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Cucrtema ornennBanus / Task score

1. TlepBuuHnas oneHKa perreHus KaxkK/J0# 3a/1a4u BbICTABJISIETCs 110 H-0a/LIbHON MIKaJIe.

Eciin K 3aj1a4e HyKeH TOJIbKO KPATKHil OTBET, TO 110 Hell BbicTaB/isgercs Jnoo () nepBuIHbIX O6aJI0B,
aubo 5.

2. JInst KaxK 10l 3aa90 BRIYUCISAETCS cpeuuii 6amwt (M) no pe3yabTaTaM ee PeIleHns BCeMU yIacT-
HUKAMU.

3. Becogoii koadbduruent (K) KaxKI0ii 331a91 BEIYUCIACTCS 0 (HOPMYIIe

K=3-05-M

4. Ba/1 KaxKa0ro y4acTHHKA 3a KazK/IVIO 33/1a9y YMHOZXKaeTcs Ha BecOBO Kodhbdunuent roit 3a1a-
qd.

5. Banner, HabpaHHBIE YYACTHUKOM, CYMMUPYIOTCS € MOCHEAYIONUM OKPYTJIeHuEM 0 OIuzKalIero
HEJI0T0 B OOJIBIIYIO CTOPOHY.

1. Pre-score of the solution to each task is set on a 5-point scale.

If the task requires short answer then pre-score will be 0 or 5 points.
2. An average score (M) is calculated based on the results of all participants for each task.

3. The weighting coefficient (K) of each task is calculated using formula

K=3-05-M

4. Each participant’s score for each task is multiplied by the weighting coefficient of that task.

5. The points scored by the participant are summed and then rounded up to the nearest integer.
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7-8!" degree

Task 1.

1. Cnacmuiicg mocjie KopabJaeKpyIIeHus KyIell, IoMaB B OJHKAUIINN TOPT, XKJAET JICHeXKHOH ITOMO-
MK OT JIpy3eil. ¥ Hero ocTajach JIUIMIb OHA JIPArolleHHOCTh — 30JI0Tas IeNb Ha Iee, U XO3SIUH
I'OCTHHHUILBI 3a CTOJI U KPOB 6epeT 110 OJIHOMY 3B€HY LEIIOYKHU B /ICHb (B n-i AE€Hb Y XO34duHa J0JIZKHO
OBITH POBHO N 3BEHBEB, KYCOYKH IEMU MOYKHO HOJIydaTh 0OpATHO B BUjIE C,ZLaHI/I). Henb — mpous-
BeJeHne I0BEJIUPHOIO UCKYCCTBa, MOITOMY KYIIell XO4Y€T PAaCHUJUTL KaK MOXKHO MEHBIIIEe 3BCHLEB,
HO OH HE 3HAET, KOTJA IMOJYYUT IIOMOIIb OT JPYy3€i.

Kakoe manMenbliiee 4ucJjio 3BeHbEB LEld MIPUIETCA PACIUINTD, ecan AanHa mnenud — 100 3BeHbes,
U KYIILy IpUIeTCs XKIaTh He Oosee 30 mueit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 30 days?

Answer: 5

2. Cnacmuiicsa nmocje KopabJeKpyIlleHns KyIell, TonaB B OJMuKaiImit mopt, xKjaeT JeHe:KHOoi 1moMo-
A OT JIpy3eil. Y Hero ocTajach JIUIIL OTHA JIPArOleHHOCTh — 30JI0Tas IeNb Ha Imee, U XO3SIUH
I'OCTHHHUIIBI 3a CTOJI U KPOB 6epeT 110 OJTHOMY 3BeHY IEIIOYKHU B JICHb (B n-i AE€Hb Y XO34duHa JOJIZKHO
OBITH POBHO N 3BEHBEB, KYCOYKH IEMU MOYKHO TOJIydaTh 0OpATHO B BUJIE C,ZLaHI/I). Henb — mpous-
BeJeHne I0BEJIUPHOIO MCKYCCTBa, MOITOMY KYIIell XO4Y€T PaCIUuJNUTH KaK MOX>KHO MEHBIIE 3BEHLEB,
HO OH HE 3HAET, KOTJA MOJYYUT ITOMOIb OT JIPYy3€i.

Kakoe nHanMenbliiee 9ucJjio 3BeHbEB LEld IMPUIETCA PACIUINTD, ecan AanHa mnenu — 100 3BeHbeB,
U KYIILy IPHIeTCS XKIAaTh He Oosee 20 mueit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 20 days”

Answer: 4

3. Cnacmuiicsa mocje KopabJeKpyIieHns KyIell, TonaB B OJMuKafIImit mopT, K aeT JeHe:KHOi moMo-
1y or Jipy3eil. Y Hero ocrajach Jiiilb OJHA JPAlONEHHOCTh — 30JI0Tasd Ielb Ha 11ee, U XO34UH
TFOCTHHHUIIBI 3a CTOJI U KPOB 6epeT 1O OJHOMY 3BeHY IEIIOYKHN B J1C€Hb (B n-i AEeHb Y XO34duHa JOJIZKHO
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OBITH POBHO M 3BEHbEB, KYCOUKH IEMH MOXKHO MOJIy9aTh 0OpaTHO B BHje ¢jiaum). llenb — mpous-
BeJIeHUEe I0BEJIMPHOIO MCKYCCTBA, MOITOMY KYIIel, XO4eT PACHUJINTHh KaK MOXKHO MEHbIIE 3BEHbEB,
HO OH He 3HaeT, KOIJ[a LOJYYUT IOMOIIb OT JIPy3eii.

Kakoe nanmMenbiiiee 4uc/jio 3BeHbEB [ENN MPUJIETCA PACHUIATD, ecan jjanHa 1menu — 100 3BeHbes,
1 KYTIly MPUIETCS KIaTh He Oostee 40 mreit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 40 days”

Answer: 5

4. Cnacrmiicst oc/ie KOpabaeKpyIeHns KYTell, MomaB B OJNKANIIII MOpT, XKIeT JeHeKHOIT TToMO-
MU OT Jipy3eil. Y HEero ocTajach JIMIIb OJHA JPArolleHHOCTh — 30J10Tasd Iellb Ha Iee, U XO3dUH
POCTHHUIIBI 33 CTOJI K KPOB GEpeT Mo 0JJHOMY 3BeHY HEMOYKHU B JeHb (B n-il IeHb ¥ XO3sIMHA, TOJIZKHO
OBITH POBHO M 3BEHbEB, KYCOUKH IEMH MOXKHO MOJIy9aTh 00paTHO B BHje ¢jaaum). llenb — mpons-
BeJEHUEe I0OBEJIMPHOIO UCKYCCTBA, II03TOMY KYIICll XO4eT PACIU/AUTh KAK MOXKHO MEHbBIIE 3BEHbLEB,
HO OH He 3HaeT, KOIla IIOJIyYUT IIOMOIbL OT JApY3eil.

Kakoe nanmMenbiiiee 4uc/jio 3BeHbEB [ENH MPUJIETCA PACHUIATD, ecan jAanHa nenu — 100 3BeHbes,
" KYTILy TPUIETCS KIATh He Oojee 25 jHeit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 25 days?

Answer: 4

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEMIAIOTCS AHAJTOTHIHO)
[Tocae nmepsoro pacnuia y Hac 1 (pacnujieHHOe) 3BeHO W OCTasbHas (PA3OMKHYyTas) Ienodka. Ecam B
HEePBLIi IeHb KyTIell He MOy YU JIeHeT, eMy HY?KHO PACIIJIATh ellé oaHo 3BeHo. Ho rae? Ecau pacnuauts
KpaitfHee 3BeHO, OILIATUTH MOYKHO JIAIIb BTOPOi JieHb. MOXKHO OCTaBUTH ¢ Kpalo JIBa 3B€HA, a TPeThe
pacuuuThb. Torya OyjileM UMeTh TPU KycouKa JJInHOK 1, 2 u 97, u Bropoil JieHb MOXKHO OILIATUTD JIBYMsI
criocobamu: 1+1 i 2 (mosrywus 1 caadeit), a Bcero KyCoukoB XBaTuT 151 omiatel 4 aueii. Ho Boirognee
PACTIMJINTh YeTBEPTOE OT Kpad 3BeHO: 1, 3, 1 — B 3TOM ciIydae JABYX PACHUIOB XBATHT JJIs OILIATHI D
nueit. [lasee, paccykiast Tak ke, JlejlaeM TPeTHIl pAaclij, OCTaBJsdd OT Kpas KycO4deK B 7 3BEHBEB: D
JIHe# TOoJIpsiJl yzKe oIliadeHo, 6-if OMJIaTUM BCEMU MPeIblIYIIUMU + TPeTbUM PACIHHUJIEHHBIM 3BEHOM, U
Tak JaJee.
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B caydae nenu aiunoit 100 3BeHbEB B HEOOXOIMMOCTH MPOXKUTH B rocTuHuIe 110 30 IHel uMeeM cie-
Jytonue 4 moc/Ie[0BATeJIbHBIX PACIHIA U OJLY YMBIIHECS KYyCOUKH (TJe «;» — Pas3/esnTesb PACIUIOB):
1; 3,1; 7,1; 15,1 mocse wero ocranercd Kycok jymuoi B 71 3Beno. [losryauBimuxcsa mocse 4-ro pacrmia
KYCKOB XBATHUT JIUIIH Ha 29 [Heil, W T03TOMY MPHUIETCA CIesaTh erie ouH, b-if pacnua (106oii).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
After the first cut, we have 1 (sawn) link and the remaining (open) chain. If the merchant did not receive
money on the first day, he needs to saw another link. But where? If you saw the outermost link, you
can only pay for the second day. You can leave two links at the edge and saw the third. Then we will
have three pieces 1, 2 and 97 long, and the second day can be paid in two ways: 1 4+ 1 or 2 (receiving 1
in change), and in total there will be enough pieces to pay for 4 days. But it is more profitable to saw
the fourth link from the edge: 1, 3, 1 — in this case, two cuts will be enough to pay for 5 days. Then,
reasoning in the same way, we make a third cut, leaving a piece of 7 links from the edge: 5 days in a
row have already been paid, the 6th will be paid with all the previous ones + the third sawn link, and
SO On.

In the case of a chain 100 links long and the need to stay in a hotel for up to 30 days, we have the
following 4 consecutive cuts and the resulting pieces (where «;» is the cut separator): 1; 3,1; 7,1; 15,1
after which a piece 71 links long will remain. The pieces obtained after the 4th cut will be enough for
only 29 days, and therefore one more, 5th cut (any) will have to be made.

Task 2.

1. PaccMoTpuM peKypcuBHYIO (DYHKITHIO:

(n) = n— o, ecam n > 2024
| F(F(n+6)), ecrmn <2024

CKOJIbKO KOpHEil B HATYPaJbHBIX (HOJOKHUTEJbHBIX HEJIbIX) YUCaax umeer ypashenue F'(n) =

20207 Ecsm ono He mmeer KOpHeii, nbO0 KOpHeil GeckoHewHO MHOTO, TO BBeauTe () B TOJI€ JI/Tst
oTBEeTa.

Cousider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or
there are infinitely many roots, then enter 0 as your answer.

Answer: 2025

2. PaccmorpuM pekypcuBHYIO (DYHKITUIO:

(n) n— 9, ecu n > 2025
F(F(n+6)), ecmn <2025
CKOJIbKO KOpHEii B HATYPAJbHBIX (IOJTOKUTEIBHBIX MEIbIX) YHCIaX uMeeT ypasuenme ['(n) =
20207 Ecyqm oHO He MMeeT KOpHel, Jiubo KopHell OecKOHedHO MHOro, To BBegutTe () B moJe Jijis
OTBETA.
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Cousider the recursive function:

(n) = n—>o, if n > 2025
| F(F(n+6)), ifn <2025

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or

there are infinitely many roots, then enter 0 as your answer.

Answer: 2026

3. PaccMoTpuM peKypCcHBHYIO DYHKIIHIO:

(n) = n—>o, ecam n > 2024
| F(F(n+6)), ecmn <2024

Haiijiure cymMy BCeX HOJIOXKUTE/IbHBIX HE/IbiX KOpHeil ypaBuenust F'(n) = 2025. Eciu oHo He ume-
eT KOpHeii, Tnb0 KopHell OeCKOHeYHO MHOT0, TO BBeauTe () B 1oJie JijIs OTBeTa.

Consider the recursive function:

(m) = n—>5, if n > 2024
| F(F(n+6)), ifn <2024

Find the sum of all positive integer roots of the equation F'(n) = 2025. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2030

4. PaccmoTpum peKypcuBHYIO DYHKITUIO:

(n) = n — b, ecan n > 2024
F(F(n+6)), ecmn <2024
Haiinre cymMMy Beex MOJOKHUTEIBHBIX TETbIX KOpHeil ypasuenns F'(n) = 2024. Ecan oHo He nme-
eT KOpHeil, 1100 KopHell 0eCKOHeYHO MHOTO0, TO BBeauTe () B MoJIe JJIs OTBETA.

Cousider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024
Find the sum of alll positive integer roots of the equation F(n) = 2024. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2029

Pemrenue (RUS). (npeacrasieno perienne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
Hns moboro n > 2025 oueBngno 6e3 Beskoit pekypenu, uto F(n) = n — 5. Beruncaum F(n) maa
HeCcKOJIbKUX n < 2024:
F(2024) = F(F(2030)) = F(2025) = 2020
F(2023) = F(F(2029)) = F(2024) = 2020
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F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Jokarkem nuayknueii mo k ciaeayiomee yrsepxkaenne: F(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 smo6oro k € {1,2,3,...,2019}. Basa unayknun yxKe jJoKa3aHa B
IIpHMepax BBIIITE.
[Iycts mast mekoroporo k > 0 Beimosaeno F'(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) =
F(2020 — k) = 2020. Torna umeem:

F(2024 — (k + 1)) = F(2023 — k) = 2020 10 IpeaoaoKeHuo WHIY KU,
F(2023 — (k+ 1)) = F(2022 — k) = 2020 10 Ipeanoao:KeHu0 WH/Y KUK,
F(2022 — (k + 1)) = F(2021 — k) = 2020 10 Opeanoao:KeHu0 WHIYKIUH;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 1m0 mpeanoIozKeHNIO WHTYKITIH;
F(2020 — (k + 1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F (2025 — k)) = F(F (2024 — (k — 1)) =

F(2020) = 2020.
Taxum obpa3oM, yTBepzKIeHne TOKA3aHO.
Urak, F(n) = 2020 ayis Beex HaTypasabHbix n < 2025 — takux posHO 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
For any n > 2025 it is obvious without any recursion that F'(n) = n — 5. Lets calculate F'(n) for several
n < 2024:

F(2024) = F(F(2030)) = F(2025) = 2020

F(2023) = F(F(2029)) = F(2024) = 2020
F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Lets prove the following statement by induction on k: F'(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 for any k € {1,2,3,...,2019}. The induction base has already been
proved in the examples above.

