a 10
B3BeIINBAHUI, paBeH

0—-1—-3—>7—15—=31 —63 — 127 — 255 — 511 — 1023

rpamMma.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let k
be the number of grams of sugar on one of the cups. During one weighing we can double k (putting the
same amount of sugar on the other cup of the scale, balancing the cups) or divide k in half (dividing the
existing cup into two equally weighting ones). Having an additional weight of n grams, we can obtain
k 4+ n or k —n grams in one weighing. By combining the described actions we can obtain 2k + n or
2k — n grams in one weighing.

2023 =2-1011+1 =2-(2-505+1)+1=2-(2-(2-252+ 1)+ 1)+1=2-(2-(2-2-126+ 1)+ 1) +1 = - --
e=2.(24(2:2-2-(2:2:2:2-2.2.1—-1)+ 1)+ 1) +1

— here the number of multiplications by 2 is equal to the number of weightings, thus 11 of them is
enough to obtain 2023 grams of sugar:

0—-1—-3—>7—15—31 — 63 — 127 — 253 — 506 — 1012 — 2023

Lets prove that 10 weighings are never enough for it. To do that, first note that while having a weight of
n grams and a pile of k£ grams of sugar, we can obtain at most 2k +n grams of sugar with one weighing.
Then the largest possible weight that can be obtained with 10 weighings is

0—-1—-3—-7—15—=31 —63 — 127 — 255 — 511 — 1023

grams.

Task 4.

1. B tpeyrosbhoit Komuare ¢ yriamu A, B, C' ycranoBsiena Herrpo3padtas neperopojika C'O (ot mosa
JI0 MOTOJIKA) Tak, 9T0 U3 yria B BujHa poBHO mosoBuHa creHbl AC, a u3 yria A — pOBHO TPeTh
crenbl BC. Iropb X04eT yCcTaHOBUTH B KOMHATe yMHYIO KOoJOHKY « VK Karmcymray ¢ Mapyceit Tax,
9T00bI JTI00as mpsiMasi, MapaJiie/bHast MOy KOMHATHI U IIPOXO/ISIasi 9epe3 KOJOHKY, ITepPeceKaia
6o neperopogaky C'O, mubo creny AB. CTeHbl KOMHATHI U TIEPErOPOIKA ePIeH UK YIS PHBL TTOJTY
1 uMeioT GOpMy IPIMOYTOJbHUKOB, KOJOHKY MOYKHO CUMTATH TOYEUYHBIM OOHEKTOM.

Kakas gacTb miomajin KOMHATH TOAX0AUT Vropio s yeTaHOBKH KOJOHKH! 3aMUIIATE OTBET B
BUJIE JTECATUIHON APOOH, TPU HEOOXOIUMOCTH OKPYTJIEHHON /10 COTHIX.

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling)
is installed in such way that exactly half of the wall AC'is visible from the corner B, and exactly
a third of the BC wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall CO or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: .42



2. B tpeyrosbHoit KomMHaTe ¢ yrtamu A, B, C' ycranoieHa Henpo3padHas neperopogaka C'O (ot nosa
JI0 IOTOJIKA) TaK, 4To U3 yriaa B Bujana posao nososuna crenbl AC, a u3 yria A — POBHO 4eTBepTh
crenbl BC. MIrops x04eT ycTaHOBUTH B KOMHaTe yMHYIO KOJIOHKY « VK Kamcymray ¢ Mapyceii Tak,
9T00bI JTF00asT mpsiMast, TMapaJiiebHast MOy KOMHATHI U MPOXO/ISIast depe3 KOJOHKY, TTepeceKaa
au60 neperopogaky C'O, 6o creny AB. CTeHbl KOMHATHI U IEPEropoIKa MepPIeH K YIS PHBL IOy
1 UMeloT (bopMy IPSMOYTOJIBHHKOB, KOJTOHKY MOYKHO CUHTATH TOYCUHBIM OOBHEKTOM.

Kakast wactp miromam koMaaThl moaxoauT ropio st yeraHoBKEM KOJOHKH?! 3aluiimTe OTBET B
BUJIE JECATUIHON JApobu, Npu HEOOXOAMMOCTH OKPYTJIEHHON 10 COTHIX.

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling)
is installed in such way that exactly half of the wall AC' is visible from the corner B, and exactly
a quarter of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall CO or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: 0.45

3. B rpeyrosbHoii kKomHate ¢ yrramu A, B, C' ycranoBieHa Henpo3padHas neperopoaka C'O (or nosa
JI0 TOTOJIKA) TaK, 9To W3 yria B BuaHa poBHO TpeTh crenbl AC, a u3 yria A — pOBHO YeTBepTh
crenbl BC. VIropb X04eT yCTaHOBUTH B KOMHaTe YMHYIO KOJIOHKY « VK Karmcymray ¢ Mapyceit Tak,
9TOOBI JTI00ast MpsiMasd, MapaJsiebHasl MOy KOMHATHI U IIPOXOJSIIAsa depe3 KOJIOHKY, Iepecekasa
60 neperopoaky CO, 6o creny AB. CreHbl KOMHATHI U II€PErOPO/IKA IIEPIEH UK YJIAPHBI TTOJLY
u uMeIoT (popMy IPAMOYTOJTBHUKOB, KOJOHKY MOYXKHO CUYUTATH TOYEYHBIM OOBHEKTOM.

KaKaH JaCTh IJIOIMIa AW KOMHATBI ITOAXOAUT I/IFOpIO JJId YCTaHOBKU KOHOHKI/I? BaHI/I]lH/ITe OTBET B
BUJIE JIECATUYIHON IPOOH, ITPU HEOOXOIUMOCTH OKPYIJIEHHON JI0 COTHIX.

In a triangular room with corners A, B, C', a new opaque wall CO (from the floor to the ceiling) is
installed in such way that exactly a third of the wall AC' is visible from the corner B, and exactly
a quarter of the BC wall is visible from the corner A. Igor wants to install a smart speaker « VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall C'O or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: (.58

4. B TpeyrosbHoit komHaTe ¢ yriaamu A, B, C' ycrano/eHa Hernpo3padnast neperopojaka C'O (ot moJa
JIO TIOTOJIKA) TaK, 9TO U3 yria B BujHa poBHO TpeTh crerbl AC, a u3 yria A — pOBHO OJHA TsiTast
gacth crerbl BC'. Vrops xoder ycranoButh B KOMHaTe yMHYI0 KoytoHKY « VK Karcysray ¢ Mapyceii
TaK, 9To0bI JI06as nNpaMasi, HapajsieabHas Moy KOMHATHI U MPOXO/IAIIas Yepe3 KOJOHKY, nepece-
kaja 6o neperopoaky C'O, mubo creny AB. CTeHbl KOMHATH U IEPETOPOJIKA TEPIIEH UK YIAPHBI
Oy 1 UMeoT (hOPMY HPAMOYTOJLHUKOB, KOJOHKY MOZKHO CYMTATD TOYEUHBIM OOBEKTOM.
Kaxkag gacTh miomaam KOMHATH TOAXOAUT Wropro /s ycTaHOBKY KOJOHKHU? 3amulInTe OTBET B
BUJIE TECATUIHON TPOOH, TPH HEOOXOAUMOCTH OKPYTJIEHHON 0 COTHIX.

In a triangular room with corners A, B, C', a new opaque wall CO (from the floor to the ceiling) is
installed in such way that exactly a third of the wall AC' is visible from the corner B, and exactly
a fifth of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall C'O or the wall AB. The walls of the



room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: 0.61

Solution (RUS). (npeacrapieno penrenne Bapuanta Ne1, octajpHbIe penialoTest AaHATOTHIHO) Pac-
CMOTPHUM BHJ CBEPXY: CTE€HBI KOMHATHI CTAHYT CTOPOHAMHM TPEYTOJbHHUKA, a MEPEeropoIKa — OTPE3KOM,
COEJIMHAIONINM €r0 BEPITUHY C OJHONW U3 BHYTPEHHUX TOUYEK. Toraa 3a/a4y MOXKHO epedopMyInpoBaTh
CJIeIYIOIUM 00pA30M: HAWTH ILIOIIA L TeOMETPUIecKOro Mecta BHyTpeHHIX To9ek (I'MT) P Tpeyroib-
Huka ABC, takux, 9T0 J00as mpsMast, Ipoxosimnas depe3 P, mepecekaer 6o AB, mubo CO. Ilycrs
npsambie AQ, BO nepecekaior croponbl BC, AB TpeyroabHuka B Toukax Aj, By, COOTBETCTBEHHO.

C

Joxazxem, aro uckombim ['MT asaserca gersipexyronbauk C'A;OB;. PaccMoTpuM npon3BOIBHY O
BHYTPEHHIOID TOYKY 9TOI'0 YeTHIPEXYTOJILHUKA; 63 orpanumdeHus OOIHOCTH Oy/IeM CYUTATh €€ BHYTPEH-
Heit Toukoit Tpeyronpbauka C'B10. [Ipoeaem yepe3 P HEKOTOPYIO IPAMYIO [ U IPE/INOI0XKHM, IYTO OHA
ne nepecekaer C'O. U3 aToro ciaeayet, 9To ona nepecekaet orpesku OBy, C'By. [lycts | mepecekaer B;C
B Touke 1. Torma jiya T'P siBasiercst BHyTpeHHuM Jijist yria By TO, npudem jiya TO nepecekaer cropo-
Hy AB MCXOMHOTO TPEyroJbHUKA — a 3Ha4uT, jiyd 1 P Takxke nepecekaer ee. Tak, jqobass BHYyTpeHHSISA
touka derbipexyroabanka C'A;OB; sxoant B nckomoe I'MT.

Tenepb paccMOTPUM TOYKH BHE YIHOMSHYTOI'O YeTHIPEXYIOJbHHKA M ITOKAXKEM, YTO OHU He 00.1a/1ai0T
tpebyeMbiM 11 uckomoro I'MT csoiicrBom. [l BHenmmHUX Todek Tpeyroabauka ABC 3To coBceM ove-
BU/IHO (TIOJJIXOJIUT, HANPUMED, TpsMasi, TPOXOMSINAs UYepe3 JAHHYI BHEITHIO TOYKY MapaJIeJbHO
onHoit u3 ctopon AABC), ajst BHyTpeHHHX TOYeK Tpeyroibanka AOB — Toxe (0CTaTOuHO TPOBECTH
depe3 JAHHYIO TOUKY HpsiMyto, mapajieabiyio AB). Ocramuch aa Tpeyronbhuka — AOB; u BOA;.
PaccMoTpuM mepBbiii w3 HEX (BTOPOH pACCMATPUBAETCS aHAJOIHYHO). VITak, mycTh P — BHYTPEHHsIs
touka AAOB;. Ilpoenem npsamyio PK, rme K — npou3BojibHas TOYKa oTpe3ka B0, oTJHYHAsA OT ero
KOHITIOB: Takas mpsMas He nepeceder Hu C'O, uu AB.

VTBepxKieHne J0Ka3aHo.

