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Cucrtema ornennBanus / Task score

1. TlepBuuHnas oneHKa perreHus KaxkK/J0# 3a/1a4u BbICTABJISIETCs 110 H-0a/LIbHON MIKaJIe.

Eciin K 3aj1a4e HyKeH TOJIbKO KPATKHil OTBET, TO 110 Hell BbicTaB/isgercs Jnoo () nepBuIHbIX O6aJI0B,
aubo 5.

2. JInst KaxK 10l 3aa90 BRIYUCISAETCS cpeuuii 6amwt (M) no pe3yabTaTaM ee PeIleHns BCeMU yIacT-
HUKAMU.

3. Becogoii koadbduruent (K) KaxKI0ii 331a91 BEIYUCIACTCS 0 (HOPMYIIe

K=3-05-M

4. Ba/1 KaxKa0ro y4acTHHKA 3a KazK/IVIO 33/1a9y YMHOZXKaeTcs Ha BecOBO Kodhbdunuent roit 3a1a-
qd.

5. Banner, HabpaHHBIE YYACTHUKOM, CYMMUPYIOTCS € MOCHEAYIONUM OKPYTJIeHuEM 0 OIuzKalIero
HEJI0T0 B OOJIBIIYIO CTOPOHY.

1. Pre-score of the solution to each task is set on a 5-point scale.

If the task requires short answer then pre-score will be 0 or 5 points.
2. An average score (M) is calculated based on the results of all participants for each task.

3. The weighting coefficient (K) of each task is calculated using formula

K=3-05-M

4. Each participant’s score for each task is multiplied by the weighting coefficient of that task.

5. The points scored by the participant are summed and then rounded up to the nearest integer.
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7-8!" degree

Task 1.

1. B BBIIYKJIOM n-yroJbHUKEe HUKAKHE TPU JTUArOHAJIH He IPOXOAAT Yepe3 OJHY TOUKY, OTJUIHYIO OT
BEPIIHHBI, & 00IIee YUCJI0 TOUYEK MepecevdeHns JTuaroHaJei, OTIHIHbIX OT BEPIIUH N-YTOJbHUKA,
pasuo 330. Haiijiure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 330. Find n.

Answer: 11

2. B BBIIIYKJIOM TM-yTI'OJIbHUKE HUKAaKHEe TPU AUalOHaJIW He IIPOXOJAT Yepe3 OAHy TOYKY, OTJIMYHYIO OT
BEPIIUHBI, & 00Iee YUCI0 TOUYEK MepecedeHnd JuaroHajeil, OTJIMIHBIX OT BEPIIUH N-YTOJbHUKA,
pasuo 495. Haiiure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 495. Find n.

Answer: 12

3. B BBIIYKJIOM N-yTOJIbHUKE HUKAKHe TPU JUATrOHAJIU He IPOXOSAT Yepe3 OJHY TOYKY, OTJINIHYIO OT
BEPIIUHBI, & 00Iee YUCI0 TOUEK MepeceveHns JuaroHajJeil, OTIUIHBIX OT BEPIITWH N-YTOJTbHUKA,
pasuo 1001. Haiigure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 1001. Find n.

Answer: 14

4. B BBIIIYKJIOM N-yroJibHAKE HUKAKHE TPU JUATOHAIN HE IPOXOIAT Yepe3 OJHY TOUYKY, OTJIHIHYIO OT
BEPIINHBI, & 00IIee IHCI0 TOUYEK MEePeCedeHns TuaroHaJiel, OTINYHBIX OT BEPIMUH N-YTOJbHUKA,
paBuo 1365. Haiigure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 1365. Find n.

Answer: 15

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
Kaz10if TOUKe Iepecedenns Juaronaieil CoOOTBeTCTBYET YeTBEPKa BEPIIHH N-yTOJbHUKA, SBIIIONIXCH
KOHI[AMH 9THX JIHArOHaJed, I HAa000pOT. 3HAUUT, UUCIO TOUEK HepecedeHnsl AUArOHaIeil paBHO THCITY

CIOCOGOB BBHIGPATH YETHIPE BEPITHHLI U3 1, T.¢. C'4 = ”(”_1)(7;2)(”_3) = 330. ITombopom naxomum n = 11
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— 9TO e,ILI/IHCTBeHHbIIL/'I KOpeHb, IIOCKOJIbKY Pa3HOMY YHCJIY ,ZLI/IaI‘OHaIIeﬁ COOTBETCTBYET pa3Hble KOJIUYE-
CTBa TOYEK uUX llepecedeHusd.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Each intersection point of the diagonals corresponds to a set of four vertices of the n-sided polygon, which
are the ends of these diagonals, and vice versa. This means that the number of intersection points of the
diagonals is equal to the number of ways to choose four vertices from n, i.e. (}) = "("_1)(222)("_3) = 330.
By that, we find n = 11 — this is the only root, since different numbers of diagonals correspond to different

numbers of their intersection points.

Task 2.

1. Ha stecnoit nonsine cobpasinch 29 3aiines u 42 Gesiku, 94T00bI pa3aeanTb MexKy co0oil Bce coOpaH-
Hble 010K, (OKa3a/10Ch, 9YTO €CTh TOJIBKO OAUH CIOCOD PACHPENeUuTh 3TH SA0JOKH TaK, dTOOBI
JIIOOBIM JIBYM 3aiiIiaM JOCTAJIOCh OJMHAKOBOE KOJHUYECTBO s0JI0K, JIIOOBIM JIBYM OeJIKaM — TOKe
MOPOBHY (BO3MOXKHO, MO CTOJBKO Ke sIBJIOK, CKOJIBKO W 3aliiiam), u 9TOObI MPH 3TOM HUKTO He
yiresn 6e3 610K, 11pn kakoM HaubOIbIIEM KOJIHYECTBE COOPAHHBIX SI0JJOK TaKOe BO3MOMKHO?