Let F(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) = F(2020 — k) = 2020 be satisfied for
some k > 0. Then we have:
F(2024 — (k+ 1)) = F(2023 — k) = 2020 by induction hypothesis;

F(2023 — (k + 1)) = F(2022 — k) = 2020 by induction hypothesis;
F(2022 — (k + 1)) = F(2021 — k) = 2020 by induction hypothesis;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 by induction hypothesis;
F(2020 — (k+1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F(2025 — k)) = F(F(2024 — (k —1))) =

F(2020) = 2020.
By that, the statement is proven.
So, F(n) = 2020 for all positive integers n < 2025 — there are exactly 2025 of them.

Task 3.

1. UsBectHo, uTo ecth poBHO 220?* c1OCOGOB BHIOPATL W3 KOHETHOrO MHOMKECTBA A IOIMHOMKECTBO,

cojiepzKalee HeIETHOe THCJI0 3/IeMEeHTOB. UeMy paBHO KOJHMYECTBO 3JI€MEHTOB MHO:KecTBa A7

There are exactly 22°%* ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 2025
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22024 ¢110c060B BBHIOpPATh U3 KOHEIHOTO MHOXKECTBA A MOIMHOKeCTBO,

2. N3BecTHO, YTO €CTh POBHO
cojiepzkaliee 9€THoe (BO3MOKHOE, HYJIEBOE) YHCIO JIEMEHTOB. UeMy DAaBHO KOJMYECTBO HJIEMEH-

TOB MHOKecTBa A7

There are exactly 22°%* ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. Ussectno, uto ecth posHo 2% cmoco6oB BHIGpATh W3 KOHETHOTO MHOMKECTBA A MOIMHOXKECTBO,

coepzKaliee HEYETHOE YHCJO0 3JIEeMEHTOB. qe1v1y PaBHO KOJIHUYECTBO 3JIEMEHTOB MHOXKECTBa A?

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. U3sBectHO, 4TO ecTh poBHO 2'9! croco6oB BHIOpaTh M3 KOHETHOrO MHOXKeCTBa A IOIMHOXKeCTBO,
cojiepzkalee 9€THOE (BO3MOXKHOE, HYJIEBOE) YUCIO JEMEHTOB. UeMy PaBHO KOJHYECTBO HJIEMEH-
TOB MHOZKecTBa A7

There are exactly 2! ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemrenue (RUS). (npeacrasieno permenue Bapuanta N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Sadukcupyem HeKOTOPHIH 31eMeHT © MHOXKeCTBa A. Tenepb pa3zobbeM Bce ero moJMHOZKECTBA HA TaPHI,
OTJIMYAOIINECST TOMBKO HasmdueM (6o orcyrcrBuem) snemedTa . O9eBHIHO, B KaxKIOH mape OIHO
IOIMHOKECTBO COJEPIKUT YE6THOE (BO3MOYKHO, HYJIEBOE) YHCJIO 3JEMEHTOB, a JAPyroe — HeYETHOe HCJI0
s1eMeHTOB. Takum 00pa3oM, «IETHBIX» MOJAMHOMKECTB CTOJTBKO K€, CKOJBKO U «HEUETHBIX» — 3HAYUT,
eCJIM MHOXKECTBO A COJEPIKUT N 9JIEMEHTOB U, KaK CJIeJCTBHE, 2" TOIMHOKECTB (BKJIIOUYAs IYCTOE), TO
KOJIMYIECTBO «HeYETHLIX» IIOAMHOXKECTB papho 2" : 2 = 21 Tlo ycaoBuio 310 Komdectso pasao 22924,
oTkyaa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «even» subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~!. By the task’s condition, the number is
22024 " thus n = 2025.

Task 4.
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1. Codbs ormernIa HA KOOPAUHATHON IPSIMOi BCe TOUKH a,a + 3,a + 6,a + 9, ..., HAUMHALA C HEKO-
toporo a < 0; CBera orMmern/aa Ha TOH ke npsMoit Touku b,b — 5,0 — 10,b — 15, ..., HaunHAA C
nexoroporo b > 100. Haiigure HanMeHblllee BO3MOXKHOE KOJUYECTBO OTMEYEHHBIX TOYEK Ha OT-
peske [0; 100].

Sofia marked on the coordinate line all points a,a + 3,a 4+ 6,a + 9, .. ., starting from some a < 0;
Sveta marked on the same line points b,b —5,b— 10,b— 15, ..., starting from some b > 100. Find
the smallest possible number of marked points on the segment [0; 100].

Answer: 46

2. Codbs oT™MeTHIa Ha KOOPAMHATHOMN MPIMOil Bce TOUKHA a,a + 3,a + 6,a + 9, ..., HAUNHAS ¢ HEKO-
toporo a < 0; Cera ormerm/ia HA TOI Ke npsmoit Touku b, b — 5,0 — 10,b — 15, ..., Haunnas c
nexkoroporo b > 200. Haiigure HanMeHbIllee BO3MOXKHOE KOJUYECTBO OTMEYEHHBIX TOYEK Ha OT-

peske [0;200].

Sofia marked on the coordinate line all points a,a + 3,a 4+ 6,a + 9, .. ., starting from some a < 0;
Sveta marked on the same line points b,b —5,b— 10,b— 15, ..., starting from some b > 200. Find
the smallest possible number of marked points on the segment [0; 200].

Answer: 92

3. Codbst orMeTmia Ha KOOPAMHATHON IPSIMOil BCe TOYKHU a,a + 3,a + 6,a 4+ 9, ..., HaunHAS ¢ HEKO-
toporo a < 0; Cera oTMermia Ha TOI »Ke npsmoit Touku b, b — 5,0 — 10,b — 15, ..., Haunnas c
Hekoroporo b > 50. Haitiure nanmenbiiree BO3MOKHOE KOJTUYIECTBO OTMEYEHHBIX TOYEK HA OTPE3Ke

[0; 50].

Sofia marked on the coordinate line all points a,a + 3,a 4+ 6,a + 9, .. ., starting from some a < 0;
Sveta marked on the same line points b,b — 5,0 — 10,b — 15, .. ., starting from some b > 50. Find
the smallest possible number of marked points on the segment [0; 50].

Answer: 22

4. Codbs oT™MeTHIa HA KOODIUHATHONW MPAMOl BCe TOYKHA a,a + 3,a + 6,a + 9, ..., HAaunHAS ¢ HEKO-
toporo a < 0; Cera oTMermia HA TOI Ke npsmoit Touku b, b — 5,0 — 10,b — 15, ..., Haunnas ¢
HekoToporo b > 150. HailinuTe HamMeHbIllee BO3MOXKHOE KOTMIECTBO OTMEYEHHBIX TOUEK Ha OT-
peske [0; 150].

Sofia marked on the coordinate line all points a,a + 3,a 4+ 6,a + 9, .. ., starting from some a < 0;
Sveta marked on the same line points b,b —5,b— 10,b — 15, .. ., starting from some b > 150. Find
the smallest possible number of marked points on the segment [0; 150].

Answer: 70

Pemtenue (RUS). (npeacrasreno permienne Bapuanra N1, octajapHbIe PENarOTcsi AaHAJOTHTHO)
Y1066 6BIJIO KAK MOYKHO MEHBIITe OTMEYEHHBIX TOYEK, KaK MOYKHO OOJIbIee UX YMNCJI0 JI0JI?KHO COBIIACT.
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fceno, uTo Kaxkaas nartas Touka CodpbH MOXKET COBIACTD C KaxK A0 TpeTheil Toukoil CBeThl — 9T0 3HAUUT,
9TO Ha KayKJIOM MoJyuHTepBase [z;x + 15) MoxkeT ObiTh He MeHee 7 OTMEYaHHBIX TOYEK:

r=y, v+3, y+5, x+6, x+9, y+ 10, z + 12,

rie Touku = + 3k ormeuasna Codwst, y + 5t ormeuana Ceera (k,t € {0,1,2,...}).
Nexonnbrit orpe3ok nmeet aaunay 100, mosToMy B HeM yMelnaeTcsd 6 YIOMAHYTHIX MOTYUHTEPBAIOB,
T.e. OTMEYEeHHBIX TO4eK Ha orpeske [0; 100] 6yzer me menee 7 - 6 = 42:

2, +3 w45, x+5-154+12

Ocratorest nosyunTepsan [0; x) u orpe3ok [z + 90; 100] ¢ cymmaproii aymuoii 10. JIerko mpoBepuTh, 9TO
B HUX He MeHee 4 OTMEUEHHBIX TOUYeK (HANpUMED, JUis & = 2) — TaKuM 00pa3oM, obImee KOTUIeCTBO
OTMEYEHHBIX TOYEK He MOKeT ObITh MeHbIe 42 + 4 = 46.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
In order to have as few marked points as possible, as many of them as possible must coincide. It is clear
that every fifth point marked by Sofia can coincide with every third point marked by Sveta — by that,
on each half-interval [x; x + 15) there will be at least 7 marked points:

r=y, x+3, y+5, z+6, t+9, y+10, x4+ 12,

where points z + 3k were marked by Sofia, and y + 5t were marked by Sveta (k,t € {0,1,2,...}).
The original segment has a length of 100, so it can accommodate 6 of the mentioned half-intervals,
i.e. there will be at least 7 -6 = 42 marked points on the segment [0; 100]:

r, x+3, x+5,..., x+5-154+12

There remains the half-interval [0; z) and the segment [x + 90; 100] with a total length of 10. It is easy
to check that they contain at least 4 marked points (for example, for x = 2) — thus, the total number
of marked points cannot be less than 42 + 4 = 46.

Task 5. Créna kynmi1 11 ODUPOKHBIX U peHiuI moaeuTbesd uMu ¢ Ilereit — mrs sroro Créma moxKer
paspesaTh OJHO U3 MUPOKHBIX Ha JABe dacTu. Beerga aum Ctéma MoxKeT HOOUTHCS TOTO, UYTOOBI €My H
[Tere mocranuch no 6 MUPOKHBIX (IEJIBIX HJIM HET) PABHON COBOKYITHOW MACChl, €CJIM M3HAYATIHHO BCE
11 nupoxkubIX uMesn pasubie Macchi! OOOCHYHTE CBOiT OTBET.

Stephen bought 11 cakes and decided to share them with Peter — to do so, he can cut one of the
cakes into two parts. Can Stephen ensure that both he and Peter will get 6 cakes (uncut or not) of
equal total mass, if initially all 11 cakes had different masses? Explain your answer.

Pemrenune (RUS). /la, MoxeT. YHOPSI0YMM MHPOKHBIE O BO3PACTAHUIO WX MacC: a1 < dg <
... < aq. fecno, aro

ay+az+as+ar+ag <ay+ag+ag+as+ap <az+as+ar+ag+an <ap+az+as+ar+ag+an

Buaqut, camoe 6osbioe (11-e) mupoKHOE Beeraa MOKHO pa3pes3arb Ha TaKue JIBe 9acTu T, Y (T+y = a11),
qT0 & + a1 +as + a5 + ay +ag =Y + as + a4 + ag + ag + ag.

Kpurepuu onennBanus:
® YKa3aHO, YTO HAJO pa3pe3arh camoe OOJbINOe MHPOKHOe — 1 IepBUYHBIN OaJLT;

e MOMUMO pa3pe3anud 11-T0 MUPOKHOTO, yKa3aHO, KaK pacrupejieqnTh nepble 10 TUPOKHBIX — 2
HEePBUYHBIX DaJLIa;
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® KpOMe BBITIEOMNCAHHOTO, TOKA3aHO, YTO PA3HUIA MAacC MeXKIy YeTHBIMU W HeUYeTHBIMU THPOKHBI-
MM MEHbIIIe Macchl 11-10 NUPOKHOIO — 3 MEePBUUYHBIX DAJLIA;

® BepHOE pellleHre, HO ¢ MeJIKUMH HejlodeTaMu — 4 MepBUYHBIX OaJLIa;

® 10JTHOCTBHIO BEPHOE PerieHne — 5 NePBUYHBIX OAJIIOB.

Solution (ENG). Yes, he can. Lets arrange the cakes in ascending order of their masses: a; <
as < ... < aq. It is clear that

a1 taz+as+ar+ag < ag+as+as+ag+apg <az+as+ay+ag+apn <ap+as+as+ar+ag+ ag
By that, the largest (11th) cake can always be cut into two parts x,y (z +y = a11) such that z + a; +

az +as +ar +ag =y + as + a4 + ag + ag + ajp-

Criteria:
e it is shown that the largest cake should be cut — 1 pre-point;
e in addition to cutting the 11th cake, it is shown how to distribute the first 10 cakes — 2 pre-points;

e in addition, it is shown that the difference in mass between the even and odd cakes is less than
the mass of the 11th cake — 3 pre-points;

e correct solution, but with minor flaws — 4 pre-points;

e completely correct solution — 5 pre-points.

Task 6. Mumenn umeer dopmy npasuibHOT0 30-yroabHEKA (BCe o CTOPOHBI U BCE ero YIJIbl — DABHbI),
BEPITIUHBI KOTOPOTO MPOHYMEPOBAaHBI 10 1acoBoit crpenke: 1,2 3,...,30 — 3meit [OpbIHBIY MBICIEHHO
HOCTPOUJ TPEYTOJIbHUK, BEPIIMHAMH KOTOPOT'O SBJISIOTCA TPU W3 3TUX Tovek, n ckazaa Vsamy Lla-
pesuuy: «Ecau HOUUIENb CBOIO CTPEJNy BHYTPb 3araJaHHOIO MHOU TpeyroJbHHKa (HO He Ha CTOPOHY
TPeyroabHUKa!), TO OTIYILY TeOA ¢ MUPOM, & €CJIH HET — CheM».

3wmeit [opeiabia #e 3uau1, aro Ban [lapeBud — ouensh MeTKuil CTPEIOK U3 JyKa: BCEI/Ia MONAIaeT B
TY TOYKY MHIIEHH, B KOTOPYIO 1eqnTcs. Kakoe HamMenbliree KOJIMYECTBO BBICTPEIOB eMy 1moTpebyeTcs,
4TOOBI FapaHTUPOBATH cebe cBOOOY?

The target is in the shape of a regular 30-gon (all its sides and all its angles are equal), the vertices
of which are numbered clockwise: 1,2,3,...,30 — The Dragon mentally constructed a triangle whose
vertices are three of these points, and said to Ivan: «If you send your arrow inside the triangle T have
in mind (but not on its side!), I will let you go in peace, and if not, I will eat you.»

The Dragon did not know that Ivan is a very accurate archer: he always hits the point of the target
which he aims at. What is the least number of shots that he needs to guarantee his freedom?