Sca,0B; AB;

. _ 1 BA _ 1
Nrak, rpebyercd naiitu Sane T HpmueM & = =

» 'BC 3

o ycaosuio. Corsiacuo teopeme Mene-

=W o |—

B T S
Sc4,0B; _ 504,08, Saca; _ - Saosy CAl _
SaBc Saca,  Sasc Saca,” OB
AO AB,, CA 3 1,2 5
1 - : : =(1---5);=—%~=042
( AA, a0) =013 0

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
look from the top to the room: its walls AB, BC, C'A will become the sides of the triangle, and the wall



CO will become a segment connecting its vertex with one of the internal points. Then the problem can
be reformulated as follows: find the area of the locus of the interior points P of the triangle ABC, such
that any line passing through P intersects either AB or C'O. Let the lines AO, BO intersect the sides
BC, AB of the triangle at points Ay, By, respectively.

Let us prove that the required locus is the quadrilateral CA;OB;. Consider an arbitrary internal

point of the quadrilateral; without loss of generality, we will consider it an internal point of the triangle
C B, 0. Lets draw some line [ through P and assume that it does not intersect C'O. Then it intersects
the segments OBy, C'By. Let [ intersect B1C at point T. Then the ray TP is internal to the angle B;TO,
and the ray T'O intersects the side AB of the original triangle — and therefore the ray TP also intersects
it. So, any internal point of the quadrilateral C' A;OB; is included in the desired locus.
Now let’s consider points outside the mentioned quadrilateral and show that they do not have the
property required for the desired locus. For external points of triangle ABC' this is quite obvious (for
example, a straight line passing through a given external point parallel to one of the sides of AABC
is suitable), for internal points of triangle AOB its obvious, too (it is enough to draw a straight line
through this point parallel to AB). There are two triangles left — AOB; and BOA;. Let’s consider the
first of them (the second one is considered similarly). So, let P be the internal point of AAOB;. Lets
draw a line PK, where K is an arbitrary point of the segment BO that is different from its ends: such
a line will not intersect either C'O or AB.

Q.E.D.
S . )
So, we need to calculate _%i;oCBl with ,:%1 _ %7 %%1 _ % Using Menelaus’s theorem, we get
A0  AB CBi _ A0 _ AO 3 1o
oA BC " BoA = L thus G- =3 = 4 = 7. Finally,
Sca0B, _ ScaoB Saca, - Saop,y CAI _
Sapc Saca, Sapc Saca, CB

AO ABy, C4A; 3 1,2 5
(1_AA1'AC)'(JB_( _Z'i)é_ENMQ

Task 5.

1. Yepes xkBajgpaTHOE TOJIE TPOXOAAT 18 TPAMBIX JOPOT, KOTOpbIe AeadaT ero Ha 100 mpaMOyToIbHBIX
Y9IaCTKOB. DTH YIACTKH B IMIAXMATHOM IIOPSIIKE pacIpeIeeHbl MeXK Iy AByMsI OpaTbamu — AHape-
eM 1 BopucoMm, mpudeM Bce yUYacTKH Ha AMAroHAIH AHIpes OKa3aauch KBaIpaTHBIMEH. BepHo s,
9TO COBOKYITHAS ILJIOMIAJIb YIaCTKOB AHIpes He MEHbIIe COBOKYITHOM MJIONA, 1 yIacTKOB bopuca?

A square field has 18 of straight roads running through dividing it into 100 rectangular areas.
These areas are divided between two brothers — Andrew and Boris — in chessboard order. Each
area on Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s
land is not less than total area of Boris’s land?

2. Yepes kBaJipaTHOe 1OJIE IIPOXOJAAT 22 IPAMbIE JJOPOIU, KOTOPbIE JieJidT ero Ha 144 npsMoyroibHbIX
y9IaCcTKa. ITH yIACTKHU B IMTAXMATHOM TOPSIIKe PACIIPEIeTeHbl MeK Ty AByMs OpaTbsamu — AHapeem
n Bopucom, npudem Bce yaacTku Ha guaronan AHApes OKa3aJnch KBIpAaTHBIME. BepHo jin, 910
COBOKYIIHAS ILIOIIAJIb YIACTKOB AH/Ipes He MEHbIIe COBOKYITHON IO 1 yIacTkoB Bopuca?

A square field has 22 of straight roads running through dividing it into 144 rectangular areas.
These areas are divided between two brothers — Andrew and Boris — in chessboard order. Each
area on Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s
land is not less than total area of Boris’s land?

3. Yepes kBasipaTHOE TI0JI€ TPOXOAAT 26 MPAMBIX JTOPOT, KOTOPBIE JIe1dT ero Ha 196 mpaMoyToIbHBIX
Y9IaCTKOB. DTH YIACTKH B IMIAXMATHOM IIOPSIIKE paCIpeIeeHbl MeXK Iy AByMsI OpaTbamu — AHape-
eM 1 BopucoMm, mpudeM Bce yUYacTKH Ha AMAroHaIH AHIpes OKa3aauch KBaIpaTHbIMEH. BepHo s,
9TO COBOKYITHAS ILJIOAJIb YIaCTKOB AHIpes He MEHbIIe COBOKYITHOM MJIONa, 1 yIacTKOB bopuca?

A square field has 26 of straight roads running through dividing it into 196 rectangular areas.
These areas are divided between two brothers — Andrew and Boris — in chessboard order. Each



area on Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s
land is not less than total area of Boris’s land?

4. Yepes KBajpaTHOe 1OJE IPOXOAAT 14 NpAMbIX J0pOr, KOTOpbIe JedT ero Ha 64 mpaMoyrobHbIX
y9IaCcTKa. ITH yIACTKHU B IMTAXMATHOM TOPSIIKe PACIIPEIETeHbl MeK Ty AByMs OpaTbsamu — AHapeem
u Bopucom, npuyuem Bce yUacTKH Ha auaronas s AHjapes OKa3aauch KBaJIPATHbIME. BepHo Jiu, 910
COBOKYIIHAS ILIOIA/Ib YIACTKOB AHIpes He MEHbIIe COBOKYITHON IO H yIacTKoB Bopuca?

A square field has 14 of straight roads running through dividing it into 64 rectangular areas. These
areas are divided between two brothers — Andrew and Boris — in chessboard order. Each area on
Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s land is
not less than total area of Boris’s land?

Solution (RUS). (npeacrasieno penrenne Bapuanta N1, ocraibHbie perarorcest aHaaoradno) J1s
HadaJIa 3aMeTUM, 9TO Pa3/leTuTh NPAMOyTrojabHoe 1mojie Ha 100 npaMoyroibHBIX yYacTKOB 18 jpoporamMu
MOKHO TOJIBKO MPOBE/IS 10 9 «OPU30HTATBHBIX» (IO OTHOIIEHHUIO K OIPE/IeJIeHHOI 3apanee BEIOPAHHOM
CTOpOHE TIOJIsT) M «BEPTHKAJIBHBIX> JIOPOT. JleHCTBUTENBHO, MYCTh M — KOJUYIECTBO MOPHU30HTATBHBIX
JIOPOT, N — KOJMIeCTBO BEPTUKAJBHBIX A0poT. Torma

m+n =18
(m+1)(n+1) =100

Y

oTKy1a m =mn = 9.

Packpacum moJie B Jpa 1peta (Mycrh yaacTku Auapest OyayT 96pHbIMH, & yaacTKu Bopuca — 6exbivn)
M IPOHYMEPYeM MOJIOCH YYACTKOB (MeZK/Iy TTapasuieIbHBIMI JOPOTaMHE) 110 TOPU3OHTAJIN U TOBEPTUKAIIH
gucaamu oT 1 10 10. Cpasy 3amMeTnM, 4TO COBOKYIIHAS TLIOMIAIb JOPOT MOCTOSHHA W 3aBUCHT TOJIBKO
OT MX KOJIMYECTBA — a 3HAYUT, HE BJIMLET HA COOTHOIIECHUE IJIONA el Oe/ibiX U YEPHBIX YYaCTKOB.

Yépuble ygacTKu OBIBAIOT JABYX THUIIOB: OJHU CTOSAT HA MEPECEUEHUHN IMOJOC ¢ IeTHBIMH HOMEDAaMH,
JIpyrue — Ha MepeceveHnn MOoJI0C ¢ HeIETHRIMI HOMepaMu. BBIKuIbIiBas cHavaIa I€THBIE TOPU30HTAJIH,
IIOTOM YEéTHbIE BEPTHUKAJIH, MOJYINM YEPHBIH KBajpar (T.K. JHATOHAJTbHbBIE YYaCTKH AHJpes — KBaJl-
paTHBIE COMJIACHO YCJIOBHIO) CO CTOPOHOW a. AHAJOTHYHBIM O0PA30M BBIKHJIBIBAS HEUYETHBIE TIOJIOCH,
MOJIYUUM 9IEPHBIH KBajpaT co cTopoHoii b. UTak, «uépHasy (T.e. npuHamaekamas AHIPEro) IO Ib
pasha a® + b?. Torua «Genas» wiomaius pasaa (a + b)? — (a® + b?) = 2ab. Tlokaxkem, 4TO «4epHas»
IJIOINAIL He MeHbIne «0esoiis:

(a—0)>>0=a®—2ab+b* > 0= a*+b* > 2ab,

YTO 3aBepIaeT pereHne 3aa91.

Kpurepuu oneHnBaHus:
® VYACTHUK BbISICHUJI KOJMUYECTBO «IOPU30HTAJBHBIXY M «BEPTUKAJbHBIX» JIOpOr — 1 BaJLi;
® [I0JIyYeHbl BEPHbIE BbIPAXKEHUS JIjIsi CyMM Iwionia/eit yaacrkos Anjpest u Bopuca — 3 basia;

® JI0OKa3aHO HEPABEHCTBO MEXKJIy HOJIyYEeHHbIMU BbipazkKeHusMu — 1 6aJu.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Note
that dividing a rectangular field into 100 rectangular sections with 18 roads can only be done by drawing
9 <horizontal» (relative to a certain pre-selected side of the field) and «vertical» roads. Indeed, let m
be the number of horizontal roads, and n be the number of vertical ones. Then

m+n =18
(m+1)(n+1) =100

Y

thus m=n=09.



Let’s paint the field in two colors (let Andrew’s areas be black and Boris’s areas be white) and
number the rows and columns of areas (between parallel roads) with numbers from 1 to 10. Let’s also
note that total area of the roads is constant and depends only on their quantity, and therefore does not
affect the ratio of the areas of white and black areas.

There are two types of black areas: some are at the intersection of even-numbered rows and columns,
others are at the intersection of odd-numbered ones. Throwing out first the even rows, then the even
columns, we get a black square (since Andrew’s diagonal areas are squares) with side a. Similarly,
throwing out odd rows and columns, we get a black square with side b. So, the “black” area (i.e.,
belonging to Andrew) is equal to a® 4+ b*. Then the «white» area is equal to (a + b)* — (a* + b?) = 2ab.
Lets show that the «blacks area is not less than the «whites:

(a—0)>>0=a®>—2ab+b*>> 0= a*+b* > 2ab,

which completes the solution.

Criteria:
e the participant found out the number of «horizontals and «vertical» roads — 1 point;

e the correct expressions were obtained for the sums of the areas owned by Andrew and Boris — 3
points;

e the inequality between the obtained sums is proven — 1 point.

Task 6.