29 hares and 42 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 2436

2. Ha Jrecnoit nonsne cobpanuch 25 3aiites u 43 6e1ku, 9T00bI pa3aeuTh MexK Iy co0oi Bce cobpan-
Hple s0710Ku. OKa3aa0Cch, 9YTO €CTh TOJbKO OIUH CIOCOD pacIpeaeUuTh 9TH S0JOKU TaK, YTOOBI
JIFOOBIM JIBYM 3aiiliaM JI0CTaJI0Ch OJIMHAKOBOE KOJMYeCTBO $I0JI0K, JIIOOBIM JBYM OejiIKaM — TOxKe
OPOBHY (BO3MOXKHO, 1O CTOJIBKO Ke si0JIOK, CKOJBKO W 3afiliam), u 9T00bl IPH 9TOM HUKTO He
yiesa 6e3 610k, I1pn kakoM HaubOIbITEM KOJIHYECTBE COOPAHHBIX 0JOK TaKOe BO3MOMKHO?

25 hares and 43 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 2150

3. Ha jiecnoit nosisine coopaJsuch 35 3aiites u 46 0es10K, 94To0bl pa3/Ie/iuTh MeXK,1y co00il Bce cobpaH-
Hble g010Ku. OKa3a/10Ch, 9YTO €CTh TOJIBKO OAUH CIOCOD PACIPENeTUuTh 3TH SI0JOKH TaK, ITOOBI
JIIOOBIM JIBYM 3aiillaM JI0CTaI0Ch OJIMHAKOBOE KOJUYECTBO SI0JIOK, JIFOOBIM JABYM OejiKaM — TO¥Ke
OPOBHY (BO3MOXKHO, MO CTOJIBKO Ke si0JIOK, CKOJIBKO U 3afiliam), u 9TOObI MPH ITOM HUKTO He
yires 6e3 ss610K. 11pu kakoM HaubosIbIIeM KOJIHYECTBE COOPpAHHBIX SI0JJ0K TaKOe BO3MOMKHO?

35 hares and 46 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
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way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 3220

4. Ha Jtecnoit nossine cobpannchk 49 3aiites u 32 6eku, 9TOOBI pa3IeanTh MexK Iy coboii Bce coOpaH-
Hple g0710Kku. OKa3aja0ch, YTO €CTh TOJbKO OJUH CIOCOD paclpeaeuTh 9T 00K TaK, ITOOBI
JIIOOBIM JIBYM 3afIlaM JOCTAJIOCh OJMHAKOBOE KOJHYECTBO sI0JIOK, JIIOOBIM JIBYM OeJIKaM — TOKe
1HOPOBHY (BO3MOXKHO, 110 CTOJIBKO 2Ke si0JIOK, CKOJIBKO M 3aiinam), u 91o0bl 1P 9TOM HUKTO HE
yines 6e3 010k, I1pn kakoM HambOIbITEM KOJIHYECTBE COOPAHHBIX S0JJ0K TaKOe BO3MOMKHO?

49 hares and 32 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 3136

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHTIHO)
[IycTh g906/10KM KaK-TO paciupeaeaeHbl MexKay 3aiiinamMu u oejkaMu. YTobbl OCyIecTBUTD JAPYToi c11ocoo
pazjaadu g0J10K, TOTPedyeTcst OTHATD Y KazK/IOT0 3aia M0 paBHOMY YHCJIY 00K U Pa3/iaTh UX MOPOBHY
GenkaMm (mau HaoGopot). [ToaroMy obIee YucIo 610K, epeJaHHbIX OT 3aiies 6eikaM (Wim Hao6opOT),
kpatHo 1 29, m 42, T.e. KpaTHO 29 - 42 = 1218, T.x. 29 u 42 B3aUMHO TPOCTHI.

Ecan kommdectBo s610K npesocxoaut 2 - 1218 = 2436, To y 3aiines (mmm y Gesnok) Gosbiie 1218
sI0JIOK, ¥ MOXKHO, OTODDAB «JIUIITHEE», Pa3IaTh OeKaM (HJIH, COOTBETCTBEHHO, 3aiillaM), T.e. CYIIeCTBYeT
He MeHee JIBYX CIIocOOOB pa3jpadn 60K, Ecimi ke KomdecTBO g0710K paBHO 2436, TO, pa3aas 3aiiiiam
u GesikaM 1o 1218 s6710K (Ha BCexX), MBI OCYIIECTBUM €IUHCTBEHHYIO BO3MOMKHYIO PA3/ady, 4ToO U Tpe-
boBastoch (3aiinam jgocranerca mo 42 g6j0ka KazxkaoMmy, a 6eskaM — 1o 29 sg610K).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let the apples be distributed between the hares and the squirrels. To implement another way of
distributing the apples, it is necessary to take an equal number of apples from each hare and distribute
them equally among the squirrels (or vice versa). Therefore, the total number of apples transferred from
the hares to the squirrels (or vice versa) is a multiple of both 29 and 42, i.e. a multiple of 2942 = 1218,
since 29 and 42 are relatively prime.

If the number of apples exceeds 2 - 1218 = 2436, then the hares (or squirrels) have more than 1218
apples, and it is possible to take away the «extra» apples and distribute them among the squirrels (or,
respectively, the hares), i.e. there are at least two ways of distributing the apples. If the number of
apples is 2436, then by distributing 1218 apples to the hares and squirrels, we will carry out the only
possible distribution, which is required (the hares will get 42 apples each, and the squirrels will get 29
apples each).