Answer: 28

Kpurepumn oneHuBanmd:
e OIleHKA IIpuBejieHa 6e3 00bsacHeHu — 1 mepBUYHBIN OaJLT;
® [IpHBeJIEHA OIEHKA C HENOJHBIM JIOKA3aTe/hCTBOM — 3 MEePBUYHBIX OaJiia;
® OIlCHKa 0DOCHOBaHA, HO IIPUMED HE IPHUBEIEH JIMO0 HEKOPPEKTEH — 4 IMePBUIHBIX 0aJLIA;

e IpuBejeHa U 0OOOCHOBaHA OIEHKA, NPUBEJIEH KOPPEKTHBIN TpuMep — 5 IMePBUYHBIX OAJIJIOB.
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Pemrenue (RUS). /lwaronaiu, BBIXOJSIIHE W3 BEPIIMHBI BBIIYKJIOTO (B YACTHOCTH, MPABUIIH-
HOT'O) M-YTOJBHUKA, JIEJISAT ero Ha 1 — 2 TPEeyroJabHUKA, [03TOMY N — 3 BbICTDesioB lBany Moxker He
xBaruTh. [Tokazkem, 9To n — 2 BBICTPESIOB Oyaer mocrarodHo (B Hamem ciaydae n = 30): Ha pHUCYyHKe
OKA3aHO COOTBETCTBYIOIIEE PACHOJIOKEHNE TPEYyTOIHLHUKOB (B KazK/IbIil W3 KOTOPHIX VBaHy J0cTaTod-
HO BBICTDEJIUTH 110 OJHOMY pa3y) Jisi 8-yroJbHUKA. BHYTpH KarKJIOr0 TPEyroJbHHUKA ¢ BePIIHHAMHU B
BePIINHAX WCXOIHOTO MMPABUILHOTO MHOTOYTOJIbHUKA BCETIa COAEPXKUTCS TPEYTOJbHUAK, OKpPAIleHHBIN B
CUHUI IBET.

WNrak, MBany Oyjer jocTarovHo cjiesarh 28 BBICTPEJIOB, HO MEHBIIUM YHCIOM ODOHTHCH HEJIb3s:
TOIJIA ClIACeHUe He OYy/JeT rapaHTHPOBAHO.

Az

Solution (ENG). The diagonals going out of the vertex of a convex (in particular, regular) n-gon
divide it into n — 2 triangles, so n — 3 shots may not be enough for Ivan. Lets show that n — 2 shots
will be enough (in our case n = 30): the picture shows the corresponding arrangement of triangles (Ivan
only needs to shoot once at each) for an 8-gon. Inside each triangle with vertices at the vertices of the
original regular polygon there is always a triangle painted blue.

So, it will be enough for Ivan to make 28 shots, but he cannot get by with a smaller number: then
salvation will not be guaranteed.

Criteria:

the estimation is given without explanation — 1 pre-point;

the estimation is given with incomplete proof — 3 pre-points;

the estimation is proven, but the example is not given or is incorrect — 4 pre-points;

the estimation is proven, a correct example is given — 5 pre-points.
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9'" degree

Task 1.

1. Cnacmuiicg mocjie KopabJaeKpyIIeHus KyIell, IoMaB B OJHKAUIINANE MOPT, XKJAET JICHeXKHOH ITOMO-
MK OT JIpy3eil. ¥ Hero ocTajach JIUIMIb OHA JIPArolleHHOCTh — 30JI0Tas IeNb Ha Iee, U XO3SIUH
I'OCTHHHUILBI 3a CTOJI U KPOB 6epeT 110 OJIHOMY 3B€HY LEIIOYKHU B /ICHb (B n-i AE€Hb Y XO34duHa J0JIZKHO
OBITH POBHO N 3BEHBEB, KYCOYKH IEMU MOYKHO HOJIydaTh 0OpATHO B BUjIE C,ZLaHI/I). Henb — mpous-
BeJeHne I0BEJIUPHOIO UCKYCCTBa, MOITOMY KYIIell XO4Y€T PAaCHUJUTL KaK MOXKHO MEHBIIIEe 3BCHLEB,
YTOOBI JIO2KJIATHCS IOMOIIU OT JApy3eil, KoTopas MOCTyHuT He OoJiee dyeM depe3 100 auei.

Kakoe HauMeHbIIIee YHCI0 3BEHBEB MEIH IPUIeTCS PACIIINTh, YTOOBl TapAaHTHPOBAHHO 0K IAThH-
ca nomomu? Cuntaiite, uro jaauHa nenu — d6osee 1000 3BeHbEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 100 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: 6

2. Cnacmuiicsa nmocje KopabJeKpyIlleHns KyIell, TonaB B OJMuKaiImit mopt, xKjaeT JeHe:KHOoi 1moMo-
A OT JIpy3eil. Y Hero ocTajach JIUIIL OTHA JIPArOleHHOCTh — 30JI0Tas IeNb Ha Imee, U XO3SIUH
I'OCTHHHUIIBI 3a CTOJI U KPOB 6epeT 110 OJTHOMY 3BeHY IEIIOYKHU B JICHb (B n-i AE€Hb Y XO34duHa JOJIZKHO
OBITH POBHO N 3BEHBEB, KYCOYKH IEMU MOYKHO TOJIydaTh 0OpATHO B BUJIE C,ZLaHI/I). Henb — mpous-
BeJeHne I0BEJIUPHOIO MCKYCCTBa, MOITOMY KYIIell XO4Y€T PaCIUuJNUTH KaK MOX>KHO MEHBIIE 3BEHLEB,
YTOOBI JI02KJATHCA TOMOIIK OT JApy3eil, KoTopasl MOCTYIHT He 6osiee yeM depes 60 mHeil.

Kakoe HauMeHbIIee YUCI0 3BEHBEB I HPUIETC PACIIINTh, YTOOB TapaHTHPOBAHHO 0K IATH-
ca nomomu? Cuntaiite, uro jaauna menu — dosee 1000 3BeHbEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 60 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: 5

3. Cnacmuiicsa mocje KopabJeKpyIieHns KyIell, TonaB B OJMuKafIImit mopT, K aeT JeHe:KHOi moMo-
1y or Jipy3eil. Y Hero ocrajach Jiiilb OJHA JPAlONEHHOCTh — 30JI0Tasd Ielb Ha 11ee, U XO34UH
TFOCTHHHUIIBI 3a CTOJI U KPOB 6epeT 1O OJHOMY 3BeHY IEIIOYKHN B J1C€Hb (B n-i AEeHb Y XO34duHa JOJIZKHO
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OBITH POBHO M 3BEHbEB, KYCOUKH IEMH MOXKHO MOJIy9aTh 0OpaTHO B BHje ¢jiaum). llenb — mpous-
BeAcHHUEC IOBeﬂI/IpHOFO I/ICKyCCTBa, HOSTOMy Kyneu Xo4der paCHI/IﬂI/ITb KaK MO2KHO MEHBbIIIE 3BeHbeB,
9TOOBI JIOXKIATHCSI TIOMOIIH OT JApy3eil, KoTopasi IocTynuT He OoJiee dem depe3 200 mueii.

KaKOG HauMeHbIIee 9Y1CJI0 3BCHbEB LCIIN HpI/IrZLeTCﬂ paCHI/IJH/ITb, LITO6bI FapaHTI/IpOBaHHO HOZKIaTh-
cs momornu?! Cumraiire, uro aauna menu — 6osaee 1000 3BeHBEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 200 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: 7

4. Cnacrmiicst oc/ie KOpabaeKpyIeHns KYTell, MomaB B OJNKANIIII MOpT, XKIeT JeHeKHOIT TToMO-
MU OT Jipy3eil. Y HEero ocTajach JIMIIb OJHA JPArolleHHOCTh — 30J10Tasd Iellb Ha Iee, U XO3dUH
POCTHHUIIBI 33 CTOJI K KPOB GEpeT Mo 0JJHOMY 3BeHY HEMOYKHU B JeHb (B n-il IeHb ¥ XO3sIMHA, TOJIZKHO
OBITH POBHO M 3BEHbEB, KYCOUKH IEMH MOXKHO MOJIy9aTh 00paTHO B BHje ¢jaaum). llenb — mpons-
BeJICHHAE IOBEJIMPHOTO UCKYCCTBA, MO3TOMY KYIIEIl XO4eT PACHUJINTh KaK MOXKHO MEHBIIEe 3BEHLEB,
9TOOBI JIOXKIATHCSI TIOMOIIH OT JApy3eil, KoTopasi ocTynuT He OoJiee dem dyepe3 300 aueii.

KaKOG HauMeHbIIee Y1CJI0 3BEHbEB LEIIN HpI/IﬂeTCH paCHI/IJH/ITb, LITO6bI FapaHTI/IpOBaHHO JOZKIaTh-
cst momoru?! Cumraitre, aro gauna menu — 6osaee 1000 3BeHBEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 300 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: &

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEMIAIOTCS AHAJTOTHIHO)
[Tocae nmepsoro pacnuia y Hac 1 (pacnujieHHOe) 3BeHO W OCTasbHas (PA3OMKHYyTas) Ienodka. Ecam B
HEePBLIi IeHb KyTIell He MOy YU JIeHeT, eMy HY?KHO PACIIJIATh ellé oaHo 3BeHo. Ho rae? Ecau pacnuauts
KpaitfHee 3BeHO, OILIATUTH MOYKHO JIAIIb BTOPOi JieHb. MOXKHO OCTaBUTH ¢ Kpalo JIBa 3B€HA, a TPeThe
pacuuuThb. Torya OyjileM UMeTh TPU KycouKa JJInHOK 1, 2 u 97, u Bropoil JieHb MOXKHO OILIATUTD JIBYMsI
criocobamu: 1+1 i 2 (mosrywus 1 caadeit), a Bcero KyCoukoB XBaTuT 151 omiatel 4 aueii. Ho Boirognee
PACTIMJINTh YeTBEPTOE OT Kpad 3BeHO: 1, 3, 1 — B 3TOM ciIydae JABYX PACHUIOB XBATHT JJIs OILIATHI D
nueit. [lasee, paccykiast Tak ke, JlejlaeM TPeTHIl pAaclij, OCTaBJsdd OT Kpas KycO4deK B 7 3BEHBEB: D
JIHe# TOoJIpsiJl yzKe oIliadeHo, 6-if OMJIaTUM BCEMU MPeIblIYIIUMU + TPeTbUM PACIHHUJIEHHBIM 3BEHOM, U
Tak JaJee.
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B ciaydgae nenu gmunoit 1000 3BeHbEB U HEOOXOIUMOCTH MIPOXKUTH B roctuaule 10 100 aHei nMmeem
CJIeJLYIONIHE D HOCAEI0BATEJIbHBIX PACIIIOB U HOJLYYMBIINECH KyCOUKH (DA€ «;» — Das3iesuTeb Pac-
manos): 1; 3,1; 7,1; 15,1; 31,1, nocie gero ocraneTcss KyCcoK JUIHHON He MeHee 939 3BeHBEB — 3HAYWT,
HeoOxoum 6-it pactmt. Mtak, npugercs cjienars 6 paciuios.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
After the first cut, we have 1 (sawn) link and the remaining (open) chain. If the merchant did not receive
money on the first day, he needs to saw another link. But where? If you saw the outermost link, you
can only pay for the second day. You can leave two links at the edge and saw the third. Then we will
have three pieces 1, 2 and 97 long, and the second day can be paid in two ways: 1 4+ 1 or 2 (receiving 1
in change), and in total there will be enough pieces to pay for 4 days. But it is more profitable to saw
the fourth link from the edge: 1, 3, 1 — in this case, two cuts will be enough to pay for 5 days. Then,
reasoning in the same way, we make a third cut, leaving a piece of 7 links from the edge: 5 days in a
row have already been paid, the 6th will be paid with all the previous ones + the third sawn link, and
SO On.

In the case of a chain 1000 links long and the need to stay in a hotel for up to 100 days, we have the
following 5 consecutive cuts and the resulting pieces (where «;» is the cut separator): 1; 3,1; 7,1; 15,1;
31,1, after which there will be a piece no less than 939 links long which means a 6th cut is needed. So,
the merchant will have to make 6 cuts.

Task 2.

1. PaccMoTpuM peKypcuBHYIO (DYHKITHIO:

(n) = n— o, ecam n > 2024
| F(F(n+6)), ecrmn <2024

CKOJIbKO KOpHEil B HATYPaJbHBIX (HOJOKHUTEJbHBIX HEJIbIX) YUCaax umeer ypashenue F'(n) =

20207 Ecsm ono He mmeer KOpHeii, nbO0 KOpHeil GeckoHewHO MHOTO, TO BBeauTe () B TOJI€ JI/Tst
oTBEeTa.

Cousider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or
there are infinitely many roots, then enter 0 as your answer.

Answer: 2025

2. PaccmorpuM pekypcuBHYIO (DYHKITUIO:

(n) n— 9, ecu n > 2025
F(F(n+6)), ecmn <2025
CKOJIbKO KOpHEii B HATYPAJbHBIX (IOJTOKUTEIBHBIX MEIbIX) YHCIaX uMeeT ypasuenme ['(n) =
20207 Ecyqm oHO He MMeeT KOpHel, Jiubo KopHell OecKOHedHO MHOro, To BBegutTe () B moJe Jijis
OTBETA.
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Cousider the recursive function:

(n) = n—>o, if n > 2025
| F(F(n+6)), ifn <2025

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or

there are infinitely many roots, then enter 0 as your answer.

Answer: 2026

3. PaccMoTpuM peKypCcHBHYIO DYHKIIHIO:

(n) = n—>o, ecam n > 2024
| F(F(n+6)), ecmn <2024

Haiijiure cymMy BCeX HOJIOXKUTE/IbHBIX HE/IbiX KOpHeil ypaBuenust F'(n) = 2025. Eciu oHo He ume-
eT KOpHeii, Tnb0 KopHell OeCKOHeYHO MHOT0, TO BBeauTe () B 1oJie JijIs OTBeTa.

Consider the recursive function:

(m) = n—>5, if n > 2024
| F(F(n+6)), ifn <2024

Find the sum of all positive integer roots of the equation F'(n) = 2025. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2030

4. PaccmoTpum peKypcuBHYIO DYHKITUIO:

(n) = n — b, ecan n > 2024
F(F(n+6)), ecmn <2024
Haiinre cymMMy Beex MOJOKHUTEIBHBIX TETbIX KOpHeil ypasuenns F'(n) = 2024. Ecan oHo He nme-
eT KOpHeil, 1100 KopHell 0eCKOHeYHO MHOTO0, TO BBeauTe () B MoJIe JJIs OTBETA.