1. UckyccrBeHHbBI HHTE/JIEKT CIPABJILETCH eIlle He CO BCeMU 3a/la4aMu B ¢jioBax. Bor Henpujyman-
Has UCTOPUSA: HEKOTOPOil CUCTEeMe MCKYCCTBEHHOIO WHTEJLICKTA ObLIO MPEeJI0KEeHO HANTH MaKCu-
MaJIbHOE 3HAYeHNe OTHOTITEeHW S aigfc,
«paccyimiaay Tak:
9TOOK OTHOIIEHHE % AMeJI0 MaKCHMAaJIbHOe 3HAYeHHe, HaJ0 ITOOBI X MOJIYIHI MAKCHMAJIbHOE U3
BO3MOXKHDBIX 3HAYCHUIT, & Y — MUHAMAJIbHOE U3 BO3MOXKHBIX 3Ha4deHuil. Tak Kak x — 910 mpousse-
JIeHHE JICCSITUYHBIX (P Tpex3HauyHoro qucaa, 7o xr = 9-9 -9 = 729; rak kak y — 310 cymma
JECITHIHBIX TGP Tpex3HadHoro dncia, 1oy = 1 + 0+ 0 = 1. I[ToaTomy nckomoe MakcnMaabHOE
3HadYeHHe PABHO &191 =729.

Pazymeercs, orBeT HenmpaBuwiIbHBIA. [[pegiaraeM BaM penmuTh CIeAYIONYIO, IyTh 0oJiee CIOKHYIO

rae abc — Tpex3HaTHOe YUCI0 B AecATu4IHOi 3anucn. Cucrema,

3a0a9y:

Jnst kaxkaoro derbipex3Hadnoro uuciaa abed (a,b,c,d — mudps or 0 g0 9, npuuem a # 0) mo-

CUNTAIN 3HAUCHHE OTHOMICHIA —42C9 3 3ameM OTCOPTUPOBAJIHE BCE YeTHIPEX3HAYHBIC THCIIA CHA-
a+b+c+d’

YaJla B IIOPpdAKe BO3paCTaHUA 3HAYEHHUI 3TOro OTHOIIIeHud, a 3aTeM (B ClIydae pPaBHBIX 3Ha4de-
HUil YKa3aHHBIX OTHOIEHWi ) — B MOPS/IKe BO3PACTAHUS CAMHUX YeTHIDEX3HAYHBIX dhces. Taknm
obpaszom, Hampumep, dncao 2000 mpu Takoil copTupoBKe TpemmectByer umcay 1111 (tak Kak

2:0-0-0 1111 1000 _ _2000
5701000 < Triticr), @ auerno 1000 mpemmectsyer wnery 2000 (Tak xak = HO

1+0-+0+0 2+0+0+0°
1000 < 2000).
Kaxkoe gucio HaxoauTest B MOy YeHHON mocaeoBaTe pbHoCcTH HA 8989 Mecte?

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio aigjc, where abc
is a three-digit number in decimal notation. The system «reasoned» like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =1+ 0+ 0= 1. Therefore, the required maximum value is @ =1729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:




For each four-digit decimal number abed (a # 0) we calculated the value of the ratio %,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
2300400'20 1i'11:1'}r1), and the number 1000 precedes the number 2000 (since 1%0;0620 = 243604}06307
but 1000 < 2000).

What number is in the 8989nd place in the resulting sequence?

Answer: 9997

NckyccTBeHHBIN HHTEJIEKT CIIPpABJIseTCs ellle He cO BCeMU 3a/ladaMi B cJoBax. Bor HenmpuiyMaH-
Hasl UCTOPUS: HEKOTOPOH cUCTEeMe UCKYCCTBEHHOIO MHTEJLIEKTA ObLIO 1PEeJJIOKEeHO HAlTh MaKCu-
MaJIbHOE 3HAYeHNe OTHOIITEeHN S a‘igﬁc, e abc — Tpex3HATHOE UHCII0 B AecsTuyaHoil 3ammci. Cucrema
«paccynyiay Tak:

9TOOBI OTHOHICHHE § HMEJI0 MaKCHMaJIbHOE 3HaYeHHe, Haj0 9TO0bl T MOJIYYIHI MaKCHMAaJIbHOE H3
BO3MOZKHBIX 3HAUEHMI, a Yy — MEUHAMaJIbHOE U3 BO3MOXKHBIX 3HaYeHHi. Tak KaKk © — 3TO MPOH3BeE-
JIeHHe JeCSITHIHBIX TGP Tpex3HauHoro dmucaa, 7o x = 9-9 -9 = 729; tak KakK y — 9T0 cyMMa
JrlecsITHIHbIX 1up Tpexzaavnoro ducjia, 1oy = 1 + 0+ 0 = 1. [losromy mckomoe MakcuMaJibHOE
3HAYEHTE PABHO @ = 729.

Pasymeercs, orBeT HenpaBuibHbIi. 1IpeyiaraeM BaM peliuTh CJIEIYIONIYIO, 9yTh H0Jee CJI0KHYIO

3aJa4y:

st kazkaoro gersipexsHadnoro gnciaa abed (a,b,c,d — mudpsr or 0 10 9, npudem a # 0) 1o~
CUNTA/IN 3HAUEeHNe OTHOIIeH —42S9 3 3aTeM OTCOPTUPOBAJIH BCe YeThIpeX3HAYHBIE UHCIIA CHA-
a-+b+c+d’

Jajia B MOPsJIKE BO3PACTAHUS 3HAYEHHIl STOrO OTHOIIEHWs, a 3aTeM (B CJIyvae PaBHBIX 3HaJe-
HUIl YKA3aHHBIX OTHOIIEHUiT) — B IOPSJIKE BO3PACTAHUS CAMHX YeTBIDEX3HAYHBIX 4duces. Takum
obpazom, mampumep, dncjao 2000 mpu Takoii coprupoBke mpemmectByer umcay 1111 (rak Kak

2-0-0-0 1111 1.00-0  _ _20-0-0

5101040 < 1+1+1+1), a gucao 1000 npemmecrsyer gncay 2000 (Tak kak 1104040 = Z+0+0-40°

1000 < 2000).

Kakoe 4nc/io HaXoauTcs B MOJIYy4YeHHOH mocseaoBaTe/bHOCTH Ha 8987 mecTe?

HO

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio a‘igfc, where abc
is a three-digit number in decimal notation. The system «reasoneds like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =1+ 0+ 0= 1. Therefore, the required maximum value is ngl =729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

For each four-digit decimal number abed (a # 0) we calculated the value of the ratio %,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
2f‘[}0f[)'30 < 1;1:1'11), and the number 1000 precedes the number 2000 (since 1%0;0620 = 24360{06307
but 1000 < 2000).

What number is in the 8987rd place in the resulting sequence?

Answer: 9799

VckyccTBeHHBIM NHTE/LIEKT CIpaBsdeTcsd ellle He cO BCceMU 3aJladaMu B ¢1oBaX. BoT HenmpuyMaH-
Hasl UCTOPHST: HEKOTOPO#l cHCTeMe MCKYCCTBEHHOTO MHTEJLIEKTa OBLIO MPeJII0KeHO HANTH MaKCHu-
MAaJIbHOE 3HAUCHME OTHOIICHIS —%2C

a+b+c?
«paccyamsiay Tak:

re abc — Tpex3HavHOe YUCI0 B AecaTudHoi 3anucu. Cucrema,

qTOOKI OTHOIIICHHE % HMEeJI0 MaKCUMaJIbHOE 3HaY€HHue, Halg0 qTOOBI I noJryinji MaKCuMaJIbHOe U3



BO3MOXKHBIX 3HAUEHMUI, a Y — MEHAMAJIbHOE W3 BO3MOXKHBIX 3HaYeHHi. Tak KaK r — 3TO MPOH3BE-
JIeHHE JICCSITUYHDIX (P Tpex3HayHoro qucia, 7o r = 9-9-9 = 729; rak kak y — 310 cymma
JIeCSITHIHBIX 1H(p Tpexzaadynoro dncjia, 1oy = 1 + 0+ 0 = 1. [losromy mckomoe MakcuMaJbHOE
3HAYEHHe PABHO @ =729.

Pasymeercs, orBeT HenpaBuibHbIi. 1lpemiaraeM BaM peliuTh CJISAYIONIYIO, 9YTh H0Jee CJI0KHYIO
3a7a4y:

Jnst kazkaoro derbipex3Hadnoro guciaa abed (a,b,c,d — nudps or 0 g0 9, npudem a # 0) mo-
CUNTAIN 3HAYEHHE OTHOIICHIS —42C9 4 3areM OTCOPTUPOBAJIE BCE YeTHIPEX3HAUHBIEC YUC/IA CHA-
a+b+c+d’

Jajia B MOPsiZIKE BO3PACTAHUS 3HAYEHHI STOrO OTHOINEHHd, a 3aTeM (B CIydae DAaBHBIX 3HaYe-
HUil YKa3aHHBIX OTHOIMEHWUi) — B MOPS/IKe BO3PACTAHUS CAMHX YeTHIDEX3HAYHBIX Yhces. Takum
obpazom, nampumep, dncao 2000 mpu Takoil copTupoBKe TpemamectByer umcay 1111 (tak Kak

2:0-0-0 1111 1000 _ _20.00

501000 < Tritia), @ duesio 1000 mpemmectsyer wuery 2000 (Tak Kak igros = 5i0i0.000 HO
1000 < 2000).

Kakoe guc/io nHaxoaurcest B motydeHHON mocaeaoBarenpHoctu Ha 8990 mecre?

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio aigjc, where abc
is a three-digit number in decimal notation. The system «reasoned» like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =140+ 0 = 1. Therefore, the required maximum value is @ = 729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

For each four-digit decimal number abed (a # 0) we calculated the value of the ratio %,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
sotrs < Trinieg)s and the number 1000 precedes the number 2000 (since 5% = 52405,

but 1000 < 2000).
What number is in the 8990th place in the resulting sequence?

Answer: 8899

NckyceTBeHHbIT MHTE/IJIEKT CIPABJISETCS ellle He CO BCeMH 3a/ladaMy B cj0Bax. Bor HenpuiyMaH-
Hasg UCTOPUSA: HEKOTOPOil CUCTEeMe MCKYCCTBEHHOIO MHTEJLICKTA ObLIO MPeJI0KeHO HANTH MaKCu-
MaJIbHOE 3HAYEeHHe OTHOIIEHIS acjr'gjc, e abc — Tpex3HATHOE YHCI0 B AecaTHYHOl 3ammcu. Crcrema
«paccyiuiay Tak:

9TOOK OTHOIIEHHE % AMeJI0 MaKCHMAaJIbHOe 3HAYeHHe, HAJ0 ITOOBI X TMOJIYIHI MAKCAMAJIbHOE U3
BO3MOKHDBIX 3HAYEHHUI, & | — MUHHMAaJIbHOE W3 BO3MOXKHBIX 3Ha4eHui. Tak Kak T — 3TO IPOU3BE-
JIeHHE JICCSITUYHBIX IH(P Tpex3zHauyHoro qucia, 7o r = 9-9 -9 = 729; rak kak y — 310 cymma
JECSITHIHBIX IAGp Tpex3uavdroro ancia, oy = 1 + 0+ 0 = 1. [ToaTomy nckomoe MakcnMaabHOE
3HadYeHHe PABHO ngl =729.