Task 3.
1. IlycThb onepamnus «o» yIOBJIETBOPAET CJAEAVIONIUM CBOMCTBAM:

e xox =1
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e rxo(yoz)=z-(roy)
Borauciure (2024 ¢ (16 ©2)) ©5 u 3amumuTe 0OTBET B BUJE IEJ0T0 YUCIA WIH JIeCATHIHON Tpobu,
IIPH HEOOXOAUMOCTH OKPYTJICHHON JI0 COTBIX.
Let the operation «o» satisfy the following properties:

e xox=1

e zo(yoz)=2z-(xoy)

Calculate (2024 ¢ (16 © 2)) ¢ 5 and write the answer as an integer or decimal fraction, rounded to
hundredths if necessary.

Answer: 50.6

2. IlycTh oneparus «©» yAOBJIETBOPSET CJICIYIONIMM CBOMCTBAM:

e xrox =1

e xo(yoz)==z-(rxoy)
Boraucimre (1000 ¢ (16 ©2)) © 5 u 3anumuTe OTBET B BUJE MEJ0T0 UHUCJIA WIH JECITUIHON Tpobu,
npu HEOOXOAUMOCTU OKPYTJIEHHON 710 COTBHIX.
Let the operation «o» satisfy the following properties:

e rox=1

e zo(yoz)==z-(xoy)

Calculate (1000 ¢ (16 ©2)) o5 and write the answer as an integer or decimal fraction, rounded to
hundredths if necessary.

Answer: 25

3. IlycTh onepanus «©» YIOBJIETBOPSET CJIEIYIONIAM CBOHCTBAM:

e rox=1

e zo(yoz)==z-(xoy)
Boraucsmre (2024 ¢ (10 ©2)) ¢ 4 u 3anummre OTBET B BHJIE MEJ0I0 YUCJIA WIH JeCATUIHON 1pobu,
pu HeOOXOAMMOCTH OKPYTIEHHON 10 COTHIX.
Let the operation «o» satisfy the following properties:

e rox =1

e rxo(yoz)=z-(rxoy)

Calculate (2024 ¢ (10 ¢ 2)) © 4 and write the answer as an integer or decimal fraction, rounded to
hundredths if necessary.

Answer: 101.2
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4. IlycTh omepamusa «o» yIOBIETBOPSET CJIELYIONIHM CBOWCTBAM:

e rox—=1

e zo(yoz)==z-(xoy)
Boraucsmre (2025 ¢ (15 ¢ 3)) © 3 u 3anummre OTBET B BHJE MEJ0I0 YUCJIA WIH JeCATUIHON 1pobu,
IpH HEOOXOJAMMOCTH OKPYTJICHHOM JIO COTBIX.
Let the operation «o» satisfy the following properties:

e xox=1

e zo(yoz)==z(xoy)

Calculate (2025 ¢ (15 ¢ 3)) ¢ 3 and write the answer as an integer or decimal fraction, rounded to
hundredths if necessary.

Answer: 135

Pemenne (RUS). (mpeacrasieno pemenne apuanta N1, ocrajabHbIe DEMIAIOTCS AHAJTOIHIHO)

y-(zoy)=xzo(yoy)=xol=zxo(zox)=x-(xox)=x-1=ux,

otkyna (roy) =x:y.
Torua (2024 6 (166 2)) 0 5 = 2024 : 40 = 50.6

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

y-(zoy)=zxzo(yoy)=axol=ao(zox)=a-(zvox)=a-1=ux,

thus (zoy) =z :y.
By that, (2024 ¢ (16 0 2)) o5 = 2024 : 40 = 50.6

Task 4.

1. CKOJIBKO eCTh IeJIBIX MOJOKHUTETbHBIX 1 < 2025, /718 KOTOPHIX JIecsaTuYHas 3anuch dncaa 1" +
2" + 3" 4+ 4" + 5" oxkanumBaeTcd Ha 97

How many positive integers n < 2025 make decimal notation of the number 1" + 2" 4+ 3™ 44" + 5"
end with 97

Answer: 506

2. CKOMBKO €CTh HEJbIX TMOJ0KATENBHBIX N < 2025, i KOTOPHIX JeCATHYIHAs 3aMNCh ducja 1" +
2" + 3" 4+ 4" + 5" oxkaHumMBaeTcd Ha D7

How many positive integers n < 2025 make decimal notation of the number 1" + 2" 4 3™ + 4" + 5"
end with 57

Answer: 1519
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3. CKOJBKO ecTh HeablX moaoKuTeabHbIX 1 < 1000, 11 KOTOPBIX JecaTHYHas 3alliuch duca 1™ +
2" + 3™ + 4™ + 5" okanuuBaercs Ha 97

How many positive integers n < 1000 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"
end with 97

Answer: 250

4. CKOJIBKO ecTh 1nebriXx moaoknTebabix N < 1000, i KOTOPBIX JeCATUYIHAsT 3AINCh ducaa 1" +
2" 4+ 3" + 4" + 5" okanumBaercs Ha 57

How many positive integers n < 1000 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"
end with 57

Answer: 750

Pemenne (RUS). (mpeacrasieno pemenne apuanta N1, ocrajabHbIe DEMIAIOTCS AHAJTOIHTIHO)
Paccmotpum nocseaaue mudpbl KaxKJa0ro ciaaraemoro npu n = 1,2, 3,4, 5:

n|12]34]5
11 )1]1]1]1
2121418612
3131971113
A" 141614164
L IS T O T B RO T )

Buauut, nmocaeandd nudpa cymmbsl 17 + 2" 4 3" + 4™ 4+ 5" noropsieTcs ¢ mepuojgom 4. O4eBHIHO, UTO
B KaxKJIOM YeTBepKe MOJAPSJL UJIYIIUX [EJIbIX MOJIOKUTEJbHBIX N HailIeTcsd POBHO OJIHO, JJIsi KOTOPOI'O
YIIOMSAHYTasl CyMMa OKaHJIUBaeTcs Ha 9 — 3Ha4uT, cpean dncest 1,2, 3,...,2025 takux quces 6yaeT pos-
HO 506 (4,8,12,...,2024).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets consider the last digits of each term for n =1,2,3,4,5:

n|1]2[3]4]|5
my1j1y171)1
2" 121418612
3131917113
A" 1416141614
L IS T O T 5 O T

Then the last digit of the sum 1" + 2™ 4 3™ + 4™ + 5" is repeated with a period of 4. Obviously, in each
four consecutive positive integers n there is exactly one for which the sum ends with 9 — by that, among
the numbers 1,2,3,...,2025 there will be exactly 506 such numbers (4,8,12,...,2024).