Cousider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024
Find the sum of alll positive integer roots of the equation F(n) = 2024. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2029

Pemrenue (RUS). (npeacrasieno perienne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
Hns moboro n > 2025 oueBngno 6e3 Beskoit pekypenu, uto F(n) = n — 5. Beruncaum F(n) maa
HeCcKOJIbKUX n < 2024:
F(2024) = F(F(2030)) = F(2025) = 2020
F(2023) = F(F(2029)) = F(2024) = 2020
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F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Jokarkem nuayknueii mo k ciaeayiomee yrsepxkaenne: F(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 smo6oro k € {1,2,3,...,2019}. Basa unayknun yxKe jJoKa3aHa B
IIpHMepax BBIIITE.
[Iycts mast mekoroporo k > 0 Beimosaeno F'(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) =
F(2020 — k) = 2020. Torna umeem:

F(2024 — (k + 1)) = F(2023 — k) = 2020 10 IpeaoaoKeHuo WHIY KU,
F(2023 — (k+ 1)) = F(2022 — k) = 2020 10 Ipeanoao:KeHu0 WH/Y KUK,
F(2022 — (k + 1)) = F(2021 — k) = 2020 10 Opeanoao:KeHu0 WHIYKIUH;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 1m0 mpeanoIozKeHNIO WHTYKITIH;
F(2020 — (k + 1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F (2025 — k)) = F(F (2024 — (k — 1)) =

F(2020) = 2020.
Taxum obpa3oM, yTBepzKIeHne TOKA3aHO.
Urak, F(n) = 2020 ayis Beex HaTypasabHbix n < 2025 — takux posHO 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
For any n > 2025 it is obvious without any recursion that F'(n) = n — 5. Lets calculate F'(n) for several
n < 2024:

F(2024) = F(F(2030)) = F(2025) = 2020

F(2023) = F(F(2029)) = F(2024) = 2020
F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Lets prove the following statement by induction on k: F'(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 for any k € {1,2,3,...,2019}. The induction base has already been
proved in the examples above.

Let F(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) = F(2020 — k) = 2020 be satisfied for
some k > 0. Then we have:
F(2024 — (k+ 1)) = F(2023 — k) = 2020 by induction hypothesis;

F(2023 — (k + 1)) = F(2022 — k) = 2020 by induction hypothesis;
F(2022 — (k + 1)) = F(2021 — k) = 2020 by induction hypothesis;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 by induction hypothesis;
F(2020 — (k+1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F(2025 — k)) = F(F(2024 — (k —1))) =

F(2020) = 2020.
By that, the statement is proven.
So, F(n) = 2020 for all positive integers n < 2025 — there are exactly 2025 of them.

Task 3.

1. UsBectHo, uTo ecth poBHO 220?* c1OCOGOB BHIOPATL W3 KOHETHOrO MHOMKECTBA A IOIMHOMKECTBO,

cojiepzKalee HeIETHOe THCJI0 3/IeMEeHTOB. UeMy paBHO KOJHMYECTBO 3JI€MEHTOB MHO:KecTBa A7

There are exactly 22°%* ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 2025
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22024 ¢110c060B BBHIOpPATh U3 KOHEIHOTO MHOXKECTBA A MOIMHOKeCTBO,

2. N3BecTHO, YTO €CTh POBHO
cojiepzkaliee 9€THoe (BO3MOKHOE, HYJIEBOE) YHCIO JIEMEHTOB. UeMy DAaBHO KOJMYECTBO HJIEMEH-

TOB MHOKecTBa A7

There are exactly 22°%* ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. Ussectno, uto ecth posHo 2% cmoco6oB BHIGpATh W3 KOHETHOTO MHOMKECTBA A MOIMHOXKECTBO,

coepzKaliee HEYETHOE YHCJO0 3JIEeMEHTOB. qe1v1y PaBHO KOJIHUYECTBO 3JIEMEHTOB MHOXKECTBa A?

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. U3sBectHO, 4TO ecTh poBHO 2'9! croco6oB BHIOpaTh M3 KOHETHOrO MHOXKeCTBa A IOIMHOXKeCTBO,
cojiepzkalee 9€THOE (BO3MOXKHOE, HYJIEBOE) YUCIO JEMEHTOB. UeMy PaBHO KOJHYECTBO HJIEMEH-
TOB MHOZKecTBa A7

There are exactly 2! ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemrenue (RUS). (npeacrasieno permenue Bapuanta N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Sadukcupyem HeKOTOPHIH 31eMeHT © MHOXKeCTBa A. Tenepb pa3zobbeM Bce ero moJMHOZKECTBA HA TaPHI,
OTJIMYAOIINECST TOMBKO HasmdueM (6o orcyrcrBuem) snemedTa . O9eBHIHO, B KaxKIOH mape OIHO
IOIMHOKECTBO COJEPIKUT YE6THOE (BO3MOYKHO, HYJIEBOE) YHCJIO 3JEMEHTOB, a JAPyroe — HeYETHOe HCJI0
s1eMeHTOB. Takum 00pa3oM, «IETHBIX» MOJAMHOMKECTB CTOJTBKO K€, CKOJBKO U «HEUETHBIX» — 3HAYUT,
eCJIM MHOXKECTBO A COJEPIKUT N 9JIEMEHTOB U, KaK CJIeJCTBHE, 2" TOIMHOKECTB (BKJIIOUYAs IYCTOE), TO
KOJIMYIECTBO «HeYETHLIX» IIOAMHOXKECTB papho 2" : 2 = 21 Tlo ycaoBuio 310 Komdectso pasao 22924,
oTkyaa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «even» subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~!. By the task’s condition, the number is
22024 " thus n = 2025.

Task 4.
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1. HekoTopasi GeckoHedHasT OCJIEI0BATE/ILHOCTL HATYPAJbHBIX YHCeT 0OJIaaeT CAeIYIONNUM CBOfi-
CTBOM: JIJIsi JIIOOOI'O I1€JIOT0 MOJIOKUTEJIBHOIO N cpejHee apudMeTudeckoe IepBbiX n + 1 4JIeHOB
STOW IMOCJIe/I0BATEIHHOCTH OTJIUYAETCS OT CPEJTHEro apudMerHyeckoro ee MepPBbIX 71 4JeHOB Ha
OJIHO U TO YKe IIeJI0e TOJIOKUTEJhHOe YNCa0. TaKkyKe M3BECTHO, ITO HEKOTOPHIN “JIeH 3TOi moce-
JI0BATEJIbHOCTU PABEH CYMMe BCeX IIPeJIbIIYIIUX YJIEHOB.

CKOJIBKO CyHIECTBYET Pa3JIMIHBIX IIOCJIEI0BATEILHOCTEMH, YA0OBAECTBOPAIONINX OMUCAHHBIM BBIIIE
YCJIOBHUSM U cojepKamux gucsao 20247

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.

How many different sequences are there that satisfy the conditions described above and contain
the number 20247

Answer: 12

2. Hekoropast GeckoHedHas MOC/JAe10BATEIbHOCTH HATYPAJIbHBIX YHCEJ 00Ja1aeT CJIEJAYIONIM CBOi-
CTBOM: JIJisd JIFOOOT'O IEJIOTO IOJIOKUTEJIBHOTO N cpejiHee apudMeTHIecKoe IePBhIX 1 + 1 4IeH0B
9TOHN TOCJIEeIOBATEILHOCTH OTJINYAECTCS OT CpeJIHero apupMeTHIECKOro €€ HepBBbIX 7 YICHOB Ha
OJIHO W TO ¥Ke TeJI0e TMOJOKHUTEJTbHOe YUCTA0. TaKyKe M3BECTHO, YTO HEKOTOPBIN TWJIeH 3TOM mocye-
J0BaATEJIbHOCTH PAaBEH CYMMe BCeX TPEeIbIIYIMUX YJIeHOB.

CKOJIBKO CYIIECTBYeT PA3JIMIHBIX IOCJIEJI0BATEIHLHOCTEH, YAOBAETBOPSIOMNX OMUCAHHBIM BBIIIE
YCJAOBHUSM U cofepzkanux Jucao 20257

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.

How many different sequences are there that satisfy the conditions described above and contain
the number 20257

Answer: (

3. Hexkoropast GeckoHedHas MOCJIeI0BATEILHOCTh HATYPAJIbHBIX YHCET 001a1aeT CJIeAYIOINIM CBOM-
CTBOM: JIJIsl JIIOOOI'O IIEJIOT0 MOJIOKUTEIBHOTO N cpejHee apudMeTuyeckoe IepBbiX N + 1 4JIeHOB
STOW IMOCJIeI0BATEIHHOCTH OTJIUYAETCS OT CPETHEro apudMernyeckoro ee MepPBbIX 71 4JeHOB Ha
OJIHO U TO YKe IIeJI0e TOJIOXKUTEJIhHOe YNCa0. TaKkyKe M3BECTHO, YTO HEKOTOPHIN WJIeH 3TOi moce-
JI0BATEJIbHOCTH PAaBEH CYMMe BCeX TTPeJIbIIYIIUX YJIeHOB.

CKOJIBKO CYIIECTBYET Pa3JIMIHBIX IIOCJIEI0BATEIHLHOCTE], YAOBIECTBOPAIONMNX OMUCAHHBIM BBIIIIE
YCJIOBHUSM U cojepzKanux gucjao 1007

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.
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How many different sequences are there that satisfy the conditions described above and contain
the number 1007

Answer: 6

4. Hekoropas GeckoHedHas MOCTIEI0BATEILHOCTH HATYPAILHBIX YUCET 001a1aeT CJAeIYIONUM CBOM-
CTBOM: JIJIsi JIIOOOI'O I1€JI010 HOJIOKUTEJIBHOIO N cpejHee apudMeTuyeckoe IepBbiX n + 1 4JIeHOB
STOW IMOCJIe/I0BATE/IBHOCTH OTJIUYAETCHI OT CPeJHEro apudMeTrHyeckoro ee HepPBbIX 71 4JeHOB Ha
OJIHO U TO 7Ke IIeJI0e TOJIOXKHUTEJhHOe YNCa0. TaKkyKe M3BECTHO, ITO HEKOTOPHIN JIeH 3TOi moce-
JI0BATEJIbHOCTU PABEH CYMMe BCeX IIPeJIbIIYIIUX YJIEHOB.

CKOJIbKO CyHIECTBYET Pa3JIMYHBLIX IIOCJIEI0BATEILHOCTEH, YAOBAECTBOPAIONINX OMUCAHHBIM BBIIIIE
YCJOBHUSM U COAEpKAIIUX IUCTI0 997

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.

How many different sequences are there that satisfy the conditions described above and contain
the number 997

Answer: (

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTONHIHO)
[Tycts ay,as,as, ... — 1pou3BosibHas (HPUKCHPOBAHHAS) MOCIEIOBATEILHOCTD, 00/1aa0as CBORCTBA-
MU, ONMMMCAHHBIX B YCJIOBUAX 3aJa4u; JJIsi YIPOIIEHUsT 0003HadYeHuit 0603HAUYUM MEPBBIl 3JIEMEHT ITOi
IOCJIEIOBATEIBHOCTH @ (TO ecTh a1 = a). s soboro HaTypaabHOro n 0603HaIUM S, CYMMY MEPBBIX
N WIEHOB MOCTIeI0BATEIBHOCTH; B YACTHOCTH, S = a1 = a.

Sn+1 S
[To ycioBuio 3aa4uu, Jijist JII0OOT0 HATY PAJILHOTO 1 UMeeM

il o 9TO HEKOTODAs MOJIOKHUTE/IbHASL
1eJiast KOHCTaHTa, 0003HAYUM ee depe3 d; caeJ0BaTeIbHO, %, %, %, ... — IeJIouncjaeHHas apudmvernde-
ckasl nporpeccust: 22 = a+ (n — 1)d u S, = na + n(n — 1)d. Ilosromy 15 106Or0 HATYpPATIBHOTO N
MOMYHAeM pi1 = Spi1 — Sp = ((n+1)a+ (n+1)nd) — (na+n(n—1)d) = a+2nd u a, = a+2(n—1)d.

[To ycsioBuio 3a1a49u, JJist HEKOTOPOT'O HATY PAJILHOTO Kk BBITIOJNHEHO S = G4 1, TO ecTh ka+k(k—1)d =
a+ 2kd nnu (k — 1)a = k(3 — k)d; Tak KaK a u d — 1e/ble HOJOKUTEIbHBIE THCJAA, TO k = 2, OTKYIa
a = 2d, u st 10OOrO HATYPATBHOTO N modaydaeM a, = a+ 2(n — 1)d =a+ (n — 1)a = na.

B rakom cayuaae, a,, = 2024 (1715 HEKOTOPOTO HATYPAJBHOTO M) O3HAYAeT, 4To ma = 2md = 2024.
CreoBaTeIbHO, YHCI0 BO3MOYKHBIX 3HAYEHHH 1M PABHO KOJIMYECTBY HATYDAJbHBIX JeJuTeseil Jucia

2024/2 =2%-11-23, 1e. 3-2-2 =12,

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let a1, as, as, ... be an arbitrary (fixed) sequence with the properties described in the task’s formulation;
to simplify the notation, we denote the first element of the sequence by a (by that, a; = a). For any
positive integer n we denote by S,, the sum of the first n terms of the sequence; in particular, S; = a; = a.

For any positive integer n we have S*fll — 92— this is some positive integer constant, we denote it by
d; therefore, 5, %2 %8 s an integer arithmetic progression: 2= = a+(n—1)d and S,, = na+n(n—1)d.

Therefore, for any positive integer n we obtain a,+; = Sp+1 — Sn = ((n+ a+ (n+ 1)nd) — (na +
n(n—1)d) = a+ 2nd and a, = a + 2(n — 1)d.
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For some positive integer k we have Sy, = ag41, thus ka+k(k—1)d = a+2kd or (k—1)a = k(3—k)d,;
since a and d are positive integers, then k = 2, whence a = 2d, and for any positive integer n we obtain
an=a+2n—1)d=a+ (n—1)a = na.

In this case, a,, = 2024 (for some natural m) means that ma = 2md = 2024. By that, the number
of possible values of m is equal to the number of positive integer divisors of 2024/2 = 22 .11 - 23 which
is3-2-2=12.

Task 5. Bepub! st cieayomue yTBepKIeHUs JJ1sT TI060T0 MHOTOWIeHA P(x) ¢ BemecTBeHHBIME KO-
punmenramu’?

1. Ecin muorounen P(z) numeer BelecTBeHHBI KOPeHb, T0 U MHOrO4aeH P(P(x)) uMeer BerecTBeH-
HBIA KOPEHb.

2. Ecau muorounen P(P(x)) nmeer BelecTBeHHBI KOPEeHb, TO U MHOrO4IeH P () nmeer BelecTBeH-
HBIA KOPEHb.

ObocHuyiiTe CBOIT OTBET.

Are the following statements true for any polynomial P(z) with real coefficients?
1. If the polynomial P(z) has a real root, then the polynomial P(P(x)) has a real root.
2. If the polynomial P(P(x)) has a real root, then the polynomial P(z) has a real root.

Explain your answer.