Pazymeercs, orBeT HenmpaBuwibHbIN. [[pegiaraeM BaM permuTh CIeAYIONYIO, IyTh 0oJiee CIOKHYIO
3a/1a4y:

Jlns kaxka0ro derbipex3Hadnoro uuciaa abed (a,b,c,d — mudps or 0 10 9, npuuem a # 0) moI-
CUYMTAJIN 3HAYEHHE OTHOMIEHHST —“2¢L_ 3 3aren OTCOPTUPOBAIN BCE YTHIPEX3HATHBIE THC/IA CHA-
a+b+c+d?

Jajia B MOPsiZIKe BO3PACTAHUS 3HAYEHWIT STOrO OTHOINEHHd, a 3aTeM (B caydae DAaBHBIX 3Hade-
HUIl YKA3aHHBIX OTHOINEHUi) — B MOPSA/IKe BO3PACTAHUS CAMHUX YeTBIDEX3HAYHBIX dhces. Takum
obpasom, nampumep, dncao 2000 mpu Takoil copTHpoBKe TpemmectByer umcay 1111 (tak Kak

2:0:0:0 1111 1000 _ 2000

01040 < Sirier)s @ dmeno 1000 mpeamectsyer wmneny 2000 (Tak Kax ot = 550+0.00 HO
1000 < 2000).




Kakoe unc/io HaXoauTcs B MOJIyUYeHHOH moceaoBaTe/bHOCTH Ha 8992 mecTe?

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio a‘igfc, where abc
is a three-digit number in decimal notation. The system «reasoneds like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =1+ 0+ 0= 1. Therefore, the required maximum value is ngl =729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

For each four-digit decimal number abed (a # 0) we calculated the value of the ratio aiblfci =,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
oS < i), and the number 1000 precedes the number 2000 (since 50 = ;2300
but 1000 < 2000).

What number is in the 8992nd place in the resulting sequence?

Answer: 8998

Solution (RUS). (npeicrabieno penrenne Bapuanta Nel, octajpHbIe penraiorcst anagoradno) CHa-

a-b-cd o
Jasa JOKazKeM, YTO OTHOILICHHE 5@t He yOBIBAET IIPU BO3PACTAHUU JIIOOOH MUMPHI ITOTO YUCTIA, HE

pasuoit 9. Ilycts 0 < t < 8 — mobas mudpa aucaa abed, x,y — COOTBETCTBEHHO MPOU3BEIEHUE U CYMMa,
OCTaJIbBHBIX I_[I/ICbp 9TOTO YuCjla.

2y > 0=yt +at* +xt +ay > oyt + o’ +at = 2t + Dt +y) > (y+ (¢ + 1)zt =

z(t+1) S @t
y+(t+1) " y+t

TO €CTb IPU YBEJUYCHHH | HA €JIMHUILY OTHOIIEHUE ITPOU3BeeHus Mudp K UX cymMe He yObIBaeT, 4To U
TpebOBAJIOCHh JOKA3aTh.
Cl1e0BaTeIbHO, YeTHIPeX3HAUHbIE JeCATHIHBIe YncIa abed, BO-EPBBIX, YIOPILIOUEHD! IO cyMMe 1udp.
Tpebyercst maiitun 8989-if wien nocsenoBaresbrocTw, B Kotopoit 9000 wxenos (1000, 1001, ..., 9999 —
posro 9999 — 1000 + 1 = 9000) — wHBIMHU cJIOBaMU, HyKeH 12-if qieH «¢ KOHIay. MakcumanbHas cymMMa
mudp — 36, U ecTh TOJBKO OJIHO YeThIPEX3HAYHOE YHUCJIO ¢ TaKoil cymMmoil nmudp — 1o 9999, a 3uaqur,
9TO W €CTh MOCJeJIHee TUCJI0 B Halllell TmocaeT0BaTeIbHOCTH. KCTh YeThipe YeThIPeX3HAYHBIX UNCJIa C
cymmoit udp, pasaoit 35 (9998, 9989, 9899 u 8999), onu u GyayT BTOPBIM, TPETHUM, Y€TBEPTHIM U
HTHIM YUCJaMU «C KOHI@» B Hallell 10c/1e/10BaTe/ IbHOCTH.
YeTrbipex3Haunbie YUCAa ¢ CyMMO# nudp 34 MOXKHO pa3dUTH Ha JIBE TPYIIILI: T€, KOTOPbIe 00pa30BAHI
nndpavu 9, 9, 8, 8, u Te, koropbie obpaszoanbl mudpamu 9, 9, 9, 7. Uuncaa BHYTPU KayKkI0# U3 ITHUX
IPYII YIOPSIOYEHbI 10 BO3PACTAHUIO, IIPH ITOM BCE YHUCIA IEPBON I'PYIIBI PACIIONIOXKEHBI OJIUKe K
KOHILY MOCJIEIOBATEJILHOCTH, YeM YUCJa U3 BTOPOU TPYIILI, T.K. 9988 ~, 9997 SHAYUT, CIELYIO-

9+9+8+8 ~ 9+9+9+47"
e mectb (MMEHHO CTOJBKHME CIOCODaMM MOXKHO COCTaBUTH 4ucao u3 nudp 9,9,8,8) uncen ¢ KoHna

nocyieoBaTebHOCTH — 310 9988, 9898, 9889, 8998, 8989, 8899; 3a aumu caeayror 9997, 9979, 9799, 7999.

Kpurepunu onneHuBaHUA:
e OTMedeHO HeyObIBaHME OTHOIIEHUS IPOU3BeAeHnd NP K UX cymme — 2 dasuia;

® JI0Ka3aHO HeyObIBaHME OTHOIICHUS TPOU3BEIeHU (PP K UX CyMMe, IIPU TOM OTMEYEHO, YTO ITO
BEPHO TOJIBKO ecjin Bce mudpbl Menbie 9 — 1 daJwr;

® BEpHO BBHITIOJIHEH TIepedbop «C KOHIA» IMOCIeI0BATE/IHHOCTH — 2 DaJLia;



e JIOIIYIIIeHA OIMUOKA IpHU Hepebope, IpUBeIIIas K HeBEPHOMY OTBETY — MHHYC 1 GaJi.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) First,
lets prove that the ratio ajbbfci - does not decrease as any digit of this number (that is not equal to 9)
increases. Let 0 <t < 8 be any digit of the number abed, x,y be the product and sum of the remaining

digits of this number, respectively.

zy > 0= oyt +at> + ot +ay > ayt +at’ +at = 2t + 1)(t+y) > (y+ (E+ 1)zt =

z(t+1) S @t
y+(t+1) ~y+t

thus when ¢ increases by one, the ratio of the product of digits to their sum does not decrease, which
is what was to be proven.

Therefore, four-digit decimal numbers abed are firstly ordered by the sum of their digits. We need to find
the 8989th term of a sequence which has 9000 terms (1000, 1001, ..., 9999 - exactly 9999—1000+1 = 9000)
— in other words, we need the 12th term «from the end» . The maximum sum of digits is 36, and there
is only one four-digit number with such a sum of digits — it’s 9999, which means that this is the last
number in our sequence. There are four four-digit numbers with a sum of digits equal to 35 (9998, 9989,
9899 and 8999), and these will be the second, third, fourth and fifth numbers «from the end» in our
sequence.

Four-digit numbers with a sum of digits of 34 can be divided into two groups: those formed by the digits
9,9, 8, 8, and those formed by the digits 9, 9, 9, 7. The numbers within each of these groups are ordered
in ascending order, with all the numbers of the first group located closer to the end of the sequence
than the numbers from the second group, since gfégféig > 92594}9517' By that, the next six (that’s how
many ways there are to make a number from the digits 9,9,8,8) numbers from the end of the sequence
are 9988, 9898, 9889, 8998, 8989, 8899; followed by 9997, 9979, 9799, 7999.

Criteria:

e the ratio of the product of digits to their sum has been noticed to be non-decreasing — 2 points;

e the ratio of the product of digits to their sum has been proven to be non-decreasing, also noticed
that its true if all the digits are less than 9 — 1 point;

e correctly searched «from the end» of the sequence — 2 points;

e an error was made during the search, which led to an incorrect answer — minus 1 point.



10-12"" degree

Task 1.

1. Jdau muorowrten P(x) = —21° + bx? + cx + d, npuaem P(2) = 2, P(3) = 7, u P(z) > 3z — 4
JUIst BeeX x < 3. Belumcaure HaMMeHbIee BO3MOXKHOe 3Hadenue P(0) W 3amuImuTe OTBET B BUJIE
1IEJION0 YUC/Ia WM JECATUIHOM 1pobu, npu HEOOXOMMOCTH OKPYIJIUB €€ JI0 COThIX.

Consider a polynomial P(z) = —22°+bx?+cx+d such that P(2) = 2, P(3) = 7and P(z) > 3z—4
for all x < 3. Find least possible value of P(0) and write your answer as integer of decimal rounded
to hundredth if needed.

Answer: 28

2. am muorounen P(x) = —0.0123 + bx? + cx +d, mpuaem P(—1) = —1, P(4) = 13, u P(z) > 2z +1
st Beex < 1. Berawmcaure manmenbinee Bo3MoxkHoe 3Hadenne P(0) u 3anumuTe oTBET B BUJE
IeJI0T0 YUCIa WIN JIECATHIHON Apodu, pu HEOOXOAMMOCTH OKPYTJIUB €€ 0 COTHIX.

Consider a polynomial P(z) = —0.012® 4+ bz* + cx + d such that P(—1) = —1, P(4) = 13 and
P(xz) > 2z + 1 for all x < 1. Find least possible value of P(0) and write your answer as integer of
decimal rounded to hundredth if needed.

Answer: 0.8

3. Man muorownen P(z) = —z® + ba? + cx + d, npuaem P(5) =3, P(4) = —1, u P(x) > 2z — 7 aua
Beex = € (3;8). Berumcsnre manmensiee Bo3MoxkHOe 3Hadenne P(0) u 3anummmre OTBET B BHJE
IEJIOT0 YHCJIA WM JCCATHIHOR Ipobu, Mpu HEOOXOANMOCTH OKDPYIVILB €€ /10 COTHIX.

Consider a polynomial P(z) = —2®+bx?+cr+d such that P(5) = 3, P(4) = —1 and P(z) > 22—7
for all z € (3;8). Find least possible value of P(0) and write your answer as integer of decimal
rounded to hundredth if needed.

Answer: 43

4. Hau muorowten P(z) = 5x3 4+ bx? + cx + d, npuuem P(—4) =5, P(=2) = 3, u P(z) > 4z + 11
Jist BeeX @ > —4. Borauesure manbosbinee Bo3Moxknoe 3uadenne P(0) u 3amuimTe OTBET B BUJIE
IEJIOTO YUC/IA WM JeCATUIHON TpOOH, PU HEOOXOIUMOCTH OKPYTJIUB €€ /10 COTBIX.

Consider a polynomial P(z) = 523 + bz? + cx + d such that P(—4) =5, P(—2) = 3 and P(z) >
4x + 11 for all x > —4. Find largest possible value of P(0) and write your answer as integer of
decimal rounded to hundredth if needed.