Task 5. II3BecTHO, 9TO Y KaxKa0T0 rpada ecTh POBHO OJWH JIPYT W OJWH Bpar cpean JApyrux rpados,
U OTHOIIECHUA JIPYKOBbI M BParzKJbl MeEXKy I'padaMi BCerja B3aHMHBI. KopoJsb yTBep:KIaeT, YTO BCexX
rpadoB MOXKHO pa3JAeuTh Ha JIBe PaBHbIE TPYIIILI TaK, 9TOOBI BHYTPH KazK/I0i IPyIIbl He ObLIO BPAaros.
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[Ipas jin kopoJsib? OBOCHYHTE CBOI OTBET.

It is known that each count has exactly one friend and one enemy among other counts, and the
relations of friendship and enmity between counts are always mutual. The king claims that all counts
can be divided into two equal groups in such way that there are no enemies inside each group. Is the
king right? Explain your answer.

Answer: [Ta, koposb npas / Yes, the king is right

Permtenune (RUS). IIpejcraBum orHomenust Mex iy rpadavu B Buje rpada, BepHmHbl KOTOPOro
— rpadsl, cuare pedpa 0603HAUAIOT APYKOY, & KpacHble — BpaxKkay. CTemnenb KaxKa0#i BEPITHHBI TTOCTPO-
eHHOTO rpada paBHa 2, a 3HAYUT, ITOT rpad pazduBaeTcs Ha NMUKJIBI, TPUUEM B KazKJIOM ITUKJIE€ KPACHBIE
U cuHue pebpa depeayiorcsd. B mepByo rpymmny moMecTuM IpadoB U3 KazKJIOro IUKJIA, B3ITHIX depes
OJIHOT'O, & BO BTOPYIO I'PYIIY — OCTAJbHBIX I'PacdoB: TOra B rpynmnax OyaeT HOpoBHY rpadoB, H CpeIu
HUX He OyJleT Bparos.

Kpurepumn oneHuBaHmdg:

® JIaH BEPHBIH OTBET, HO 0OOCHOBAHUE OTCYTCTBYET JIUOO COAEPKUT I'PyObIe OMINOKH — 1 epBUYHBIiI
baJsL;

® JIaH BEpPHBLI OTBET U IPHUBEJEHBI PACCYKJICHHS, IIPOJIOJKEHIE KOTOPBIX MOIJIO Obl IIPUBECTH K
BEPHOMY PEIIeHUIO — 2 MePBUIHBIX OaJLIa;

® JlaH BePHBII OTBET W IIPUBEJIEHBI B IIEJIOM BePHBIE PACCYKIEHUsI, HO HET JIOCTATOTHOTO 00hsICHEHU ST
TOr0, KaK paclpeie/IuTh rpadoB 1o rpynmaM — 3 IMepBHYHBIX OaJLIa;

® JIaH BEPHBIl OTBET W MPUBEJEHBI MOYTH BEPHBIE PACCYXKICHUS, COJep Kallue JIMITh He3HAYNTE b
HbIe HEJOCTaTKH — 4 IePBUYHBIX OaJlia;

® [IpHBEJIEHBI MMOJHOCTHIO BEpPHBIE PACCYIKJEHWSI, JIaH BEPHBI OTBET, MPUYEM sIBHO yKa3aHO, Kak
pacupeenTh rpadoB 1Mo TpymnnamM — 5 TePBUYHBIX OAJIIOB.

Solution (ENG). Lets represent the relationships between counts as a graph, the vertices of
which are counts, blue edges denote friendship, and red edges denote enmity. The degree of each vertex
of the constructed graph is 2, which means that this graph is divided into cycles, and in each cycle the
red and blue edges alternate. In the first group we will place every second count from each cycle, and in
the second group — the remaining counts: then there will be an equal number of counts in the groups,
and there will be no enemies among them.

Criteria:
e the correct answer is given, but the explanation is missing or contains gross errors — 1 pre-point;

e the correct answer is given and reasoning is provided, the continuation of which could lead to the
correct solution — 2 pre-points;

e the correct answer is given and generally correct reasoning is provided, but there is no sufficient
explanation of how to distribute the counts into groups — 3 pre-points;

e the correct answer is given and almost correct reasoning is provided, containing only minor «gaps»
— 4 pre-points;

e completely correct reasoning is provided, the correct answer is given, and it is clearly indicated
how to distribute the counts into groups — 5 pre-points.
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Task 6. Ha orpeske [0,100] HECKOJIBKO TOMAPHO HETEPECEKAIONIUXC sl WHTEPBATIOB BUAA (a,b) TOKpa-
IeHbl B KPACHBIHM I[BET TaK, YTO HET Mapbl KPACHBIX TOYEK, PACCTOSHUE MEXKJy KOTOPBIMH paBHO 1.
Haiture HanGoOIbIIyI0 BO3MOXKHYIO CYyMMApPHYIO JJIMHY TMOKPAITeHHBIX nHTEpBaIOB. OboCHYyiiTe CBOI
OTBET.