Pemrenue (RUS). Jlokazkem st j1060ro Muorowiena P(x) ¢ BenecTBeHHbIME KO3DUIIneHTaAMH,
aro ecu P(P(x)) uMeeT BelecTBeHHBIH KOPeHb, TO U MHOTOUYIeH P(x) HMeeT BellleCTBeHHbI KOPEHb.
HetictBurensho, ecan a € R — BemectBenustii kopeuab P(P(z)), T.e. P(P(a)) = 0, TO cymecTByeT Takoe
b= P(a) € R, uro P(P(a)) = P(b) =0, 10 ectb b — BemecTBenubiii Kopenb P(x).

[TpuBenem npumep MHOTOUTeHA P(x) ¢ BermecrBeHHbIMI KO3GbMUIMEHTAME, KOTOPHII HMeeT Belre-
CTBEHHBIT KOPeHb, HO npu 3ToM MuOrOWIeH P(P(z)) He nMeeT HH OJHOTO BEIECTBEHHOTO KOPHS: MyCTh
P(z) = 22 4+ 32 + 2 — 9TOT MHOrOUJIEeH WMeeT JBa BEIeCTBEHHBIX KOPHS: —2 W —1, HOITOMY KODHH
P(P(x)) - 310 KOpHU ypasHeruit 22 + 3z + 2 = —2 w 2% + 3z + 2 = —1, ABAAIOMHEECS KOMILIEKCHBIMH
IHUCJIAMHL.

Kpurepun onneHnBaHUA:
e IpHUBeIeH KOHTPIpUMED B I.1: +2 MepBUYHBIX OaJLIa;
® IIPUBEICHO BEpHOE JOKA3ATEIbLCTBO B I1.2: +3 MEePBUYHBIX OAJLIa;
® He MOKAa3aHo, M0YeMY KOHTpPHpUMED B 1I.1 sgBjIgeTcs TAKOBBIM: -1 MepBUYHBIN HaJLT;

e He 0003HAYEH KOPEHb MHOTOYJIEHA B M.2: -1 MepBUYHBINA OaJLI.

Solution (ENG). Lets prove for any polynomial P(x) with real coefficients that if P(P(x)) has
a real root, then the polynomial P(z) also has a real root. Indeed, if a € R is a real root of P(P(x)),
i.e. P(P(a)) = 0, then there exists b = P(a) € R such that P(P(a)) = P(b) =0, i.e. b is a real root of
P(z).

Lets give an example of a polynomial P(x) with real coefficients that has a real root, but the
polynomial P(P(z)) does not have any real roots: let P(z) = x? + 3z + 2 — this polynomial has two
real roots: —2 and —1, therefore the roots of P(P(z)) are the roots of the equations x? + 3x + 2 = —2
and 2% + 3x + 2 = —1, which are complex numbers.

Criteria:
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e a counterexample is given in p.1: +2 pre-points;

e a correct proof is given in p.2: +3 pre-points;

it is not shown why the counterexample in p.1 is a counterexample: -1 pre-point;

the root of the polynomial in p.2 is not indicated: -1 pre-point.

Task 6. /Tan gersipexyroabauk ABC' D. 3BeCTHO, 9TO CYIIECTBYET OKPYKHOCTD, KACAIOIIASICS CTOPOH
yriia BAD u nponomxkenuit cropon BC' u C'D. Haiture AD, ectu AB =7, BC =8, CD = 5. Oboc-
HYHTe CBOU OTBET.

Given a quadrilateral ABCD. It is known that there is a circle tangent to the sides of angle BAD
and the extensions of sides BC' and C'D. Find AD while AB =7, BC' = 8, C'D = 5. Explain your answer.

Answer: 10

Pemrenne (RUS). Bosmoxkubl 9eThipe B3anMHBIX pacnonoxkenns ABC D w ynoMsiHyTO# OKDY K-
HOCTH (CM. pHCYHKH Huzke). OTMeTuM, 9To BapuaHThl 3 U 4 (HA KAPDTHHKAX HUZKE) HEBO3MOXKHBI, T.K.
noacuer AD B stux caydaax npusogut Kk AD < 0. Ocranock pacemMorperh ciaydan 1 u 2 (BepxHue
KapTUHKH ).

CorytacHo CBOICTBY KacaTeJbHBIX K OKpYyzKHOCTH, osiyanM BM = BK u AB+BM = AK = AN =
AD + DL, re.
AB+ BC+CM = AD+ DC +CL

YunteiBag CL = CM, nonygaem AB + BC = AD + DC, orkyna AD = 10. Bropoii BO3MOXKHBI
cJIydail paccMaTpUBAETCH aHAIOTUIHO.

Kpurepumn oneHuBaHmd:
® JlaH BepHBIN OTBeT — 1 MepBUYHBINA OaJLT;
® PacCMOTPEH HEBO3MOXKHBIN Cydail, n JI0Ka3aHO MPOTUBOPEYHNE YCJIOBUIO — 2 IEPBUYHBIX OaJsiia;

® PACCMOTPEH BO3MOXKHBIH Cjlydail, JJaH BepHbIil oTBeT — 3 ePBUYHBIX DaJuia;

pPaccMOTPeHbI BCe BAPUAHTDI, JAH BEPHBIN OTBET — 5 MEePBUYHBIX OAJIOB.
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Solution (ENG). There are four possible mutual arrangements of ABC'D and the circle mentioned
(see the pictures above). Note that options 3 and 4 (the two lower pictures) are impossible, since
calculating AD in these cases leads to AD < 0. It remains to consider cases 1 and 2 (the upper

pictures).
According to the property of tangents to a circle, we get BM = BK and AB+ BM = AK = AN =

AD + DL, i.e.
AB+ BC +CM = AD + DC + CL

Considering CL = CM, we get AB + BC = AD + DC, and by that AD = 10. The second possible
case is considered similarly.

Criteria:
e the correct answer is given — 1 pre-point;

e one impossible arrangement is considered and its incosnistence is proven— 2 pre-points;
e one possible arrangement is considered, the correct answer is given — 3 pre-points;

e all arrangements are considered, the correct answer is given — 5 pre-points.
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10" degree

Task 1.

1. W3BecTHO, 4TO ecTh poBHO 22924 croco60B BHIOpATh W3 KOHETHOIO MHOZKECTBa A MOIMHOMKECTBO,
cozlepzKallee HeIETHOE YHCJIO 3JeMeHTOB. UeMy paBHO KOJHMYECTBO JIEMEHTOB MHOMKecTBa A?

There are exactly 220% ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?
Answer: 2025

2. U3BecTHO, 9TO ecTh posHO 22924 c0OCOGOB BHIOpATh M3 KOHETHOTO MHOZKECTBA A MOIMHOXKECTBO,
cojlepzKaliee 4éTHOe (BO3MOMKHOE, HY/IEBOE) YUCJIO0 3JIEMEHTOB. eMy DaBHO KOJIMYECTBO 3JIeMeH-
TOB MHOKecTBa, A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. Ussectno, uto ecth posHo 2% crmoco6oB BLHIGpATh W3 KOHETHOTO MHOMKECTBA A MOIMHOMKECTBO,

coiepzKalee HeIETHOe YHCJIO 3JIeMeHTOB. UeMy paBHO KOJIHYECTBO JI€MEHTOB MHO:KecTBa A7

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. UssectHo, 4TO ecThb posHO 2'°' croco6oB BLIOpATh M3 KOHEYHOrO MHOMKECTBA A MOIMHOMKECTBO,

cojiepzkaltee Y€THOE (BO3MOXKHOE, HYJIEBOE) YHCIO JEMEHTOB. UeMy PaBHO KOJHYECTBO HJIEMEH-
TOB MHOZKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemrenue (RUS). (mpeacrasieno perenne Bapuanta N1, octajabHbIe PENIAIOTCS AHAJIOTHTIHO)
Sadukcupyem HeKOTOPHIH 31eMeHT © MHOXKecTBa A. Tenepb pa3obbeM Bce ero moJMHOZKECTBA HA TaPHI,
OTJIMYAOIINECS] TOJIBKO HasmdueM (nbo orcyTcrBueM) snemedTa . OUeBHIHO, B KaxKIOH mape OIHO
IIOJIMHOKECTBO COJEPKUT YE6THOE (BO3MOXKHO, HYJIEBOE) YHCJIO FJEMEHTOB, a JPYyroe — HeYETHOe TUCIIO
s1eMeHTOB. TakuMm 0oOpa3oM, «IETHBIX» MOJAMHOMKECTB CTOJTBKO 2Ke, CKOJBKO U «HEUYETHBIX» — 3HAYUT,
eCJIM MHOYKECTBO A COJEPIKUT N IJIEMEHTOB U, KaK CJeJCTBHE, 2" TOIMHOKECTB (BKIIOUYAs MYCTOE), TO
KOJIMYIECTBO «HEUETHLIX» IOAMHOXKECTB pasHo 2" : 2 = 2L Tlo ycaoBuio 310 Komdectso pasao 22924,
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oTKyJa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «evens subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~ By the task’s condition, the number is
22024 thus n = 2025.

Task 2.

1. JlaHBI 9alIedHbIe BEChl: OHM MOTYT abCONIOTHO TOYHO MOKA3BIBATL PABEHCTBO MACC TPY30B Ha 4Ya-
MAaX BECOB, a €CJM MACChl TPY30B PA3JIMIHBI, TO TOKA3BIBAIOT, Ha KAKOH dalme Tpys3 Taxkenee (HO
HE MOKA3bIBAIOT, HA CKOJIBKO IPy3 TsizKesee). Takzke naH HAGOP rMpb, MACCa KaxKJ0H U3 KOTOPBIX
— I1eJ10€ TMOJI0KUTeILHOe YHCI0 IpaMM. 1Ipo 3TOT HabOp U3BECTHO, YTO YUCJO TUPL B HEM — MUHU-
MAJIBHO BO3MOZKHOE [Tl TOrO, YTOOBI ONPeIeINTh ¢ HOMOIIBIO 3THX I'MPh B YAIICYHBIX BECOB MACCY
M (B rpammax) rpy3a (M — HaTypajbHOe 9uCI0, He mpeBocxosiiee 41). Haiiinre MUHUMATBHY O
BO3MOXKHYIO CYMMapHYIO Maccy TMphb B HabGope.

A scale is given: it can absolutely accurately show the equality of the masses of the loads on the
scale pans, and if the masses of the loads are different, then it shows on which pan the load is
heavier (but does not show how much heavier the load is). Also given a set of weights, the mass
of each being a positive integer number of grams. It is known about this set that the number of
weights in it is the minimum possible for determining the mass of M grams of the load (M is
a natural number not exceeding 41) using these weights and the scale pan. Find the minimum
possible total mass of the weights in the set.

Answer: 40

2. JlaHBI YaIIeYHBIC BEChl: OHM MOTYT a0COJIOTHO TOYHO MOKA3BIBATHL PABEHCTBO MACC TPY30B HA da-
IIAX BECOB, a €CJM MACChl ITPY30B PA3JIMUHbBI, TO IOKA3BIBAIOT, HA KAKON dalne rpys Tazxesnee (HO
HE TIOKA3BIBAIOT, HA CKOJIBKO IPy3 TsiKesiee). Takyke qaH HAGOP rMpb, MACCa KaxkKJI0H U3 KOTOPBIX
— IHeJsI0e IIOJOKHTEILHOE 9UCI0 TpaMM. 11po 5ToT Habop M3BECTHO, YTO YUCJIO THPL B HEM — MH-
HEMAJLHO BO3MOXKHOE JIJI TOTO, YTOOBI ONPEJEeJUTh ¢ IOMOIILIO THX TUPh M YallleYHBIX BECOB
maccy M (B rpammax) rpysa (M — HaTypasbHOE YHCI0, He TpeBocxofsiiee 122). Haiiaure MumHu-
MaJILHYI0 BO3MOXKHYIO CyMMAapPHYIO MacCy FUpb B Habope.

A scale is given: it can absolutely accurately show the equality of the masses of the loads on the
scale pans, and if the masses of the loads are different, then it shows on which pan the load is
heavier (but does not show how much heavier the load is). Also given a set of weights, the mass
of each being a positive integer number of grams. It is known about this set that the number of
weights in it is the minimum possible for determining the mass of M grams of the load (M is
a natural number not exceeding 122) using these weights and the scale pan. Find the minimum
possible total mass of the weights in the set.

Answer: 121
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Pemrenune (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Cwm. pemrenne 3aga4qn 11.6.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
See the solution of the task 11.6.

Task 3.

1. PaccMoTpuM peKypCUBHBIH aJroOpUTM JIjI HEOTPHUIATEIBHBIX HMEIbIX a, b, C:

c, ecan b =0
F(a,b,c) =4 F(2a,b/2,c¢), ecan b 4eTHOe
F(2a,(b—1)/2,c+ a), ecan b neuernoe

Pemmure ypasuenne: F(x,z,x) = 110.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,c), if b is even
F(2a,(b—1)/2,c+a), ifbis odd

Solve the equation: F'(x,z,z) = 110.

Answer: 10

2. PaceMoTpuM peKypCHBHBIN aJTOPUTM JJIsI HEOTPUIATEIBHBIX MEJBIX a, b, ¢:

c, econ b =0
F(a,b,c) = ¢ F(2a,b/2,c¢), eca b yeTHoe
F(2a,(b—1)/2,¢+a), ecan b neyernoe

Pemure ypapuenne: F(x,z,x) = 240.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,c+a), if bis odd

Solve the equation: F(x,z,x) = 240.

Answer: 15

3. PaccMoTpuM peKypCHBHBIN aJITOPUTM JJIsi HEOTPUIATEIBHBIX MEJIbIX a, b, C:

c, ecam b= 0
F(a,b,c) =< F(2a,b/2,c¢), ecamn b weTHoe
F(2a,(b—1)/2,c+a), ecau b nedernoe
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Pemmure ypasuenne: F(x,z,x) = 90.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,c+a), ifbisodd

Solve the equation: F'(x,z,z) = 90.
Answer: 9

4. PaccMoTpuM peKypCHBHBINH aJITOPUTM JIjIsi HEOTPUTIATEIBHBIX TEIbIX a, b, c:

c, ecmn b =0
F(a,b,c) = F(2a,b/2,c¢), eciu b erHoe
F(2a,(b—1)/2,¢+a), ecan b veyernoe

Pemure ypasuenue: F(x,z,x) = 182.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) = ¢ F(2a,b/2,¢), if b is even
F(2a,(b—1)/2,c+a), if bis odd

Solve the equation: F(x,z,x) = 182.