Answer: 101

Solution (RUS). (npexcrapieno penrenne Bapuanata N1, octaabHble penarorcest anaaoradno) Ilycrb
f(z) = 3z — 4, rorna f(2) = 2. Muorounen Q(z) = P(x) — f(z) aBasgercs KyOUUIeCcKUM, IpUIEM
Q(2) = P(2) — f(2) =0 u B 1o xke Bpemst Q(x) > 0 upu x < 3 — a 3naunt, rpaduk Q(x) Kacaercs ocu
aberuee B Touke (2;0).
Takum obpazom, muoroden Q(r) mMoxuo npejacrasuth B Buge —2(z — 2)%(x — t), rae t > 3. Taxwxe
uzsectHo, uto P(3) = 7, otkyma Q(3) = P(3) — f(3) =7 —5 =2, T.e. —2(3 —2)*(3 —t) = 2. Ilonyunwm
t=4u P(0)=Q(0) + f(0) = —2(0 — 2)2(0 — 4) +3-0 — 4 = 28.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
f(z) = 3z — 4, then f(2) = 2. Polynomial Q(x) = P(x) — f(z) is cubic with Q(2) = P(2) — f(2) =0



with Q(x) > 0 for x < 3 — thus, graph Q(z) touches X-axis in the point (2;0).

Consequently, Q(z) can be expressed as —2(z — 2)%(z — t), while ¢ > 3. We also know that P(3) = 7,
thus Q(3) = P(3)— f(3) =7—5=2,ie. =2(3—2)%(3—1t) = 2. We get t = 4 and P(0) = Q(0)+ f(0) =
—2(0—2)2(0—4) +3-0— 4 = 28.

Task 2.

1. J/TaHO MHOYKeCTBO HATYyPAJIBHBIX YHCeJ, He mnpeBocxoasnmx 15. CKOJIBKAMU CIIOCODAME MOZKHO
BBIOpATH U3 HEroO IIOJIMHOXKECTBO, COJepzKalllee XOTs Obl JBa IPOCTHIX YHCIA7

Consider a set of all positive integers less than or equal to 15. How many ways are there to choose
its subset which contains at least two prime numbers?

Answer: 29184

2. JlaHO MHOZKECTBO HATYPAJbHBIX 4uces, He npeBocxoaanux 17. CKOAbKAME CIIOCOOAMU MOXKHO
BBIOPATH W3 HETO TMOAMHOXKECTBO, COIepIKAIee X0Ts Obl IBa MPOCTHIX IHCJIA?

Consider a set of all positive integers less than or equal to 17. How many ways are there to choose
its subset which contains at least two prime numbers?

Answer: 122880

3. Jlano MHO>KeCTBO HATypaJbHBIX 4YHCeJ, He npeBocxoadimuxX 13. CKOJBKUMH CIOCODAMU MOXKHO
BBIOpATDH U3 HEro MOJIMHOXKECTBO, COAEpIKAIlee XOTd OBl ABa HPOCTHIX YHCIA’

Consider a set of all positive integers less than or equal to 17. How many ways are there to choose
its subset which contains at least two prime numbers?

Answer: 7296

4. JlaHO MHOYXKECTBO HaTypaJbHBIX 4uces, He mnpeBocxoadanmux 16. CKOJIbKEMH CIIOCODAMEH MOXKHO
BBIOpATH U3 HErO IOJIMHOXKECTBO, COJAeprKallee XOTs Obl ABa IPOCTHIX YHCIAT

Consider a set of all positive integers less than or equal to 16. How many ways are there to choose
its subset which contains at least two prime numbers?

Answer: 58368

Solution (RUS). (upeacrapieno penrenne Bapuanra Nel, ocrajibhbie pemarorces anaiorndno) Ecrpb
poBHO 2" croco0OB BLIOPATH MOJMHOXKECTBO U3 MHOYKECTBA C 1 3/JIeMEHTAMU — 3HAYUT, U3 JAHHOT'O MHO-
KecTBa (HazoBeM ero A) MOXKHO BHIOpaTh MOAMHOKeCTBO 215 = 32768 cnocobamu. Muoxectso A comep-
JKUT TIeCTh TPOCTHIX ducen (2,3,5,7,11,13), ocTanbHble JAeBIATh He SBIAIOTCS TPOCTHIME, H COCTABUTH
IIOJIMHOKECTBO TOJBKO ¢ HUMH MoxKHO 27 = 512 cnocobamu. KazK1oMy U3 yKa3aHHBIX II0JMHOKECTB
COOTBETCTBYIOT €Ile MEeCThb, COAEPKAIUX 1O OJHOMY HPOCTOMY YHCIYy — HTOro H12 + 512 - 6 = 3584
HOJIMHOZKECTBA, COjep:Kaiux He 0ojiee OMHOTO MPOCTOro ducaa. OcrajpHbie moaMHOXKeCTBA A OyayT
co/Iep»KaTh He MeHee JIBYX MPOCTHIX 9hces, M UX KOJM4IecTBO paBHO 32768 — 3584 = 29184.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) There
are 2" ways to choose subset of a set with n elements, thus there are 2! = 32768 ways to choose subset
from the initial set (lets denote it as A). There are 6 primes (2,3,5,7,11,13) in the set, so other 9
numbers are not prime and we can choose 2° = 512 subsets of A using only these 9 non-primes with
each of these subsets corresponding to 6 other subsets of A which contain one prime each — thus,
we’ve already counted 512 + 512 - 6 = 3584 subsets of A with no more than one prime each. Other
32768 — 3584 = 29184 subsets will contain at least two prime each.



Task 3.

1. /IBe komamanl — «Bbiku» u «/Ipakonbl» — UrpamoT B BOJIEHOOJ JIPYT TPOTUB JAPyTa, HAYAJLHBIN
caét B mx Marde — 0 : 0, ¥ HUKaKagd MApPTHs MaT4da He MOYKeT OKOHYNThcAd BHHUYBIO. KomaHnna,
nepBoit Habpasiias 2 o4Ka, 00bsaB/seTcs nodeuTeseM Marda. QUK HAYUC/ISIOTCS U CHUMAIOTCS
0 CJICYTIONTUM IIPABUIAM:

® C¢CJIM Y KOMaH/bI 1 09KO, TO B CJIy4dae €€ IIOPpazKE€HHd B IMapPpTHUU 3TO OYKO CHUMAETC;

e ecui y KOMaHJIbl ) OYKOB, TO B CJIydae ee IopazKeHHusl B TaPpTUU OYKO IPUCBANBACTCI KOMAaH/Ie-
COIICPHUKY.

C Kakoif BeposITHOCTBIO «DBBIKH» cTaHyT mobeauTesieM MaTda, €CJIH BEPOSTHOCTH HUX MOOeIbl B
KazKJI0i oTAeIbHOi napTun pasHa 0.67 3amuiinre OTBET B BUIE JeCATHIHON IpOOH, IPU HEOOXO-
AUMOCTH OKPYIJIUB €€ JO COThIX.

Two teams — «Bulls» and «Dragonss — play volleyball match against each other, the initial score
in the match is 0 : 0, and no game of the match can end in a draw. The team that scored 2
points first is declared the winner of the match. Points are awarded and deducted according to
the following rules:

e if a team has 1 point, then if it loses the game, this point is deducted;
e if a team has 0 points, then if it loses the game, a point is given to the opposing team.
What is the probability of «Bulls» being the winner of the match, if the probability of their victory

in each individual game is 0.67 Write your answer as a decimal, rounding to the nearest hundredth
if necessary.

Answer: 0.69

2. /e komanapl — «bpiku» u «/IpakoHbl» — HIpaloT B BOJIEHOOJ APYT NPOTHB JAPYra, HadaIbHBII
cuét B mx Matde — 0 : 0, ¥ HEKaKasg TMapThs MaT4a He MOXKET OKOHYNTLCSI BHUUYBIO. Komama,
nepBoit HAOpaBIasa 2 04Ka, 00bABIsIeTC mobeuTeeM Marda. QUK HAYUCASIIOTCI U CHEMAIOTCS
1O CJIeAYOITUM TIpaBUJIaM:

® CCJIM Y KOMaHAbl 1 O4KO, TO B CJly4dae €€ 1IOpazKeHud B IIaPpTUU 3TO OYKO CHUMAECTCI]
® CCJIN Yy KOMaHIbI 0 OYKOB, TO B CJIy4ae €€ IIOpazKeHud B IapPpTUU OYKO IIPpUCBaBaCTCA KOMaHIC-

COIIEPHUKY.

C Kakoii BeposITHOCTBIO «BBIKH» cTaHyT mobeauTeseM MaTda, €CJIH BEPOSITHOCTH HUX MOOEIbI B
KayKJI0i oTAeabHON naprun pasha 0.27 3anuimure OTBET B BHIE JECATHIHON JApOOH, IPU HEOOXO-
JAUMOCTH OKPYTAUB €€ J0 COTHIX.

Two teams — «Bullsy and «Dragonss — play volleyball match against each other, the initial score
in the match is 0 : 0, and no game of the match can end in a draw. The team that scored 2
points first is declared the winner of the match. Points are awarded and deducted according to
the following rules:

e if a team has 1 point, then if it loses the game, this point is deducted;

e if a team has 0 points, then if it loses the game, a point is given to the opposing team.

What is the probability of «Bulls» being the winner of the match, if the probability of their victory
in each individual game is 0.27 Write your answer as a decimal, rounding to the nearest hundredth
if necessary.

Answer: 0.06



3. /e komanapl — «bbiku» u «/IpaxoHbl» — HTpaloT B BOJIEHOOJ APYT NPOTHB APYTra, HaYaIbHBII
cuér B ux mardye — 0 : 0, ¥ HUKaKas HapTHs MaT4a HE MOYKET OKOHYUTHCS BHUUYBIO. Komana,
nepBoit HAOpaBIasg 2 09YKa, 00bABIsIeTC mobeuTeeM Marda. QUK HAYUCAIIOTCI U CHUMAIOTCS
1O CJIeAYIONTUM TTPABUJIAM:

® eCJIM Y KOMaHAbl 1 O4YKO, TO B CJy4dae €€ IOopazKeHud B IapTUU 3TO OYKO CHUMAETCI]

e ecs y KOMaHIbl ) 0YKOB, TO B CIydae ee MOPaKeHNs B NTAPTUU OYKO TPUCBANBACTCI KOMAaH/1e-
COTIEPHUKY.

C kakoit BeposaTHOCTBIO «DBbikuy cramyT nobeaureieM MarTda, €CJAd BEPOSITHOCTH MX M00Ebl B
KaKJI0f OTIeIbHON napTuu paHa 1/37 3amuiure oTBeT B BUJE AeCATHIHOMN 1pobH, Mpu HEOOX0-
JNMOCTH OKPYTJANB €€ 10 COTBIX.

Two teams — «Bulls» and «Dragonss — play volleyball match against each other, the initial score
in the match is 0 : 0, and no game of the match can end in a draw. The team that scored 2

points first is declared the winner of the match. Points are awarded and deducted according to
the following rules:

e if a team has 1 point, then if it loses the game, this point is deducted;
e if a team has 0 points, then if it loses the game, a point is given to the opposing team.
What is the probability of «Bulls» being the winner of the match, if the probability of their

victory in each individual game is 1/37 Write your answer as a decimal, rounding to the nearest
hundredth if necessary.