On the segment [0, 100] several pairwise non-intersecting intervals of the form (a,b) are colored red
in such way that there is no pair of red points with distance 1 from each other. Find the greatest possible
total length of the colored intervals. Explain your answer.

Answer: 50

Pemrenune (RUS). Pacemorpum MmuOKecTBO 0Tpe3koB Buga S, = [k k+1] qma k =0,1,2,...,99 u
0003HaUYMM 3a Ay MHOKECTBO KPACHBIX TOYEK, IPUHAJEKAIIUX Sy. 3aMeTHM, YTO Iapa/lIe/bHbIi mepe-
HOC KaskI0ro Aoy Ha 1 «BIpaBoO» He JACT COBIAIEHUN MePEHECEHHOTO MHOXKECTBA CO MHOKECTBOM Ao 1,
MHAYe HALLIACH Obl ABE KPACHBIC TOYKHU HA PACCTOAHUHU 1 APYr OT Apyra — a 3HAYUT, CYMMAapPHAs JIJINHA
HHTEPBAJIOB, COCTABJSIONNX MHOKeCTBA Aoy m Aoy (autst stroboro ¢t € {0,1,2,...,49}), He npeBocxoauT
1. U3 sroro caemyer, 9To cyMMapHas JJIMHA TOKPANICHHBIX HHTEPBAJIOB HE IpeBocxoauT H0).

IIpuBegem npumep HMOKpaLIEHHBIX HHTEPBAJIOB, YIOBJIETBOPLAIOIINX YCJIOBUIO 3aJa4M, CyMMa JJIHH
KOTOpBIX paBHa 50: mycth Ay = (2t,2t + 0.5), Aoy = (2t + 1.5, 2t + 2) mast Beex t € {0,1,2,...,49}.

Kpurepun oneHuBanm:

® JaH HeBepHBIH oTBeT — () NePBUYHBIX OAJLIOB;

® OTBET BEpeH, HO PeIleHnd HeT, 1100 B PeIeHn: COAEPKUTCS 3HAYNTeIbHAast OmuOKa, — () TepBUYIHbBIX
OaJLIIOB;

® OTBET BepEH, NMPHUBEIEH BEPHBIH MPUMEP KPACHBIX WHTEPBAJIOB, HO B PACCYKIEHUSX COAEPIKUTCS
omubKa — 1 mepBUYHbBII OaJsLT;

® OTBET BEpEeH, IIPUBEJEHO BEPHOE JI0KA3aTeJIbCTBO, HO NPUMED KPACHBIX WHTEPBAJIOB COJEPXKUT
HE3HAYUTEIbHbIE OMIHOKH — 4 MepBUIHBIX OaJLia;

® IIOJIHOCTBHIO BepHOE pellleHne, BEPHBIH OTBET U KOPPEKTHBIN HpuMep — 5 HepBHYHBIX OAJLIOB.

Solution (ENG). Consider the set of segments of the form Sy, = [k;k + 1] for £k =0,1,2,...,99
and denote by A, the set of red points lying in S;. Note that the parallel translation of each As; by 1
«to the rights will not give coincidences of the translated set with the set Ao, 1, otherwise there would
be two red points at a distance of 1 from each other — therefore the total length of the intervals that
make up the sets Ay and Ay, (for any t € {0,1,2,...,49}) does not exceed 1. By that, the total
length of the colored intervals does not exceed 50.
Lets give an example of colored intervals satisfying the task’s conditions, the sum of whose lengths
is equal to 50: let Ay = (2t,2t + 0.5), Aoy = (2t +1.5,2t +2) for all t € {0,1,2,...,49}.

Criteria:

e incorrect answer given — 0 pre-points;
e answer is correct, but there is no solution, or the solution has gross error(s) — 0 pre-points;

e answer is correct, the correct example of red intervals is given, but the reasoning contains an error
— 1 pre-point;

e answer is correct, the correct proof is given, but the example of red intervals contains minor
error(s) — 4 pre-points;

e completely correct solution, correct answer and correct example — 5 pre-points.
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9'" degree

Task 1.

1. B BBIIYKJIOM n-yroJbHUKEe HUKAKHE TPU JTUArOHAJIH He IPOXOAAT Yepe3 OJHY TOUKY, OTJUIHYIO OT
BEPIIHHBI, & 00IIee YUCJI0 TOUYEK MepecevdeHns JTuaroHaJei, OTIHIHbIX OT BEPIIUH N-YTOJbHUKA,
pasuo 330. Haiijiure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 330. Find n.

Answer: 11

2. B BBIIIYKJIOM TM-yTI'OJIbHUKE HUKAaKHEe TPU AUalOHaJIW He IIPOXOJAT Yepe3 OAHy TOYKY, OTJIMYHYIO OT
BEPIIUHBI, & 00Iee YUCI0 TOUYEK MepecedeHnd JuaroHajeil, OTJIMIHBIX OT BEPIIUH N-YTOJbHUKA,
pasuo 495. Haiiure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 495. Find n.

Answer: 12

3. B BBIIYKJIOM N-yTOJIbHUKE HUKAKHe TPU JUATrOHAJIU He IPOXOSAT Yepe3 OJHY TOYKY, OTJINIHYIO OT
BEPIIUHBI, & 00Iee YUCI0 TOUEK MepeceveHns JuaroHajJeil, OTIUIHBIX OT BEPIITWH N-YTOJTbHUKA,
pasuo 1001. Haiigure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 1001. Find n.