Answer: 13

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEMIAIOTCS AHAJOTHIHO)
Hokazkem nnykimedi mo b > 0 ciaeayromee yreep:xaenune: F(a,b, ¢) = ab+c. Baza unayknuu: F'(a,0,c) =
c=a-0+c=c
[Iycrb ayist wekoroporo b > 0 umeer mecro F(a,k,¢) = ak + ¢ jqyst Bcex 0 < k < b. Bbruucjium
F(a,b+1,c¢):

Ecau b+ 1 wérno, To b+ 1 = 2k, tae 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k,c¢) = F(2a,k,c) =
2a-k+c=a(b+1)+c
Ecmu b + 1 meuérno, to b+ 1 = 2k + 1, e 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F2a,k,c+a)=2a-k+c+a=alb+1)+c

Cuenosaresinno, F(a,b,c) = ab+ ¢ nus seex b > 0, u noromy F(a,a,a) = a* + a. 3uauur, ypasne-
une F(x,r,z) = 110 npusogurcs k sugy z2 + x = 110, 1 e iMHCTBeHHBII €ro 1e bl HeoTpUIATe LHbI
KopeHb — qucsio 10.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets prove the following statement by induction on b > 0: F(a,b,c) = ab + c. Base of the induction:
F(a,0,¢c) =c=a-0+c=c
Let for some b > 0 we have F'(a, k,c) = ak + ¢ for all 0 < k < b. We calculate F(a,b+ 1,c¢):
If b+ 1 is even, then b+ 1 = 2k, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k,c) = F(2a,k,c) =
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20-k+c=ab+1)+c
If b4+ 1 is odd, then b+ 1 = 2k + 1, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Therefore, F(a,b,c) = ab + c for all b > 0, thus F(a,a,a) = a® + a. By that, the equation
F(x,z,z) = 110 is reduced to the form z? + 2 = 110, and its only non-negative integer root is 10.

Task 4.

1. Topox N cocrout u3 5 X 5 KBapTaaoB, KaxK/blil 13 KOTOPHIX — KBajApar co cropoHoit 100 meTpon
(cTOpOHBI KBaJApPATOB — 3TO yJauIkl). Haiinre HAMMEHBITYIO BO3MOXKHYIO JJIHHY MYTH, TIPOXOJIsI-
Iero mo Kaxkjaoi ysuie ropojga N xots Obl 1o ognomy pa3y. OTBer jaiiTe B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 6700

2. T'opox N coctouT w3 5 X 5 KBapTaJIOB, KaxK/JIbIif U3 KOTOPHIX — KBaJipaT co cTopoHoit 200 MeTpoB
(CTOPOHBI KBAJIPATOB — 3TO VJIHIE). HafinTe HAMMEHBIIYIO BO3MOXKHYIO JJIMHY MYTH, TTPOXOJIsI-
Iero mo Kaxkaoit yuie ropoaa N xoTs Obl 1o ognomy pa3y. OTBer maiiTe B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 13400

3. Topoa N cocrout u3 3 X 3 KBapTaa0B, KaxK/Iblii U3 KOTOPBIX — KBaJpar co croponoii 100 merpon
(CTOPOHBI KBaJIPATOB — 3TO yJuIbl). HaiinTe HAMMEHBIIYIO BO3MOXKHYIO JJIHHY MYTH, TTPOXOJIsI-
ero 1mo Kaxkaoi yiaure ropoga N xots Obl o ogHOMY paldy. OTBeT maiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 2700

4. Topoa N coctout m3 3 X 3 KBapTaJIOB, KaXKJIblif U3 KOTOPBIX — KBaJIpaT co cTroporHoit 200 MeTpoB
(CTOPOHBI KBAJIPATOB — 3TO VJIHIE). HaiinTe HAMMEHBIIYIO BO3MOXKHYIO JJIMHY MYTH, TTPOXOJIsI-
Iero mo Kaxkjaoit yauie ropoaa N xoTsa Obl o ogHomy pa3y. OTBer maiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 5400

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, octajabHbIe DEHIAIOTCS AHAJOTHIHO)

B ropome N ectb 60 orpeskos yiaut miauHoit mo 100 MeTpoB Kaxkablid. [IpeacraBuM ceTh yauI B BHIE
110cKoro rpada, rjae pebpa — yIOMSIHYThle OTPE3KH, a BEPIIUHBI — MEPEeKPECTKH (B T.9. MEPEeKPECTKH
JBYX OTPE3KOB YJIUIL B YIJIaX ropojia),  3aMeTHM, 4TO B 3TOM rpade 16 BepHnH HEYETHOH CTeleH .
JIBe 3 HEX MOTYT OBITH COOTBETCTBEHHO HAYAJIOM M KOHIIOM IIYTH, 8 OCTaJbHbIE 14 HPHIETCA TOCETUTH
KaK MHHUMYM JBazK/bl, T.e MPUIETCS MTPOWTH IBaK/Ibl KAK MHHUMYM TI0 7 pebpam (10 OJHOMY Ha JBe
«COCeTHUEe» BepPIINHBI HEYETHOW CTeleHH), HOITOMY MUHUMAJbHOE KOJIMYIEeCTBO MPOIeHHBIX pebep He
MOKeT OBITH MerbIle 60 + 7 = 67, u Torga obmast JJINHA COOTBETCTBYIONIUX OTPE3KOB VJIUIL COCTAB/ISAET
He menbine 6700 merpos. CooTBeTcTBYIONUNA HpUMep 00X0a IPUBEIECH HA PHUCYHKE.

Finish

! Start

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

In the town N there are 60 street segments, each 100 meters long. Lets represent the street web as
a planar graph, where the edges are the street segments mentioned, and the vertices are intersections
(including intersections of two street segments at the corners of the city), and note that this graph has
16 vertices of odd degree. Two of them can be the beginning and end of the path, respectively, and the
remaining 14 must be visited at least twice, i.e. it is necessary to traverse at least 7 edges twice (one
for two adjacent vertices of odd degree), therefore the minimum number of edges traversed cannot be
less than 60 + 7 = 67, then the total length of the corresponding street segments is not less than 6700
meters. The corresponding example is shown on the picture above.

Task 5. Hekoropast Geckonednas IOCJI€I0BATEJILHOCTD HATYPAJBHBIX YHCEJT 00JIaIaeT CJAeIYIONIAM
CBOMCTBOM: JJIs1 J1I000I0 IIEJIOr0 MOJIOYKHTEJIHLHOIO 1 cpeHee apudMeTHIecKoe MepPBHIX 1 + 1 WIeHOB
9TOM LOCJIEIOBATEbHOCTH OTJANYALTCS OT CPEJHEro apudMEeTHIeCKOro ee MePBbIX N 4JIEHOB Ha OJHO H
TO Ke TIeJI0€e TOJI0KUTeIbHOe YnC/I0. Tak:Ke W3BeCTHO, YTO HEKOTOPBI YJIeH 3TOM 10C/e/10BaTeIbHOCTH
PaBeH CYMMe BCeX MPeJIbIIYIINX YJICHOB.
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CKOJIBKO CYIIECTBYET PA3IUIHBIX TOCJIEI0BATEILHOCTE], VIOBICTBOPSIONINX OITUCAHHBIM BBIIIIE YCJI0-
BHSAM 1 cojepzkammx qaucao 20247 ObocHyiiTe cBOil OTBET.

Some infinite sequence of positive integers has the following property: for any n, the arithmetic mean
of the first n 41 terms of this sequence differs from the arithmetic mean of its first n terms by the same
positive integer. It is also known that some term of this sequence is equal to the sum of all previous
terms.

How many different sequences are there that satisfy the conditions described above and contain the
number 20247 Explain your answer.

Answer: 12

Pemrenue (RUS). Ilycrb aq, as, as, ... — mpousBosibHast ((PUKCHPOBAHHAS) MOCJIEI0BATETHLHOCTD,
00JTaIaIoIIAsT CBOUCTBAMH, OMMMCAHHBIX B YCJIOBUAX 3aJa9W; I YIPOIIEHHsT 0003HAYEeHUI 0003HATIM
IEPBbIT YIEMEHT 3TOM 1OCJIe0BATEILHOCTH ¢ (TO ecTh a1 = a). st 1106010 HaTypasbHOro n 0603Ha MM
S, CyMMy TEpPBBIX 71 9JI€HOB MMOCJIeI0BATEIbHOCTH; B YaCTHOCTH, S = 4| = a.

S,
Io yenosuio 3agaam, st 1I000r0 HATY PaJIBHOTO 1 AMeeM ~5 — S—r? —3TO HEKOTOPas MOJOKUTETbHAS

neJiasg KOHCTaHTa, 0003HATUM ee depes3 d; caeJ0BaTelbHO, %, %, %, ... — HeJouncjaeHnas apudmvernde-
CKasl MPOTPECCHs: % =a+ (n—1)du S, = na+ n(n — 1)d. [Tosromy mas a0060r0 HATYPAJBLHOTO N
nosydaeM dpi1 = Spi1— S, = ((n+1)a+ (n+1)nd) — (na+n(n—1)d) = a+2nd n a, = a+2(n—1)d.

ITo ycstoButo 3a1a4u, JJist HEKOTOPOT'O HATYPAJBHOTO k BBITIOJHEHO S = G4 1, TO €cTh ka+k(k—1)d =
a+ 2kd win (k — 1)a = k(3 — k)d; Tak KaK a u d — 1eable TOJOKHUTEIbHBIE TUCAA, TO k = 2, OTKY/Ia
a = 2d, n aj1st TOOOr0 HATYPAJTBHOTO N ToJaydaeM a, = a + 2(n — 1)d = a+ (n — 1)a = na.

B rakom cayuae, a,, = 2024 (1715 HEKOTOPOro HATYPAJLHOIO M) O3HAYaeT, 9T0 ma = 2md = 2024.
Cae10BaTeIbHO, YHCIO0 BO3MOXKHBIX 3HAYEHUI M PaBHO KOJMYECTBY HATYDPAJBHBIX JeJUTEIeH dncsa

2024/2 =2%-11-23, 1e. 3-2-2 = 12.

Kpurtepunu onennBanus:

e 10JIyueHa HepeKyppeHTHasd (hopMy/ia OOIIero 4jaeHa moc/ie/0BaTe/ IbHOCTH, HO C OMMOKoi — 1 nep-
BUYHBIH OasLI;

e 1I0JIyueHa HepeKyppeHTHas (GopMysa ODHIEro 4jieHa HOC/e0BaTe/ IbHOCTH 0e3 onubok — 2 uep-
BUYHBIX OaJLIa;

® JI0OKA3aHO, 9TO TOJHKO TPETUH UIeH MOCIeI0BATETLHOCTA MOXKET ObITH PABEH CyMMe TIPEIbI Y X
— 3 nepBUYHBIX DaJLIa;

® BEPHO BBINOJIHEHBI IIPEIBIIYIIHE IIII., OTBET BHIYUCIEH ¢ HE3HAUUTEIbHON OMMUOKOH — 4 TepBUIHBIX
basLa;

® BEPHO BBIIIOJHEHDbI IPEAbIAYIINAE IIII. U IIOJYY€eH BeprIfI OTBeT — D IIePBUYHBIX 0aJIOB.

Solution (ENG). Let ay, ag, as, ... be an arbitrary (fixed) sequence with the properties described
in the task’s formulation; to simplify the notation, we denote the first element of the sequence by a (by
that, a; = a). For any positive integer n we denote by S, the sum of the first n terms of the sequence;
in particular, S; = a; = a.

Sut1 _ Sn

For any positive integer n we have Eyu e

d; therefore, %, %, %i, ... 1is an integer arithmetic progression: S—Tf =a+(n—1)dand S, = na+n(n—1)d.
Therefore, for any positive integer n we obtain a, 1 = Spi1 — S, = ((n + 1Da+ (n+ 1)nd) — (na +
n(n—1)d) = a+ 2nd and a, = a + 2(n — 1)d.

For some positive integer k we have Sy = ayy1, thus ka+k(k—1)d = a+2kd or (k—1)a = k(3—k)d;
since a and d are positive integers, then k = 2, whence a = 2d, and for any positive integer n we obtain
an,=a+2n—1)d=a+ (n—1)a=na.

— this is some positive integer constant, we denote it by
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In this case, a,, = 2024 (for some natural m) means that ma = 2md = 2024. By that, the number
of possible values of m is equal to the number of positive integer divisors of 2024/2 = 22 - 11 - 23 which
isd-2-2=12.

Criteria:

e a non-recurrent formula for the general term of the sequence was obtained, but with an error — 1
pre-point;

e a non-recurrent formula for the general term of the sequence was obtained without errors — 2
pre-points;

e it was proven that only the third term of the sequence can be equal to the sum of the previous
ones — 3 pre-points;

e the previous steps were completed correctly, the answer was calculated with a minor error — 4
pre-points;

e the previous steps were completed correctly and the correct answer was obtained — 5 pre-points.

Task 6. /laubl Tpeyroasauku ABC u Ay B;C, pacnonoxennsie Tak, uro BC || B1Cy, AC || A1Ch, u
touku A, B, Ay, By nexar Ha onHoil npsiMoii. IlycTh onmcanHbIe OKPYKHOCTH TPeyroJbHukoB Ay BC' u
AB,C nepecekatorcst B Toukax P, (). Jlokaxkure, aro Touku P, (), C] jexkar Ha OJHONW HPSMOI.

Given triangles ABC and A; B;Cy located in such way that BC' || B;Cy, AC || A;C4, and points
A, B, Ay, By lie on a line. Let the circumscribed circles of triangles A; BC' and AB;C' intersect at points
P, Q). Prove that points P, @), C] lie on a line.

Pemenne (RUS). flcHo, uro omma u3 OOMUX TOUEK YIOMSHYTBHIX B YCJIOBHH OKDYKHOCTEH —
10 Touka (', modTOoMy myctb P — ee BTOpoe mMms, a TOYKA () — BTOpAadg TOYKA MEPECEUEHUs] ITHX
OKPYZKHOCTEM.
Torna LZACQ = LAB1Q u ZQCB = ZQA,B. llostomy LA,C1B, = ZACB = ZACQ + ZQCB =
LAB1Q+/ZQA B = ZA1Q By, T.e. Touku Ay, By, C1 u (Q nexkat Ha omgHO# okpykHOCTH. CJIe10BaTe/IbHO,
LACQ = LA B1Q = LZACQ. YuutwiBas, urto A C || AC, monyuaem Tpebyemoe.

Kpurepumn oneHuBaHmd:

e IIpUBeJeHa MOTEHIMAIBHO ILIOJOTBOPHAS Hes J0Ka3aTeJbCTBa, HO € CePbe3HOi ommuOKoi B pac-
CYKJEHUAX — 2 MePBUYHBIX OaJLIa;

e NpuUBeJeHA IOTEHNHUAIBHO IJIOJOTBOPHAS HIesl JIOKA3aTebCTBA, HO C OMINOKOIl B BBITHCJIEHAIX —
3 mepBUYHBIX OAJLIa;

® B JIOKA3aTeNbCTBE CO/IEPIKATCA TOJIBKO HE3HAYUTEIbHBIE ONMMMOKYN — 4 MepBUYHBIX DaJLIa;

® IIOJIHOCTBIO BEPHOE JOKA3aTeJbCTBO — O MEPBUYHBIX OAJIIOB.
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Solution (ENG). It is clear that one of the common points of the circles mentioned in the task’s
formulation is point C', so let P be its second name, and point () be the second intersection point of
the circles.