Answer: (0.2

4. JIse komanjbl — «Bbikuy u «JIpakonbl» — urpaioT B BOJIeOOJ JpYr IIPOTUB Jpyra, HadaJbHbIH
cuét B ux Marde — 0 : 0, u HUKAKasg NapTHI MaT4a HE MOXKET OKOHUYMTbCH BHHYbIO. Komania,
nepBoit HaOpaBImas 2 ouka, o0ObaABIsIeTcsa mobeauTeeM Marda. OUKM HAYUCISIIOTCS U CHUMAIOTCS
[0 CJIEeAYIONUM TPABUIAM:

® ¢CJIN Y KOMaHObl 1 O4YKO, TO B CJy4Yae €€ IopazKeHud B IMapTUU 3TO OIKO CHUMAETCI]
® €eCJIN Yy KOMaHAbI 0 O4YKOB, TO B CJIy4ae €€ IIOpazKeHHNd B [IaPpTHUH OYKO IPUCBAUBACTCA KOMAH e~

COTIEPHUKY.

C Kakoii BepOATHOCTBIO «BbBIKH» cTaHyT mobeauTeseM MaTda, €CJAH BEPOSITHOCTH WX MOOEIbl B
KaykKJI0i oTaenbHOM maptun pasHa (.257 3amuimmre OTBET B BHAE ACCATUYIHON ApoOH, TpH HEOO-
XOJIMMOCTH OKPYTJIUB €€ 710 COTBIX.

Two teams — «Bulls» and «Dragonss — play volleyball match against each other, the initial score
in the match is 0 : 0, and no game of the match can end in a draw. The team that scored 2
points first is declared the winner of the match. Points are awarded and deducted according to
the following rules:

e if a team has 1 point, then if it loses the game, this point is deducted;

e if a team has 0 points, then if it loses the game, a point is given to the opposing team.

What is the probability of «Bulls» being the winner of the match, if the probability of their
victory in each individual game is 0.257 Write your answer as a decimal, rounding to the nearest
hundredth if necessary.

Answer: 0.1



Solution (RUS). (npexcrapieno penrenne Bapuanra Ne1, octajapHble penaorces anaaoradno) Ilycrsb
BEPOATHOCTDH 1100eibl «BbikoBy paBna P. Torja, eciu mepBylo HapTUIO OHU BLIUTPBIBAIOT, TO BTOpAas
napTus CTaHeT TocsefHedl B Marde (¢ mobenoii «BwikoBy) ¢ BepogTHOCTHIO 0.6 - 0.6 = 0.36. Ecau xe
MEePBYIO MAPTHIO OHU BBIUTPHIBAIOT, & BTOPYIO TPOUTPHIBAIOT (ITO COOBITHE HACTYMHUT ¢ BEPOATHOCTHIO
0.6-0.4 = 0.24), To cuer maT4a 0OHYyIsIeTCs, U «BBIKHY MOGEAIT B HEM ¢ BeposaTHOCThIO P. Ecoin « Bk
HPOUTPHIBAIOT IIEPBYIO MAPTHIO U BBIUTPBIBAIOT BO BTOPOIi, TO CHOBa cUeT oOHyIsieTcsI. EIMHCTBEHHBIH
OCTABIIUICA UCXOJI IIEPBBIX JABYX IMAPTUIl — JIByKpaTHOE HOpazKeHue « BhIKOBY — yiKe He MOXKeT IPUBECTU
K nX mobeme B MaT4e.

Nraxk, BepositHOCTh P 1o0eabl «BhikoB» B MaTde CKJIAIBIBAETCA W3 TPEX BEPOSITHOCTEH, COOTBET-
CTBYIOIIUX OIMHUCAHHBIM BBIIIE COOBITHSM:

P=036+024-P+024-P

Pemast 310 ypasaenue, naiiiem P = 9/13 & 0.69.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
the probability of «Bulls» winning the match be equal to P. Then, if they win the first game, the second
one will be the last in the match (with the victory of «Bulls») with probability 0.6 - 0.6 = 0.36. If they
win the first game and lose the second one (this event occurs with probability 0.6 - 0.4 = 0.24), then
the match score is reset to 0:0, and the «Bullsy will win it with probability P. If «Bullss lose the first
game and win the second one, then the score is reset to 0:0, too. The only remaining outcome of the
first two games (i.e. two defeats for the «Bulls») can no longer lead to their victory in the match.

So, the probability of «Bullsy» winning the match is the sum of three probabilities corresponding to
the events described above:
P=036+024-P+024-P

Solving this equation, we get P = 9/13 ~ 0.69.

Task 4.
1. Jlan kyieTyaTsbiii npgaMoyroabHuk 68 X 2023, pa3durhiii Ha KJaeTKH 1 X 1, ¥ IpOBeJ/ieHa ero Juaro-
Hasib. OUpeenTe KOJIHIeCTBO KJIETOK, Yepe3 KOTOPble MPOXOIUT 3Ta TUATOHAJb.
Given a rectangle 68 x 2023, divided into 1 x 1 cells, with its diagonal drawn. Determine the
number of cells the diagonal passes through.
Answer: 2074
2. Jlan kjeryarbiii npaMoyroibHuk 96 X 552, pas3ournrii Ha KaeTku 1 X 1, U npoBeieHa ero auaro-
Hauth. OTpese/inTe KOJMIeCTBO KIETOK, 9epe3 KOTOPhIe MPOXOIUT 3T, TUATOHATb.
Given a rectangle 96 x 552, divided into 1 x 1 cells, with its diagonal drawn. Determine the number
of cells the diagonal passes through.
Answer: 624
3. /lan knerdarsiit npamoyrosbauk 2023 x 1309, pa3bursiii Ha kjaeTku 1 X 1, u npoBejieHa ero jua-
ronath. OupeenTe KOJNIECTBO KJIETOK, Yepe3 KOTOPbIe MPOXOIUT T TUATOHAD.
Given a rectangle 2023 x 1309, divided into 1 x 1 cells, with its diagonal drawn. Determine the

number of cells the diagonal passes through.

Answer: 3213



4. JlaH KJIeTYATHIN TPAMOYTOIbHUK 415 X 166, pa30ouThiii Ha KaeTkn 1 X 1, 1 mIpoBeieHa ero JIuaro-
Hau1b. Oupese/inTe KOJIMIeCTBO KJAETOK, 9epe3 KOTOPhIE MPOXOAUT T4, AUATOHAJI.

Given a rectangle 415 x 166, divided into 1 x 1 cells, with its diagonal drawn. Determine the
number of cells the diagonal passes through.

Answer: 498

Solution (RUS). (npescrapieno penrenne Bapuanra N1, octajapHbIe peniaroTcst AaHAIOTHIHO) J1ist
Haya/Ia JOKAaXKeM, 4TO JJI B3aUMHO IIPOCTBIX 11,7 B KJAETYATOM MPSIMOYTOJIbHUKE 1M X 1 JHANOHAJD
HPOXOIUT uepe3 m + n — 1 Kierok. JeilcTBUTENbHO, HOCKOIBLKO M U 1 B3AUMHO IPOCTHI, JUANOHAJD
He [POofijieT Yepe3 BepIInHbI KJIeTOK (3a HCKJIIOYEHHEM CBOUX KOHIIOB), a 3HAYHT, KayKJ0€ [epecedeHine
CTOPOHBI KJIETKH O3Ha4YaeT Iepexo B CJAeAYIOUYIO KJIeTKY. B OpAMOYTOJIbHUKE 1T X N AuaroHaJib nepe-
ceder (m — 1) mpsAMYyI0, mapajuIeJbHYI0 OJHONU M3 CTOPOH MPAMOYTOJbHHUKA (M COAEPKAILYI0 CTOPOHbI
eIMHAYHBIX KJIETOK), U (n — 1) OpsMyto, mapajulesibHyI0 JApYyTOil CTOPOHE MPSAMOYTOJTHHUKA — TAKUM
obpasom, muaronass nepeceder (m—1)+ (n—1)+1 = m+n— 1 KIeToK, 9T0 1 TPeOOBATOCH TOKA3ATH.

Ouesuno, ecom HOJ(m,n) = d > 1, To anaronans npoiiger depe3 d — 1 Bepiiun KieTok (3a uc-
KJIOUEHNEeM CBOMX KOHIIOB), H d PaBHBIX OTPE3KOB, HA KOTOPbIe OHA Oy/1eT pa3buTa STUMHU BepPIIHHAMY,
ABJIAIOTCA NATOHAIAME TTPAMOYTOMRHIKOB & X 5, rie HOZ (%, 5) = 1. 3naunT, B KaxKJI0M TaKOM Tps-
MOYTOJIbHHKE JHArOHAIb IPoiiaeT depes % + % — 1 KJIeTOK, a BCero TaKUX IPAMOYTOJBHHKOB — d IITYK,
T.e. 00IIee KOMMIeCTBO KIeTOK, Jepe3 KOTOphle MpoiieT AnaroHanb, paso d- (% +45 —1) = m+n —d.
Ucnonb3ys sty dopmyry aist m = 68, n = 2023 (rorga d = 17), noxyunm 2074.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) First,
lets prove that for coprime m,n in a checkered rectangle m x n the diagonal passes through m +n — 1
cells. Indeed, since m and n are relatively prime, the diagonal will not pass through the vertices of the
cells (except for its ends), which means that each intersection of the side of the cell means a transition
to the next cell. In a rectangle m x n the diagonal will intersect an (m — 1) line parallel to one of the
sides of the rectangle (and containing the sides of unit cells) and a (n — 1) line parallel to the other side
of the rectangle, thus, the diagonal will cross (m — 1) + (n — 1) + 1 = m 4+ n — 1 cells, which is what
needed to be proven.

Obviously, if GCD(m,n) = d > 1, then the diagonal will pass through d — 1 vertices of the cells
(except for its ends), and d equal segments (into which it will be divided by these vertices) are diagonals
of rectangles "7 x %, where GCD("}, 5) = 1. By that, in each such rectangle the diagonal will pass through
2+ % — 1 cells, and there are d such rectangles in total, i.e. the total number of cells the diagonal will
pass through is equal to d - (%} + % — 1) = m +n — d. Using this formula for m = 68, n = 2023 (then

= 17), we get 2074.

Task 5.

1. B rpeyrosbHoii Komuare ¢ yruamu A, B, C' yeraHoBsieHa Herrpo3padHnas neperopojika CO (ot mosa
JI0 TIOTOJIKA) Tak, 9TO U3 yria B BujHa poBHO mosoBuHa creHbl AC, a u3 yria A — pOBHO TPeTh
crenbl BC. YIropps xo4eT ycraHOBUTH B KOMHaTe yMHYIO KOJIOHKY « VK Kancymray ¢ Mapyceii rak,
9T00bI JTI00as mpsMast, MapaJiie/bHast MOy KOMHATHI U IMIPOXO/ISIas 9epe3 KOJOHKY, TepeceKaia
6o neperopogky C'O, mubo creny AB. CTeHbl KOMHATHI U IEPEropoIKa MePIeH UK YIS PHBL IOy
1 UMerOT (hOpMy IPSMOYTOJBHUKOB, KOJOHKY MOYKHO CIHTATH TOYEIHBIM OOBEKTOM.

Kaxkast 9acTh miomagy KOMHATHI TOAXOIUT VIropro 1/ist yCTAHOBKH KOJTOHKH !