Answer: 14

4. B BBIIIYKJIOM N-yroJibHAKE HUKAKHE TPU JUATOHAIN HE IPOXOIAT Yepe3 OJHY TOUYKY, OTJIHIHYIO OT
BEPIINHBI, & 00IIee IHCI0 TOUYEK MEePeCedeHns TuaroHaJiel, OTINYHBIX OT BEPIMUH N-YTOJbHUKA,
paBuo 1365. Haiigure n.

In a convex n-sided polygon no three diagonals pass through the same point (other than a vertex),
and the total number of intersection points of diagonals (other than the vertices of the n-sided
polygon) is 1365. Find n.

Answer: 15

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
Kaz10if TOUKe Iepecedenns Juaronaieil CoOOTBeTCTBYET YeTBEPKa BEPIIHH N-yTOJbHUKA, SBIIIONIXCH
KOHI[AMH 9THX JIHArOHaJed, I HAa000pOT. 3HAUUT, UUCIO TOUEK HepecedeHnsl AUArOHaIeil paBHO THCITY

CIOCOGOB BBHIGPATH YETHIPE BEPITHHLI U3 1, T.¢. C'4 = ”(”_1)(7;2)(”_3) = 330. ITombopom naxomum n = 11
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— 9TO e,ILI/IHCTBeHHbIIL/'I KOpeHb, IIOCKOJIbKY Pa3HOMY YHCJIY ,ZLI/IaI‘OHaIIeﬁ COOTBETCTBYET pa3Hble KOJIUYE-
CTBa TOYEK uUX llepecedeHusd.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Each intersection point of the diagonals corresponds to a set of four vertices of the n-sided polygon, which
are the ends of these diagonals, and vice versa. This means that the number of intersection points of the
diagonals is equal to the number of ways to choose four vertices from n, i.e. (}) = "("_1)(222)("_3) = 330.
By that, we find n = 11 — this is the only root, since different numbers of diagonals correspond to different

numbers of their intersection points.

Task 2.

1. Ha stecnoit nonsine cobpasinch 29 3aiines u 42 Gesiku, 94T00bI pa3aeanTb MexKy co0oil Bce coOpaH-
Hble 010K, (OKa3a/10Ch, 9YTO €CTh TOJIBKO OAUH CIOCOD PACHPENeUuTh 3TH SA0JOKH TaK, dTOOBI
JIIOOBIM JIBYM 3aiiIiaM JOCTAJIOCh OJMHAKOBOE KOJHUYECTBO s0JI0K, JIIOOBIM JIBYM OeJIKaM — TOKe
MOPOBHY (BO3MOXKHO, MO CTOJBKO Ke sIBJIOK, CKOJIBKO W 3aliiiam), u 9TOObI MPH 3TOM HUKTO He
yiresn 6e3 610K, 11pn kakoM HaubOIbIIEM KOJIHYECTBE COOPAHHBIX SI0JJOK TaKOe BO3MOMKHO?

29 hares and 42 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 2436

2. Ha Jrecnoit nonsne cobpanuch 25 3aiites u 43 6e1ku, 9T00bI pa3aeuTh MexK Iy co0oi Bce cobpan-
Hple s0710Ku. OKa3aa0Cch, 9YTO €CTh TOJbKO OIUH CIOCOD pacIpeaeUuTh 9TH S0JOKU TaK, YTOOBI
JIFOOBIM JIBYM 3aiiliaM JI0CTaJI0Ch OJIMHAKOBOE KOJMYeCTBO $I0JI0K, JIIOOBIM JBYM OejiIKaM — TOxKe
OPOBHY (BO3MOXKHO, 1O CTOJIBKO Ke si0JIOK, CKOJBKO W 3afiliam), u 9T00bl IPH 9TOM HUKTO He
yiesa 6e3 610k, I1pn kakoM HaubOIbITEM KOJIHYECTBE COOPAHHBIX 0JOK TaKOe BO3MOMKHO?

25 hares and 43 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 2150

3. Ha jiecnoit nosisine coopaJsuch 35 3aiites u 46 0es10K, 94To0bl pa3/Ie/iuTh MeXK,1y co00il Bce cobpaH-
Hble g010Ku. OKa3a/10Ch, 9YTO €CTh TOJIBKO OAUH CIOCOD PACIPENeTUuTh 3TH SI0JOKH TaK, ITOOBI
JIIOOBIM JIBYM 3aiillaM JI0CTaI0Ch OJIMHAKOBOE KOJUYECTBO SI0JIOK, JIFOOBIM JABYM OejiKaM — TO¥Ke
OPOBHY (BO3MOXKHO, MO CTOJIBKO Ke si0JIOK, CKOJIBKO U 3afiliam), u 9TOObI MPH ITOM HUKTO He
yires 6e3 ss610K. 11pu kakoM HaubosIbIIeM KOJIHYECTBE COOPpAHHBIX SI0JJ0K TaKOe BO3MOMKHO?

35 hares and 46 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
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way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 3220

4. Ha Jiecnoit nosisine coopaJjinch 49 3aiines u 32 6esiku, 4To0bl pas3jiejnTb MexK 1y coboit Bce codpan-
Hble 010K, OKa3a/710Ch, 9YTO €CTh TOJBKO OAUH CIOCOD PACHPENeTUuTh 3TH SI0JOKH TaK, 4TOOBI
JIFOOBIM JIBYM 3aiiliaM JI0CTaI0Ch OJIMHAKOBOE KOJUYECTBO SI0JIOK, JIFOOBIM JABYM OejKaM — TOxKe
OPOBHY (BO3MOXKHO, MO CTOJIBKO Ke si0JIOK, CKOJIBKO U 3aiiliam), u 9TOObl IPH TOM HUKTO He
yiies 6e3 ss610K. 1lpu kakoM HaubosIbleM KoJIHYecTBe COOpAHHBIX S0JI0K TaKOe BO3MOMXKHO?