Then LZACQ = LAB1Q and ZQCB = ZQA,B. By that, ZA,C1B; = ZACB = ZACQ+ ZQCB =
LABQ + ZQAB = LZAQBy, i.e. points Ay, By, C; and () lie on the same circle. Thus, ZAC1Q =
LA B1Q = LZACQ. Considering that A;C || AC, we obtain the required conclusion.

Criteria:

e a potentially fruitful idea for a proof is given, but it contains a serious error in reasoning — 2
pre-points;

e a potentially fruitful idea for a proof is given, but it contains an error in calculations — 3 pre-points;
e the proof contains only minor errors — 4 pre-points;

e a completely correct proof — 5 pre-points.
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11-12"" degree

Task 1.

1. W3BecTHO, 4TO ecTh poBHO 22924 croco60B BHIOpATh W3 KOHETHOIO MHOZKECTBa A MOIMHOMKECTBO,
cozlepzKallee HeIETHOE YHCJIO 3JeMeHTOB. UeMy paBHO KOJHMYECTBO JIEMEHTOB MHOMKecTBa A?

There are exactly 220% ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?
Answer: 2025

2. U3BecTHO, 9TO ecTh posHO 22924 c0OCOGOB BHIOpATh M3 KOHETHOTO MHOZKECTBA A MOIMHOXKECTBO,
cojlepzKaliee 4éTHOe (BO3MOMKHOE, HY/IEBOE) YUCJIO0 3JIEMEHTOB. eMy DaBHO KOJIMYECTBO 3JIeMeH-
TOB MHOKecTBa, A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. Ussectno, uto ecth posHo 2% crmoco6oB BLHIGpATh W3 KOHETHOTO MHOMKECTBA A MOIMHOMKECTBO,

coiepzKalee HeIETHOe YHCJIO 3JIeMeHTOB. UeMy paBHO KOJIHYECTBO JI€MEHTOB MHO:KecTBa A7

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. UssectHo, 4TO ecThb posHO 2'°' croco6oB BLIOpATh M3 KOHEYHOrO MHOMKECTBA A MOIMHOMKECTBO,

cojiepzkaltee Y€THOE (BO3MOXKHOE, HYJIEBOE) YHCIO JEMEHTOB. UeMy PaBHO KOJHYECTBO HJIEMEH-
TOB MHOZKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemrenue (RUS). (mpeacrasieno perenne Bapuanta N1, octajabHbIe PENIAIOTCS AHAJIOTHTIHO)
Sadukcupyem HeKOTOPHIH 31eMeHT © MHOXKecTBa A. Tenepb pa3obbeM Bce ero moJMHOZKECTBA HA TaPHI,
OTJIMYAOIINECS] TOJIBKO HasmdueM (nbo orcyTcrBueM) snemedTa . OUeBHIHO, B KaxKIOH mape OIHO
IIOJIMHOKECTBO COJEPKUT YE6THOE (BO3MOXKHO, HYJIEBOE) YHCJIO FJEMEHTOB, a JPYyroe — HeYETHOe TUCIIO
s1eMeHTOB. TakuMm 0oOpa3oM, «IETHBIX» MOJAMHOMKECTB CTOJTBKO 2Ke, CKOJBKO U «HEUYETHBIX» — 3HAYUT,
eCJIM MHOYKECTBO A COJEPIKUT N IJIEMEHTOB U, KaK CJeJCTBHE, 2" TOIMHOKECTB (BKIIOUYAs MYCTOE), TO
KOJIMYIECTBO «HEUETHLIX» IOAMHOXKECTB pasHo 2" : 2 = 2L Tlo ycaoBuio 310 Komdectso pasao 22924,
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oTKyJa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «evens subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~ By the task’s condition, the number is
22024 thus n = 2025.

Task 2.

1. Topox N cocTonT m3 5 X 5 KBapTaa0B, KaxK/JIbIH U3 KOTOPHIX — KBajgpaT co cTopoHoit 100 meTpoB
(CTOPOHBI KBAJAPATOB — 3TO y/auIel). HaiinTe HAMMEHBITYIO BO3MOXKHYIO JJIAHY MYTH, TIPOXOJIsI-
Iero mo Kaxk1oit ysuie ropoga N xorsa Obl 1o ogHomy pasdy. OTBer maiite B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 6700

2. Topox N cocrout u3 5 X H KBapTaJioB, KazK/blil U3 KOTOPHIX — KBajipar co croponoii 200 meTpon
(cTOpOHBI KBaAPATOB — 3TO y/aulkl). Haiinre HAMMEHBITYIO BO3MOKHYIO JJIHHY MYTH, TTPOXOJIsI-
IMEero 1Mo Kaxk a0 yiuie ropoga N xorst Ob1 10 ogHOMY paldy. OTeer maiiTe B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 13400

3. Topoa N cocrout u3 3 X 3 KBapTaa0B, KaxK/Iblii U3 KOTOPBIX — KBaJpar co croponoii 100 merpon
(CTOPOHBI KBaJIPATOB — 3TO yJuIbl). HaiinTe HAMMEHBIIYIO BO3MOXKHYIO JJIHHY MYTH, TTPOXOJIsI-
ero 1mo Kaxkaoi yiaure ropoga N xots Obl o ogHOMY paldy. OTBeT maiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 2700

4. Topoa N coctout m3 3 X 3 KBapTaJIOB, KaXKJIblif U3 KOTOPBIX — KBaJIpaT co cTroporHoit 200 MeTpoB
(CTOPOHBI KBAJIPATOB — 3TO VJIHIE). HaiinTe HAMMEHBIIYIO BO3MOXKHYIO JJIMHY MYTH, TTPOXOJIsI-
Iero mo Kaxkjaoit yauie ropoaa N xoTsa Obl o ogHomy pa3y. OTBer maiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 5400

Pemenne (RUS). (upeacrasieno pemenne papuanta N1, ocrajbHbIe DEHIAIOTCS AHAJIONHIHO)

B ropose N ectb 60 orpeskos yuuil jyunoit mo 100 meTpoB kKaxkblii. [IpejgcraBuM ceThb yauil B BHIE
miockoro rpada, rae pebpa — ymoMsiHyThle OTPEe3KH, a BepITHHBI — MePeKPECTKH (B T.9. MePeKpPecTKH
JBYX OTPE3KOB YJHUI[ B yIJaX ropoja), U 3aMeTHM, 4TO B 5TOM rpade 16 BeplInH HEYETHOH CTeleHHn.
JIBe U3 HUX MOTYT OBITH COOTBETCTBEHHO HAYAJIOM U KOHIIOM IIYTH, a OCTaJbHbIe 14 HpHIeTCA HOCeTUTH
KaK MUHUMYM JBAYK/BI, T.€ IPUIETCS TPOWTH IBAXK/IBI KAK MHHUMYM TI0 7 pebpaM (1o OJHOMY Ha JIBe
«COCeTHHUEe» BePIINHBI HEYEeTHON CTeNeHH), HO3TOMY MUHUMAJbHOE KOJIHYECTBO MPOiiIeHHBIX pebep He
MOxKeT ObITh MeHbIe 60 + 7 = 67, u Torga obias JJINHA COOTBETCTBYIOIINX OTPE3KOB YJIUIL COCTaB/IAET
ue menbirne 6700 merpoB. CooTBeTCTBYIONUI HTpuMep 00X0/1a MIPUBEIEH HA PUCYHKE.

e Flinish

[0}

Start

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

In the town N there are 60 street segments, each 100 meters long. Lets represent the street web as
a planar graph, where the edges are the street segments mentioned, and the vertices are intersections
(including intersections of two street segments at the corners of the city), and note that this graph has
16 vertices of odd degree. Two of them can be the beginning and end of the path, respectively, and the
remaining 14 must be visited at least twice, i.e. it is necessary to traverse at least 7 edges twice (one
for two adjacent vertices of odd degree), therefore the minimum number of edges traversed cannot be
less than 60 + 7 = 67, then the total length of the corresponding street segments is not less than 6700
meters. The corresponding example is shown on the picture above.

Task 3.
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1. PaccMOTpuM pPeKypCUBHBIH aJroOpuTM JIjIsI HEOTPHIATEIbHBIX HEIBIX a, b, C:

c, ecim b= 0
F(a,b,c) =< F(2a,b/2,c), ecau b yeTHoe
F(2a,(b—1)/2,c+a), ecau b nederHoe

Pemure ypasrenne: F(x,z,z) = 110.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,¢), if b is even
F(2a,(b—1)/2,c+a), ifbisodd

Solve the equation: F(x,z,x) = 110.

Answer: 10

2. PaccmoTpuM peKypCHBHBIN aJiTOPUTM JJis HEOTPUIATEIBHBIX MEJIbIX a, b, ¢:

c, ectn b =0
F(a,b,c) = F(2a,b/2,c¢), ecan b geTHOE
F(2a,(b—1)/2,c+a), ecan b neuernoe

Pemmure ypasuenne: F(x,z,x) = 240.

Consider a recursive algorithm for non-negative integers a, b, c:

c, itb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,¢+a), ifbisodd

Solve the equation: F'(x,z,z) = 240.

Answer: 15

3. PaccMoTpuM peKypCHBHBIN aJITOPUTM JJIsi HEOTPUIATEIBHBIX MEJIbIX a, b, ¢:

c, eciim b= 0
F(a,b,c) =< F(2a,b/2,c), ecim b gernoe
F(2a,(b—1)/2,c+a), ecnau b nederHoe

Pemure ypasuenne: F(z,z,x) = 90.

Consider a recursive algorithm for non-negative integers a, b, c:
c, ifb=20

F(a,b,c) =< F(2a,b/2,c), if b is even
F(2a,(b—1)/2,c+a), ifbisodd
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Solve the equation: F'(z,z,z) = 90.

Answer: 9

4. PaccMoTpuUM peKypCHBHBINA aJITOPUTM JIJId HEOTPUIIATEIbHBIX IEJIbX a, b, c:

c, ectn b =0
F(a,b,c) = F(2a,b/2,c¢), ecan b geTHoe
F(2a,(b—1)/2,c+a), ecan b neuernoe

Pemure ypasrenne: F(x,z,x) = 182.

Consider a recursive algorithm for non-negative integers a, b, c:

c, itb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,¢+a), ifbisodd

Solve the equation: F(x,z,z) = 182.

Answer: 13

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
Hoxkazkem mnaykmueit mo b > 0 ciemyiomiee yreepxkaenune: F'(a, b, ¢) = ab+c. baza unnykmuun: F(a,0,c) =
c=a-0+c=c
[Tycrs st mekoroporo b > 0 mmeer mecro F(a,k,c¢) = ak + ¢ maa Beex 0 < k < b. Beraucaum
F(a,b+1,¢):

Ecau b+ 1 wérno, To b+ 1 = 2k, tne 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k,c¢) = F(2a,k,c) =
20-k+c=ab+1)+c
Ecmu b + 1 meuérno, o b+ 1 = 2k + 1, e 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Cnenosaresnno, F(a,b,c) = ab+ ¢ nus seex b > 0, u noromy F(a,a,a) = a® + a. 3uauur, ypasne-
nue F(x,r,z) = 110 npusogurca K Buay x> + x = 110, 1 eJIMHCTBeHHBIA ero Ne/blii HeoTpUuIaTe LHbIi
KopeHb — yncyo 10.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets prove the following statement by induction on b > 0: F(a,b,c) = ab + c. Base of the induction:
F(a,0,c) =c=a-0+c=c.
Let for some b > 0 we have F'(a, k,c) = ak + ¢ for all 0 < k < b. We calculate F(a,b+ 1,c¢):
If b+ 1 is even, then b+ 1 = 2k, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k,c) = F(2a,k,c) =
20-k+c=ab+1)+c
If b4+ 1is odd, then b+ 1 = 2k + 1, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Therefore, F(a,b,c) = ab + c for all b > 0, thus F(a,a,a) = a® + a. By that, the equation
F(x,z,2) = 110 is reduced to the form z? + 2 = 110, and its only non-negative integer root is 10.

Task 4.
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1. HasoBem n-3Be€3/0fi 3aMKHYTYIO JIOMAaHYIO C 7 PABHBIMU 3BEHbAMH M BEpIIMHAMHU B BEPIIMHAX
PaBUIILHOTO n-yrojbauka (n > 3). Ckoubko cymecrByer 40-38e317

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 40-stars are there?

Answer: &

2. HazoBem n-3Be3/10ff 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMU 3BEHbSIMH M BEPIIMHAMU B BEpPIIMHAX
PABUIBHOTO n-yroabauka (n > 3). Ckoabko cymecrByer 50-3Be31?

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 50-stars are there?

Answer: 10

3. HazoBem n-3Be3/10if 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMU 3BEHBSIMH W BEPIIMHAMU B BEPITHHAX
NpPaBUIbHOTO n-yroiapauka (n > 3). Ckoabko cymecrByer 80-3Be31?

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 80-stars are there?

Answer: 16

4. HazoBeM n-3Be370ff 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMU 3BeHbsIMHU W BepIINHAMH B BepPIIHHAX
NPABUILHOTO N-yroabauka (n > 3). CKOIbKO cyiiecTByer 72-3Be317

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 72-stars are there?

Answer: 12

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHYIHO)
[Tycrs AB — 0jHO U3 3BEHbEB JIOMAHON-«3BE3/bl» U3 YCJOBUS, HA30BEM «IAIOM» 3BE3/bl KOJIMYECTBO
BEPIIUH N-YIOJbHUKA Ha MeHbIned jyre AB onucaHHON OKOJIO HEr0 OKPYYKHOCTH, YBEJIHYEHHOE Ha
1 (mampumep, ecam A, B — cMexKHbIe BepINUHBI, TO TMar 3Be3abl paseH 1). O4eBnano, 9TO N-3BE37a
OJHO3HAYHO 33J1a€TCs CBOMM IIAIOM, HPHIEM 3BE3JIbl JIJId Iaros k u n — k OJIMHAKOBBL.

OcTanoch HOHATH, IPH KAKUX k KOJIUYECTBO 3BEHBbEB JIOMAHOU-<«3Be3IbI» OYIeT PABHO N: CHO, YTO
ectnt HO/l(n, k) = d > 1, To u3 d mofpsia uIyIuX BEPITHH N-YTOTBHUKA TOJBKO OJHA OYIeT BEePITHHON
3BE3JIBI, ¥ [IOTOMY KOJUYECTBO €€ 3BEHBbEB Oy/eT MEHbIIE Nn.