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling)
is installed in such way that exactly half of the wall AC' is visible from the corner B, and exactly
a third of the BC wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall C'O or the wall AB. The walls of the



room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.
What part of the room area is suitable for installing the speaker in the way Igor wants?

.5
Answer: >

. B tpeyroabHoit Komuare ¢ yriiamu A, B, C' yeranoBsieHa Herrpo3padHas neperopojika C'O (ot mosa
JIO TIOTOJIKA) TaK, 4TO U3 yriaa B BujHa poBHO Mog0BUHA cTeHbl AC, a u3 yria A — pOBHO 4eTBEpPTh
crenbpl BC. Uropps xo4eT ycraHOBUTH B KOMHaTe yMHYIO KOJIOHKY « VK Kamcyray ¢ Mapyceit rak,
9TOOB! J1I00as npsiMas, napasjie/bHasd Moy KOMHATH U ITPOXOAINas Yepe3 KOJOHKY, [TepeceKkasra
6o neperopoaky C'O, mubo creny AB. CTeHBI KOMHATHI W TEPErOPOIKA TTEPIEH UK YIAPHBI TIOJLY
1 UMeloT (popMy IPAMOYTOJIBHUKOB, KOJTOHKY MOXKHO CUYUTATH TOYCUHBIM OOBHEKTOM.

Kakag gacTb MmiIoma m KOMHATH TOAX0AUT ropio A8 ycTaHOBKH KOJOHKK?

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling)
is installed in such way that exactly half of the wall AC' is visible from the corner B, and exactly
a quarter of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall CO or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants?

.9
Answer: 50

. B tpeyroabHoit komuare ¢ yriamu A, B, C' yeranoBsiena Herrpo3padtas neperopojka C'O (ot mosia
JI0 TOTOJIKA) TaK, 4TO W3 yria B BujaHa poBHO TpeTh crenbl AC, a u3 yra A — POBHO 4eTBEpTh
crensl BC. Iropb X04eT yCcTaHOBUTH B KOMHATe yMHYIO KOJIOHKY « VK Karmcymray ¢ Mapyceit Tax,
9T00bI JTI00as npsiMasi, MapaJLie/bHasl MOy KOMHATHI U IIPOXO/ISIasi 9epe3 KOJOHKY, ITePeceKaia
60 neperopogaky C'O, mubo creny AB. CTeHbl KOMHATHI U TIEPErOPOIKA TePIEH UK YIS PHBL TTOJTY
1 UMeroT GOpMYy TIPIMOYTOIBHUKOB, KOJOHKY MOYKHO CYMTATh TOYEYHBIM OObEKTOM.

Kakas 9acTb 1010 KOMHATBI OAX0AuT VIropio it yCTaHOBKU KOJOHKH?

In a triangular room with corners A, B, C', a new opaque wall CO (from the floor to the ceiling) is
installed in such way that exactly a third of the wall AC' is visible from the corner B, and exactly
a quarter of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall C'O or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants?

.7
Answer: 15

. B tpeyrosproit komuare ¢ yriamu A, B, C' yeranoBiena Herpo3padtas neperopojika CO (ot mosa
JI0 TIOTOJIKA) TaK, 9TO U3 yria B BujHa poBHO TpeTh crerbl AC, a u3 yria A — pOBHO OJHA TsiTast
JacTh cTerbl BC'. VIropb Xo4eT ycTaHOBHTH B KOMHaTe YMHYIO KOJIOHKY « VK Kamcyimay ¢ Mapyceit
Tak, YTOOBI JTI00as MpsaMasd, MapaJielbHas M0y KOMHATH U ITPOXOIAIIas depe3 KOJOHKY, Tmepece-
kaJ1a 6o neperopoaky C'O, 6o creny AB. CTeHbl KOMHATH U IEPETOPOJIKA TePIIeH UK Y IAPHBI
MOJIy U UMerT (DOPMY NMPAMOYTOJIBHUKOB, KOJOHKY MOYKHO CIUTATh TOYEIHBIM OOBEKTOM.
Kakag gacTp miomaam KOMHATH TOAXOAUT VIropro /i yCTAaHOBKH KOJOHKM !

In a triangular room with corners A, B, C', a new opaque wall CO (from the floor to the ceiling) is
installed in such way that exactly a third of the wall AC' is visible from the corner B, and exactly
a fifth of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and



passing through the speaker will intersect either the wall CO or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants?

64
105

Answer:

Solution (RUS). (npeicrapieno penrenne Bapuanata N1, octabHbIe peniaroTcest aHaI0raqHo) Pac-
CMOTPHM BHJ, CBEPXY: CTEHBI KOMHATHI CTAHYT CTOPOHAMH TPEYTOJbHHUKA, & IePEropoIKa — OTPE3KOM,
COEJIMHSATONIMNM €r0 BEPIIUHY ¢ OJHON U3 BHYTPEHHUX TOYeK. Torjia 3a/a4y MOXKHO nepedopMyinpoBarh
cJIe Ly FOIUM 00pa30M: HaWTH IJIOIIAL TeoMeTprdecKoro Mecta BayTpenanx Todek (I'MT) P tpeyrosb-
anka ABC, takux, aTo J00as mpsiMasi, npoxosinast depe3 P, mepecekaer 6o AB, mubo C'O. Ilycts
upsambie AQ, BO nepecekaior croponbl BC, AB TpeyroibHuka B Toukax Aj, By, COOTBETCTBEHHO.

c

Joxkazxkem, aro uckombiM I'MT aBasercsa dersipexyroiabauk C'A;OB;. PaccMOTpuM MpOU3BOJIBHYIO
BHYTPEHHIOI TOYKY 9TOI0 YeTHIPEXYTOJIbHUAKA; 6€3 OrpaHmdeHus OOITHOCTH OyIeM CIUTATh ee BHYTPEeH-
Heil Toukoit Tpeyroabanka C'B10. [Ipopenem depes P HEKOTOPYIO IPAMYIO [ 1 IPEAIOI0KIM, YTO OHA
He nepecekaer C'O. U3 atoro cieayer, aro ona nepecekaet orpesku OBy, C'By. llycts | mepecekaer B;C
B Touke 1. Torna sya TP aBnsercsa BHyTpeHHUM s yriia BT O, npudem tya TO mepecekaer cTOpo-
Hy AB HCXOTHOrO TpeyroJabHHKa — a 3HAYUT, Jy4d 1 P TakxKe mepecekaer ee. MTak, q00as BHYTpPeHHSIs
TouKa deTbipexyroabauka C'A;OB; Bxonut B nckomoe I'MT.

Temepsr paccMOTpUM TOYKH BHE YHOMSIHYTOIO YeTHIPEXYTOJBHUKA W MOKAZKEM, 9TO OHU He 00/1a/ai0T
tpebyembim i uckomoro 'MT croiicrBom. [Ing BHemmHux Tovuek Tpeyroabauka ABC 310 coBceM ote-
BUJIHO (TIOJJIXO/UT, HAIPUMED, HpsIMasi, MPOXO/LAIasg depe3 JAHHYI0 BHENIHIOI TOUYKY MapasiieJbHO
onHoit u3 ctopon AABC), 1jist BHYTPeHHUX TOYeK TpeyroibHuka AOB — Toxke (I0CTATOYHO TPOBECTH
depe3 JIAHHYIO TOUKY HpsiMyto, mapaitenbuyio AB). Ocramuch apa Tpeyroabuuka — AOB; u BOA;.
Paccmorpum nepBbiii U3 HEX (BTOPOH paccMaTpuUBaeTcss aHaJornvno). Vrak, mycts P — BHyTPeHHsIs
touka AAOB;. Tlposenem npamyto PK, tne K — npou3BojibHas To9Ka oTrpe3ka BO, orjimdnas oT ero
KOHIOB: Takast mpsiMast He nepeceder au C'O, vn AB.

YTBepKIeHue JTOKa3aHo.

Urax, Tpebyerca HaiiTu S%T%, npuiem 420 =1 B4 — 1 116 yenopuio. CoracHo Teopenme Mene-
ﬂaﬂ’g_z'%_g'%:LOTK}’Iﬁag—IZ:?)éf—fi:%.ﬂaﬂee
Sca,08; _ Sc40B,  Saca _ L Saopy CAI _
Sapc Saca,  Sasc Saca,” CB
(A0 ABiy CA_ 3 12
AA, AC’ CB 4 273 12



Kpurepumn oneHuBaHmd:

® YYACTHUK MPABUIBHO TOHSLT YC/JIOBUE, TPABIILHO OMPEIEII COOTHOIIEHNE OTPE3KOB Ha, CTOPOHAX
TpeyrojabHuka — 1 baJur;

e onpejeneno uckomoe I'MT (wersipexyronbuuk CA;OBy) — 1 6as;
® JI0Ka3aHO, 4TO YeTbipexyrosbHuk C'A1OB; u ectb nckomoe I'MT — 1 6aswr;
® BEpPHO BBIYUCJIEHO HCKOMOE OTHOIIEeHHne — 2 DaJsiia;

e JlonyiieHa apudMeTndeckas omubOKa, IpUBeIIIasd K HEBEPHOMY OTBETY — MUHYC 1 GaJLii.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
look from the top to the room: its walls AB, BC, C'A will become the sides of the triangle, and the wall
CO will become a segment connecting its vertex with one of the internal points. Then the problem can
be reformulated as follows: find the area of the locus of the interior points P of the triangle ABC, such
that any line passing through P intersects either AB or C'O. Let the lines AO, BO intersect the sides
BC, AB of the triangle at points Ay, By, respectively.

Let us prove that the required locus is the quadrilateral CA;OB;. Consider an arbitrary internal

point of the quadrilateral; without loss of generality, we will consider it an internal point of the triangle
CB,0. Lets draw some line [ through P and assume that it does not intersect C'O. Then it intersects
the segments OBy, C'B;. Let [ intersect B1C at point T. Then the ray TP is internal to the angle B;TO,
and the ray TO intersects the side AB of the original triangle — and therefore the ray TP also intersects
it. So, any internal point of the quadrilateral C' A;OB; is included in the desired locus.
Now let’s consider points outside the mentioned quadrilateral and show that they do not have the
property required for the desired locus. For external points of triangle ABC' this is quite obvious (for
example, a straight line passing through a given external point parallel to one of the sides of AABC
is suitable), for internal points of triangle AOB its obvious, too (it is enough to draw a straight line
through this point parallel to AB). There are two triangles left — AOB; and BOA;. Let’s consider the
first of them (the second one is considered similarly). So, let P be the internal point of AAOB;. Lets
draw a line PK, where K is an arbitrary point of the segment BO that is different from its ends: such
a line will not intersect either C'O or AB.

Q.E.D.
Sca,0B; : ABy _ 1 BA _ 1 ; ’
So, we need to calculate S with 55 = 5, 55 = 3. Using Menelaus’s theorem, we get

_ — A0 _ 3 Ry
2948 . Ch =1, b4; = 3= 44 = 3. Finally,

Sca,0B, _ ScaoB Saca —(1- Saosy CAr _
Sasc Saca,  Sasc Saca,” CB
A0 ABy, CA 31,2 5

(1 AAI'AC) CB:(_4 2)3 12

Criteria:

e the participant correctly understood the task’s formulation, correctly determined the ratio of the
segments on the sides of the triangle — 1 point;

e the quadrilateral C'’A;OB; is considered to be the required locus — 1 point;
e it is proved that the quadrilateral C'A;OB; is the required locus — 1 point;
e the required ratio is correctly calculated — 2 points;

e an arithmetic error was made, which led to an incorrect answer — minus 1 point.