49 hares and 32 squirrels gathered in a forest clearing to divide all the apples they had collected
among themselves. It turned out that there was only one way to distribute these apples in such
way that all the hares got an equal share and all the squirrels also got an equal share (possibly the
same number of apples as the hares), and no one left without apples. With what greatest number
of collected apples is this possible?

Answer: 3136

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOIHTIHO)
[TycTh s1010KM KaK-TO pacupeseaenbl MexKay 3aiinamu u oejkamMu. YToObl OCYIeCTBUTD JAPYTOil Crocood
pazfadn 00K, HoTpedyeTcs OTHATD Y KayKJI0ro 3aiilia Mo paBHOMY YHCJIY 00K U pa3iaaTh UX MOPOBHY
Genkam (mau HaoGopot). [Toaromy obIiee qucio 610K, epeJaHHbIX OT 3aiies 6ekam (Win Hao6opoT),
kpatHo n 29, m 42, T.e. KpaTHo 29 - 42 = 1218, 1.x. 29 m 42 B3aUMHO TPOCTHI.

Ecan kommdectso s6710K npesocxoaut 2 - 1218 = 2436, To y 3aiines (wmm y Gesnok) Gosbiie 1218
sI0JIOK, ¥ MOXKHO, 0TODDAB «JIUIITHEE», pa3gaTh OeaKaM (HJIH, COOTBETCTBEHHO, 3aiiliaM), T.e. CYIIeCTByeT
He MeHee JIBYX CIIocO0OB pa3jadn 60K, Ecimu ke KomdecTBO g40710K paBHOo 2436, TO, pa3aaB 3aiiam
u Gesikam 1o 1218 s6710K (Ha Bcex), Mbl OCYIIECTBUM €WHCTBEHHYIO BO3MOKHYIO Pa3iady, 4To U Tpe-
GoBaoch (3aiiam gocranercs mo 42 g6/0Kka Kak oMy, a GegkaM — o 29 a6710K).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let the apples be distributed between the hares and the squirrels. To implement another way of
distributing the apples, it is necessary to take an equal number of apples from each hare and distribute
them equally among the squirrels (or vice versa). Therefore, the total number of apples transferred from
the hares to the squirrels (or vice versa) is a multiple of both 29 and 42, i.e. a multiple of 29-42 = 1218,
since 29 and 42 are relatively prime.

If the number of apples exceeds 2 - 1218 = 2436, then the hares (or squirrels) have more than 1218
apples, and it is possible to take away the «extras apples and distribute them among the squirrels (or,
respectively, the hares), i.e. there are at least two ways of distributing the apples. If the number of
apples is 2436, then by distributing 1218 apples to the hares and squirrels, we will carry out the only
possible distribution, which is required (the hares will get 42 apples each, and the squirrels will get 29
apples each).

Task 3.

1. Jdansr Touka A m npsimas [, IO KOTOpO# € MOCTOSHHON CKOPOCTBIO IBUKETCI Touka B. [ amHbI
orpeska AB B momentTsl Bpemenn 0, 1,5 paBubl coorBercTBeHHO 1, 1, V3. Haityure JJIMHY OTPE3Ka
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AB B momenT Bpemenn 10. [IpeacrapbTe 0TBeT B BHI€ MEIOr0O YUCIA WIM JECATHIHON apobu, mpu
HEOOXO/IMMOCTU OKPYIJIEHHOHN /10 COTBIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0, 1,5 are 1, 1, /3, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 3.16

2. Jlanbl TouKa A u mpsMasg [, 0 KOTOPO# ¢ IMOCTOAHHON CKOPOCTBIO JABHZKeTCsS Touka . ljmHbBI
orpe3ska AB B moMenTsl Bpemenu (0, 1,5 paBHBI COOTBETCTBEHHO 1, 1, /5. Haiinure JUIMHY OTPe3Ka
AB B moment Bpemenn 10. IIpeacrapbTe 0TBeT B BHIe MEIOT0O YUCIA WIM JECATHIHON apobu, mpu
HEOOXOIMMOCTH OKPYTJIEHHOHN 10 COTBHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0,1,5 are 1, 1,/5, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 4.36

3. Haubl Touka A W mpsMas [, 0 KOTOPO# ¢ IMOCTOSHHON CKOPOCTBIO ABHMZKETCsS To4YKa . jmHbBI
orpeska AB B MoMenTsl Bpemenu (0, 1,5 paBHBI COOTBETCTBEHHO 1, \/§7 5. Haiimure nnwHy oTpeska
AB B moment Bpemenu 10. [IpeacraBbre oTBeT B BUIe HEIOT0 YUC/Ia WK JECATUIHON JApodu, npu
HEeOOXOIMMOCTH OKPYTJIEHHOMH JI0 COTHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0,1,5 are 1,1/3,5, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 9.17

4. Jlanpl Touka A u npsgMag [, 0 KOTOPO# ¢ MOCTOSHHOH# CKOPOCTBIO ABHUZKETCSA TOYKa L. JIInHBI
orpeska AB B MmoMenTsl Bpemenu (0, 1,5 paBHBI COOTBETCTBEHHO 1, \/37 7. Haiimure nauay oTpeska
AB B moment Bpemenn 10. [IpeacraBbre 0TBET B BUe MEIOT0 YUCIA WM JECATUIHON Apodu, npu
HEeOOXOIMMOCTH OKPYTJIEHHOMH JI0 COTHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0, 1,5 are 1,1/3, 7, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 13.86