Nrak, k u n gojKEB OBITH B3aUMHO HPOCTBIMH, PHYEM 3BE3/bl pa3dbUBAIOTCH HA Tapbl PABHBIX,
I09TOMY TpebyeMoe KOIuIecTBO paBHO ¢(n)/2, tie p(n) — dyHknusg Ditepa ducia n, T.e. KOJTHIECTBO
HATYPAJbHBIX YHCEN, HE NPEBOCXOISIINX 7 U B3AUMHO HPOCTHIX C N.

[Tockonbky ¢(40) = 16, koamaectBo 40-3Be31 paBHO 8.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let AB be one of the links of an n-star from the task’s formulation; we will call the star’s «step» the
number of vertices of the n-gon on the smaller arc AB of the circle described about it, increased by
1 (for example, if A, B are adjacent vertices, then the step of the star is 1). Obviously, the n-star is
uniquely determined by its step, and the stars for steps k£ and n — k are the same.

It remains to understand for what &£ the number of links of an n-star will be equal to n: it is clear
that if GCD(n, k) = d > 1, then out of d consecutive vertices of the n-gon, only one will be a vertex of
the star, and therefore the number of its links will be less than n.

So, k and n must be relatively prime, and the stars are divided into pairs of equal ones, so the
required number is p(n)/2, where ¢(n) is the Euler function of n, i.e. the number of positive integers
not exceeding n and relatively prime to n.

Since ¢(40) = 16, the number of 40-stars is 8.

Task 5. Cpean Bcex OpTOrOHATBHBIX TPOEKIINN TPEYTOTBHOM MUPAMUILI PP Ha TIOCKOCTH CaMyIo O0JIb-
IIYIO IJIONIA/Ib UMEET IIPOEKIMS Ha IJIOCKOCTD (v, SBJILIONIAICSH YeThIPEXYTOJbHUKOM M MMEIOIAs 1110~
mab 12, Haiiaure odbem nupavuanl P, eciau pacCTOdHHE MEXKY €€ CKPElNUBAIONIMMUCH pedpaMi,
napaJiieTbHbIMU v, paBHO 2. OOocHY#Te CBOIT OTBET.

Among all orthogonal projections of a triangular pyramid P onto a plane, the projection onto the
plane o, which is a quadrilateral of an area 12, has the largest area. Find the volume of the pyramid P
while the distance between its edges parallel to « is 2. Explain your answer.

Answer: &

Pemrenue (RUS). [Iycrs ckpemnuBaoriuecst pebpa, 0 KOTOpbIX rooputcs B yeaosuu — AB, CD, a
UX IPOEKIMK Ha II0cKocTh o — A’ B, C' D', coorBercTBerHo. Beuay napasurensnocru umeem AB = A'B’,
CD=CD.
Kpowme roro, miomaap S gerbipexyroabuuka A’ B'C' D' moxer ObiTh Hajigena Kak %-A’B’-C’D’-sin ®,
rae p — yroua mexay A'B’ u C'D'. B cBoto odepenn, o6bem V' nupamugbl ABC'D MOXHO HallTh Kak
% -AB-CD - h-sinp, tne h — paccrositane mex ity npameivu AB u C'D. Otciona moaydaem

1

1
S h==
3

V = .12.2 =218
3

Kpurepuu onennBanus:
e JlaH BepHbIil orBeT Oe3 obocHoBanuit — () OA/LIOB;

e JIaH BepHBI OTBET U IPHUBEIEHA IMOTEHINAILHO ILJIOAOTBOPHAS UIes J0KA3aTeIbCTBA — 2 MepBUU-
HBIX DaJLIa;

® JIaH BEPHBIN OTBET, IPUBeJleHA U YACTUIHO peaju30BaHa MOTEHIHAJIBHO ILJIOJOTBOPHAS Hjed J0-
Ka3aTebCTBa — 3 MEPBUYHBIX OAJLIA;

® JJOKa3aTeJIbCTBO COACPZKUT TOJILKO HE3HaYUTEeJIbHbIe ook — 4 IIEePBUYIHBIX 6aﬂﬂa;

® TIOJTHOCTBIO BEPHOE JIOKA3aTeIbCTBO — O MEPBUIHBIX OAJIOB.

Solution (ENG). Let the edges mentioned in the task’s formulation be AB,CD, and their
projections onto the plane a be A'B’,C'D’, respectively. Due to parallelism, we have AB = A'B’,
CD=CD.
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In addition, the area S of the quadrilateral A’B’C’D’ can be found as % -A'B"-C'D’ - sin ¢, where ¢
is the angle between A’B’ and C’D’. Moreover, the volume V of the pyramid ABCD can be found as
% -AB-CD - h-sinp, where h is the distance between the lines AB and C'D. By that,

1

V=5 S h=5-122=8

1
3

Criteria:

the correct answer is given without explanation — 0 points;

the correct answer is given and a potentially fruitful idea for proof is given — 2 pre-points;

the correct answer is given, a potentially fruitful idea for proof is given and partially implemented
— 3 pre-points;

the proof contains only minor errors — 4 pre-points;

a completely correct proof — 5 pre-points.

Task 6. /lanbl gamedHble BeChl: OHE MOI'YT aOCOIIOTHO TOYHO IIOKA3bIBATH PABEHCTBO MACC I'PY30B HA
Jalnax BeCOB, a eCJM MACChl TPY30B PA3JIMYHBI, TO MOKA3BIBAIOT, HA KaKOil Jalie rpy3 Tskejaee (HO He
MOKA3BIBAIOT, HA CKOJIBKO I'py3 Tsxkesee). Takxke maH HAGOP U3 N TP, MACCa KaXKIOH M3 KOTOPBIX —
[EJI0€ MOJOKHUTEIHHOE UHCJIO TPAMM, YTOOBI ONPEIEJHTb C IMOMOINBIO YTUX THPh M YAIleYHBIX BECOB
a6yt Maccy m < M(n) (m — 1nenoe moOAOKUTETHHOE THCIO TPaMM) Tpy3a, Tae M(n) — MakcuMaabHO
BO3MOZKHOE Jijist JanHoro n. Haiimure Boipazkenue st M (n). OBocuyiiTe cBOii OTBeT.

A scale is given: it can show absolutely accurately the equality of the masses of the loads on the scale
pans, and if the masses of the loads are different, it shows on which pan the load is heavier (but does
not show how much heavier the load is). Also given a set of n weights (the mass of each is a positive
integer number of grams) in order to determine with the scale any mass m < M(n) (m is a positive
integer number of grams) of the load, where M (n) is the maximum possible for the given n. Find an
expression for M (n). Explain your answer.

Answer: 3"

Pemrenune (RUS). /lng Havana 3aMeTHM, 9TO THPH He 3alpENeHO (2 3HAYUT, MOXKHO) KJACThH
Ha 00e Jalu BecoB. Ec/im MbI MOXKeM OIpeIenTh, 9TO BeC w rpysa Menbine t + 1, Ho 6osabire ¢t — 1
(171sT HEKOTOPOTO TIEJIOTO TOJIOKUTEIBHOTO ), TO, KOHEYHO, w = ¢, T.K. [0 YCJOBUIO Macca Tpy3a —
eJI0e YHCJIO0. 3HAYMT, He 00s3aTe/IbHO UMETh BO3SMOXKHOCTD «B3BEIIUBATLY BCE IOJIOKUTEIbHBIE IeJIbIe
w < M(w), a 1ocTaTOYHO B3BEIUBATE Bee 4éTHBIE w 0T 2 710 M (w)—1 (M (w) 1071KHO OBITh HEYETHBIM,
9100bI OBITH MaKCHMaIbHBIM: ecan w > M(w) — 1, To w = M(w)).

Bes orpannuenns obmuocT Oy1eM CYUTaTh, 9TO B3BENIMBACMbIH TPY3 JICKUT Ha JIEBOIi Jale BeCOB.
OueBUIHO, I/ KayKJI0# M3 M IUPb €CTh POBHO 3 BO3MOXKHOCTH: JIMOO OHA JIE?KUT Ha IPaBOil dalie
BECOB, JIUOO Ha J1eBoii, 1160 BOOOIIE He YIACTBYET BO B3BEIIHBAHUM — 3HAYUT, KOJUIECTBO YETHBIX MACC,
KOTOPBIE MBI MOZKEM OTMEPHTD, He IIPEBOCXOUT 2——1: KOIHYECTBO CIOCOGOB PACIONIOKHTD 7 THPb MEHYC
OHO (COOTBETCTBYET CHTYAIMH, KOIJa Mbl BOOOIIE He KJaJeM HMPU Ha BeChl), JEJICHHOe Ha /B, T.K.
KayKJIOMY DACIOJOKEHUIO COOTBETCTBYET HEHYKHOE — «IIPOTHBOMOJIOKHOEY (J1eBas Jalma MeHsIeTCsT Ha
npaByio, n HA06OpoT), Wit Koroporo w < 0, orkyaa M(n) < 3™

Bribepem tupu ¢ Maccamu 2,2 - 3,2 -32,2-3%,...,2-3""! rpaMM 7 HOKazKeM, KaK ¢ UX IOMOIIBIO
OIIPeIeINTE 000 MOJI0KUTENBHBIA 1eblil Bec w < 3".

Herpyano nonsith, 4o j1060e (1e10e mogoKuTeIbHOe) 9UCI0 B TPOUIHON CUCTEeMEe CUUCICHHS MOZK-

HO IIpeACTaBUTL B BHUAEC PA3HOCTH HEJbIX ITOJOZKUTEJIBHLIX YUCEJI, B TpOI/I‘IHOfI 3allUCH KOTOPbIX HE
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UCTIOJIb3yeTcs Tudpa «2». Eciu w 49éTHOE, TO MpejcTaBUM ero B TaKOM BHIe: w = a — b, TJe ducia
@, b 3aMuCHIBAIOTCS B TPOUYHON cucTteMe cuucsenus 6e3 mudpol «2», u mudpol «1» cTOAT B 9TUX YUC-
JaX B pa3HBIX paspsaax (mHade 5TH nudpPbl MOKHO 3aMeHHTh Ha Hy/H). fcHo, 410 a,b < 3", T.e. B
MX TPOMYHOIT 3aliCH HCMOJIB3YIOTCsT He Gostee n 3uavanux mudp (y kaxaoro). Temneps mycrh enxnHuIe
B k-M paspsie COOTBETCTBYeT rmps Mmaccoil 2 - 3 (k =0,1,2,...,n — 1), npudeM paspsapl 4ucIa a
COOTBETCTBYIOT IpaBOil dalle BecoB, a pa3psiabl b — JjeBoit. Takum obpaszom, pasHocTu a — b cooTBeT-
CTBYET PACMOJIOXKEeHWe TUPDh HA JIBYX YalllaX BECOB, TOTJa a — b MpUHUMAET Bce YETHBIEC 3HAUCHUS OT 2
710 (3" — 1), T.e. MBI MOXKEM B3BECHTD JII000€ TIOJOKATEIbHOE deTHoe w < 3".

Ecan ke w He4éTHO, TO ONHCAHHBIM BBIIIE CHOCOOOM ompegennm dernsre w + 1 (ecom w < 3") u
w — 1 (ecanm w > 1) — Tak MBI OIPEJIEJUM W ¢ YIETOM TOIO, YTO OHO IEJI0e.

Kpurepun oneHnBaHusd:
e [IpHBeJIEHA MMOTEHIINAJIBHO TIJI0J0TBOPHAA HJiesl peleHns — 1 nmepBuIHbIi OaJLT;

e NpHUBEIEHA W YACTUIHO PeAJTIM30BaHa MOTEHIUAJIBHO [IJIOTOTBOPHAS HIes PEIeHNs — 2 TePBUIHBIX
baJL1a;

e NpHBEJEHA Ulesl C TPOMYHOM cHCTeMOl (B TOM MM HHOM BUJIE), HO HET JOCTATOYHOTO OOOCHOBAHMUSI
— 3 MepBUYHBIX OaJsLIa;

® pelneHue IOoYTH IHOJHOCTBIO BEPHO 3a MCKJIIOYEHHEM He3HaYUTe/IbHbIX OIHI/I6OK, Jnbo He Y4TeHo,
9TO HeYeTHbI€ BECa MOXKHO H€ YpaBHUBATL ABHO — 4 IEePpBUYIHBIX 6am1a;

® II0JTHOCTBHIO BEpHOE pelieHne — 5 MePBUIHBIX OaJIIO0B.

Solution (ENG). Note that it is not prohibited (and therefore it is allowed) to place weights on
both scale pans. If we can determine that the weight w of the load is less than ¢ + 1, but greater than
t — 1 (for some positive integer t), then, of course, w = t, since by the condition the mass of the load
is an integer. It means that it is not necessary to be able to «weigh» all positive integers w < M (w),
but it is sufficient to weigh all even w from 2 to M(w) — 1 (M (w) must be odd to be maximal: if
w > M(w) — 1, then w = M(w)).

Without loss of generality, we assume that the load lies on the left scale pan. Obviously, for each
of the n weights there are exactly 3 possibilities: either it lies on the right pan of the scale, or on the
left, or does not participate in the weighing at all — this means that the number of even masses that we
can measure does not exceed %: the number of ways to arrange n weights minus one (corresponds to
the situation when we do not put weights on the scale at all), divided by two, since each arrangement
corresponds to an unnecessary one — the «opposite» (the left pan changes to the right, and vice versa),
for which w < 0, whence M(n) < 3™.

Lets choose weights with masses 2,2-3,2-32,2-3%,...,2-3""! grams and show how to use them to
determine any positive integer weight w < 3".

It is easy to see that any (positive integer) number in the ternary notation can be represented as
a difference of positive integers, in the ternary notation of which the digit «2» is not used. If w is
even, then we will represent it in the following form: w = a — b, where the numbers a, b are written in
the ternary notation without the digit «2», and the digits «1» are in different places in these numbers
(otherwise these digits can be replaced with zeros). It is clear that a,b < 3", i.e. in their ternary notation
no more than n significant digits are used (for each). Now let the k-th digit correspond to a weight of
2-3% (k=0,1,2,...,n— 1), where the digits of a correspond to the right scale pan, and the digits of b
correspond to the left. Thus, the difference a — b corresponds to the arrangement of the weights on the
two scale pans, then a — b takes all even values from 2 to (3" — 1), i.e. we can weigh any positive even
w < 3",

If w is odd, then we will use the method described above to determine even weights w+1 (if w < 3")
and w — 1 (if w > 1) — this is how we will determine w taking into account that it is an integer.

Criteria:
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a potentially fruitful solution idea is given — 1 pre-point;

a potentially fruitful solution idea is given and partially implemented — 2 pre-points;

e an idea with a ternary system (in one form or another) is given, but there is no sufficient
explanation — 3 pre-points;

the solution is almost completely correct except for minor errors, or it is not taken into account
that odd weights do not need to be explicitly equalized — 4 pre-points;

a completely correct solution — 5 pre-points.