Task 6.

1. Ecth TouHble warmedHble BeChl (YallKH BMemaoT 1060 06beM), THPbKa BeCOM B n IpaMm (n
— HATYpaJIbhHOE YHCJIO), MENIOK CaXapHOro Tecka W coBOYeK. JlOMmOJHUTENbHBIX 6MKOCTEl HeT, B
Jalrke JBe KYYKM caxapa cpasy cMmeluBaloTcd. Haiiiure Bce nm, A8 KOTOPBIX CYIIECTBYET aJ-
TOPHTM, HO3BOJISIONIAN OTMEPUTH M I'PaAMM caxapa s JIIoboro HarypaJbHoro m. Oupejpeinre
MUHUMAaJILHOE YUCJI0 B3BeluBanuit juig n = 1, m = 2023.

There are weighing scale (its cups can hold any volume), an n gram weight, a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Find all positive integers n such that we can obtain an m grams of sugar for an arbitrary
positive integer m. Determine the minimum number of weighings required for n = 1, m = 2023.

Answer: 11

2. Ecth TOYHBIE dalmedHble BeChl (YalTKi BMeNaioT Ja1000i 00beM), MEpbKa BECOM B m rpaMM (n
— HATYpAJIbHOE YHCJIO), MENIOK CaXapHOIO IeCKa W COBOYeK. J[OMOJHUTEbHBIX 6MKOCTEl HET, B
Jalrke JBe KYYKM caxapa cpa3y cMmenuBaloTcd. Hafiiure Bce m, A8 KOTOPBIX CYIIECTBYET aJ-
TOPUTM, HMO3BOJISIONIAI OTMEPUTH M I'PaAMM caxapa s JIIoO0ro HarypaJabHoro m. OupeneinTe
MUHUMAJIBHOE YUCJIO B3BeIMuUBaHU jiyid n = 2, m = 2024.

There are weighing scale (its cups can hold any volume), an n gram weight, a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Find all positive integers n such that we can obtain an m grams of sugar for an arbitrary
positive integer m. Determine the minimum number of weighings required for n = 2, m = 2024.

Answer: 10

3. Ecth TOUHBIE dalmedHble Bechl (YalTki BMemaroT Jr60i 00heM), M’MphbKa BECOM B n rpaMM (n
— HATYPAJIbHOE YHCJIO), MENIOK CAXapHOTO IeCKa W COBOYeK. J[OMOJHUTENbHBIX EMKOCTEl HET, B
Jallke JBe KYUKH caxapa cpasy cMmelnmuBaiorTcs. Haiinure Bce m, 1JIsT KOTOPBIX CYIIECTBYET aJl-
TOPHUTM, HO3BOJISIIONIMI OTMEPUTHL M IPAMM caxapa s JIIob0oro HarypagbHoro m. Oupempeinre
MUHUMAaJbLHOE 9UCI0 B3BeImuBannit fjia n = 1, m = 199.

There are weighing scale (its cups can hold any volume), an n gram weight, a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Find all positive integers n such that we can obtain an m grams of sugar for an arbitrary
positive integer m. Determine the minimum number of weighings required for n = 1, m = 199.

Answer: 8

4. EcTb TOYHBIE YallleYHble BeChl (YalllKW BMEIIAKT JI000H 06beM), rupbka BecoM B 1 Tpamm (n
— HATYpAJIbHOE YHCJIO), MENIOK CAXapHOTO TeCKa W COBOYeK. J[OMOJHUTENbHBIX EMKOCTEH HET, B
Jalke JBe KYUKH caxapa cpasy cMmemmuBaioTcs. Haiiaure Bce m, 11T KOTOPBIX CYIIECTBYET aJl-
rOPUTM, MO3BOJISIIONUI OTMEPUTH M IPAMM caxapa s Jiioboro Harypaabaoro m. Onpenpennre
MUHUMAaJLHOE YUCJI0 B3BeIMuBannit ajiga n = 2, m = 198.

There are weighing scale (its cups can hold any volume), an n gram weight, a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Find all positive integers n such that we can obtain an m grams of sugar for an arbitrary
positive integer m. Determine the minimum number of weighings required for n = 2, m = 198.

Answer: 7

Solution (RUS). (npexcrapieno penrenne Bapuanra No1, octajipHble penaores anaaoradno) Ilycrhb
k — xojm4ecTBO TpaMM caxapa Ha OJHOH U3 4Yall BECOB. 33 OJHO B3BEIIUBAHUE Mbl MOXKEM YIBOUTL K
(MOJIOKMB HA JPYTYIO Yally BECOB CTOJIBKO 7K€ €axapa, yPABHOBECHB YAIN) WA PA3JEIUTh k TOHOJAM
(pasaeMB MMEIONIYIOCs KYUKY Ha J[Be paBHBbIE MO Becy). VIMest JOTOJHUTEIBHO TP MAacCoii . rpaMum,



MBI MOZKEM 3a OJTHO B3BEITUBAaHHE TOJYIATH k + n winm k — n rpamm. Coverasd onucaHHble TeficTBUS,
MOZKHO 3a OJIHO B3BEIIMBaHUE MOJIYYUTb 2k + n uin 2k — n rpaMm.

JlokazkeM MHIIyKIHedd 110 7, 970 ¢ MOMONIbIo rupy BecoMm B n = 2! rpamm (sy1s siro6oro nesoro ¢ > 0)
MOKHO B3BECUTH 11 TPAMM JJIsl JTIIO00T0 HATYPAJILHOIO M.
Basa unaykuun (m = 1):
28 =2t 5 520 =1

[IycTh MBI MOYXKEM B3BECUTH k TpaMM caxapa. 1orja IMOCTPOUM CJIEAYIONIYIO ITOCIeI0BATE/THLHOCTD Ole-
paruit A nmosydenus k 4+ 1 rpamm caxapa:

E—2k—2%k— - =2k 2%+ 28 52 k427 5o sk

(nmorpeboBanock 2t + 1 B3BermuBaHmii )
Hokazano.

Tenepb Jo0KaxKeM, 4TO Jig HPOUUX N (He PABHbIX 2° HU JIs KAKOrO HEJI0r0 HEOTPUIATEBHOrO 1)
HEBO3MOKHO MOJIyIuTh 1 rpamm caxapa. /leficTBuTebHO, IyCTh N KPATHO HEKOTOPOMY MPOCTOMY P # 2,
TOIJIA U YMHOYKEHUE Ha 2, U JieJIeHue Ha 2, U IPpUOaBJICHIE 1 OCTAB/ISIET B3BEITMBAECMOE KOJTHYECTBO I'PaMM
caxapa KpaTHBIM P, B TO BpeMd Kak 1, 04eBHIHO, HE KPATHO P.

2023 =2-10114+1=2-(2-5054+1)+1=2-(2-(2-2524+1)+1)+1=2-(2-(2-2- 126+ 1)+ 1)+1=---
e=2-(2-(2-2-2-(2-2-2-2-2:2-1-1)+1)+1)+1
— 3/1eCb KOJINUeCTBO YMHOKEHHUI HAa 2 paBHO KOJINYeCTBY B3BemrnBaHuil, T.e. 11 B3BemmnBaHuii XxBaTut:

0—-1—-3—>7—15—31 — 63 — 127 — 253 — 506 — 1012 — 2023

[Tokazkem, uro 10 B3BemuBanuil Beerja Hea0CTATOYHO. /g 9TOr0 cHavyasia 3aMeTHM, 4TO B YCJOBUIX
3aa49u, UMed T'HPIO B N I'PpaMM U KY4YKY B k I'paMM CaXapa, 3a OJHO B3BCIIUBaHWE Mbl MOXKEM IIOJIYYUTH
He 6osiee 2k + n rpamMm caxapa. Torna HauOOJBIINN BO3MOXKHBIN BeC, KOTOPBIIl MOXKHO OTMEPHUTH 3a 10
B3BCIIIMBAHUN, paBeH

0—-1—-3—-7—15—31 —-63 — 127 — 255 — 511 — 1023

rpaMMma.

Kpurepun oneHuBaHmd:
e npuseseHa ues, ato n = 2' — 1 Gamn;
e Jl0Ka3aHo, 4To upu n # 2¢ yejaosue He blosHsieTcs — 2 GaJlia;
e IIpUBe/eHA BepHas OIEHKA KOJUYeCTBA B3BeINIUBaHHil — 1 H6asL;
® IIPUBEJICH ITPUMED C HYKHBIM KOJIMYECTBOM B3BeruBanuii — 1 6aJir;

® JIOIYIIEHBl HE3HAYUTEIbHbIE ONNOKY, He MOBJUABIINE HA XOJ PACCyK/IeHuil — Munyc 1 0aJwi.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let k
be the number of grams of sugar on one of the cups. During one weighing we can double k (putting the
same amount of sugar on the other cup of the scale, balancing the cups) or divide % in half (dividing the
existing cup into two equally weighting ones). Having an additional weight of n grams, we can obtain
k 4+ n or k —n grams in one weighing. By combining the described actions we can obtain 2k + n or



2k — n grams in one weighing.

Lets prove by induction on m, that we can obtain m grams (for any positive integer m) using
additional weight of n = 2! grams for any non-negative integer ¢.
Base of induction (m = 1):
2t ot 5. 520 =

Consider we succeeded to obtain & grams of sugar. Then we can use the following sequence of weighings
to obtain k£ + 1 grams of sugar:

k—2k—2%k— . =2k =2k +2 52 42 o s k1

(total of 2t + 1 weighings)
Q.ED.

Now lets prove that for other n (not equal to 2' for any non-negative integer t) it is impossible to
obtain 1 grams of sugar. Indeed, let n be a multiple of some prime p # 2, then multiplying by 2, or
dividing by 2, or adding n leaves the weighed amount of grams a multiple of p, while 1 is obviously not
a multiple of p.

2023 =2-1011+1 =2-(2-505+1)+1=2-(2-(2-252+ 1)+ 1)+1=2-(2-(2-2-126+ 1)+ 1) +1 = - --

Ce=2.(2(2:2-2-(2:2:2:2:2.2.1 1)+ 1)+ 1)+ 1

— here the number of multiplications by 2 is equal to the number of weightings, thus 11 of them is
enough to obtain 2023 grams of sugar:

0—-1—-3—>7—15—31 — 63 — 127 — 253 — 506 — 1012 — 2023

Lets prove that 10 weighings are never enough for it. To do that, first note that while having a weight of
n grams and a pile of k£ grams of sugar, we can obtain at most 2k +n grams of sugar with one weighing.
Then the largest possible weight that can be obtained with 10 weighings is

0—-1—-3—>7—15—=31 —63 — 127 — 255 — 511 — 1023

grams.

Criteria:
e the idea is given that n = 2! — 1 point;
e it is proven that for n # 2! the conditions are not satisfied — 2 points;
e shown the correct estimate of the number of weighings — 1 point;
e an example is given with the required number of weighings — 1 point;

e minor errors were made that did not affect the course of reasoning — minus 1 point.