Pemrenue (RUS). (npeacrasieno perenne Bapuanra Nel, octajbHbIe PENIAIOTCS AHAJIOTHYIHO)
OrmeTuM, 4To KBajpar JuHbl oTpeska AB Mensercd 1o Kpajaparuanomy 3akony f(t) = at® + bt + c,
910 caegayer u3 Teopembl [ludaropa gas rpeyronpuuka ABC, tae C' — ocHOBaHHWE TEPIEHIUKY/ISIPA,
ONYIIEHHOTO U3 TOYKH A Ha nupsamyro [.
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Cornacuo yeaosuio 3amaan, f(0) = 1, f(1) = 1, f(5) = 3, rorma, cortacno dopmyre Jlarpamxka
uMeeM

(x—l)(x—5)+1. x(x —5) ey z(z —1)

(0—1)(0 —5) T-0)(1-5) mzo.m?—o.uH,

f)y=1-
orkyaa f(10) = 10. Hakonemn, v/ 10 ~ 3.16.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Note that the square of the length of the segment AB changes according to a quadratic law f(t) =
at® + bt + ¢, which follows from the Pythagorean theorem for triangle ABC, where C is the base of the
perpendicular dropped the from point A to the line [.

According to the task’s formulation, f(0) =1, f(1) = 1, f(5) = 3, then after applying the Lagrange
formula, we have

(x—l)(x—5)+1. x(z —5) Y z(zr —1)

(0—1)(0 = 5) T=0)(1-5) m:o.lf—o.lxﬂ,

Ft) =1

thus f(10) = 10. Finally, v/10 ~ 3.16.

Task 4.

1. CKOJIBKO eCThb IeJIbIX HMOJOKHUTEIbHBIX 1 < 2025, /1 KOTOPBIX JIecaTuYHas 3anuch dnciaa 1" +
2" 4+ 3" + 4" + 5" okanumBaercs Ha 97

How many positive integers n < 2025 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"
end with 97

Answer: 506

2. CKOMBKO €CTh MEJbIX TMOJ0KUTENbHBIX N < 2025, i KOTOPHIX JeCATHYIHAs 3aMUCh ducjaa 1" +
2" + 3" 44" + 5" oxkaHumMBaeTcd Ha D7

How many positive integers n < 2025 make decimal notation of the number 1" + 2" 4 3™ 44" + 5"
end with 57

Answer: 1519

3. CKOJBKO ecTh HeablX moaoKureabHbX 1 < 1000, 1T KOTOPBIX JIecaTHYHas 3alluch ducyaa 1™ +
2" + 3" + 4™ + 5" okaHmuuBaercs Ha 97

How many positive integers n < 1000 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"
end with 97

Answer: 250
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4. CKOJIBKO eCTh HEeJbIX MOJOKATEAbHBIX N < 1000, 11 KOTOPBIX AecITHYHAS 3aluCh ducaa 1" +
2" + 3™ + 4™ + 5" okaH4yuBaercs Ha H?

How many positive integers n < 1000 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"
end with 57

Answer: 750

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Paccmorpum nocsiegaue nudppbl Kazkioro caaraemoro npu n = 1,2, 3,4, 5:

n|12]34]5
™11 y171)1
2121418162
"3 1917|111]3
A" 1416141614
" 15|55 |51]H

SHaunt, nociaegadd nudpa cymmbl 1" 4 2" 4 3" 4+ 4™ + 5" nopTopsercd ¢ nepuogoMm 4. O4eBHIHO, YTO
B Ka)KJOH YeTBepKe HMOIAPSI WAYIIAX HEIbIX HOJOKHMTEIbHBIX 1 HalIeTcs pOBHO OTHO, JIJIS KOTOPOIrO

VHOMSIHYTasI CyMMa, OKaHUIMBaeTcs HA 9 — 3HaUuT, cpeau ducena 1,2, 3, ..., 2025 Takux duces OyaeT pos-
1o 506 (4,8,12,...,2024).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets consider the last digits of each term for n = 1,2, 3,4, 5:

n|l12]34]5
m™y1j11]1)1
2121418612
3131971113
A 141614164
5 L IS T O T 5 N RO T

Then the last digit of the sum 1" + 2" + 3™ + 4™ 4+ 5" is repeated with a period of 4. Obviously, in each
four consecutive positive integers n there is exactly one for which the sum ends with 9 — by that, among
the numbers 1,2,3,...,2025 there will be exactly 506 such numbers (4,8,12,...,2024).

Task 5. /lana 6eckoneunas apudMerndeckasi HPOIPECCUd ai,ds, ds, . .., BCE WIEHBI KOTOPOH — Iejbie
HOJIOKHUTEIbHBIE YUCIa, TpudeM a; = 1. BepHOo Jjm, 910 1j1s1 JTI000T0 TEJI0r0 MOJ0KUTETHHOTO 1 MOYK-
HO BBIOpDATH N 9JIEMEHTOB M3 MHOXKecTBa {aq, Gg, as, . ..}, COCTABIAIONINX [€OMEPUIECKYIO TPOrPecCHio?
ObocHyliTe CBOl OTBET.

Given an infinite arithmetic progression ay, as, as, . . ., all members of which are positive integers, also

a; = 1. Is it true for any positive integer n that from the set {a1, as,as, ...} one can select n elements
that form a geometric progression? Explain your answer.

Answer: [la, Bepro / Yes, it is true
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Pemrenue (RUS). Ilycth pasHocTs uexoiHO# apudMerndeckoii mporpeccuu paBHa d = as — a; €
Z.. Torna
k(k—1
(d+nk:1+dwk+—L?—Ld+~-+&1%
T.e. JJIs BCIKOIO IEJIOT0 MOJOKHUTEIBHOTO k B 9TO# apudMeTHuecKoil TpOrpecCHr BCTPETUTCS UHCIIO
(d+1)* nox nomepom (k4+FE1 g .. 4@+ 1), deno, uro wncaa 1, (d+1), (d+1)2, (d+1)3,..., (d+1)*, ...
COCTABJISIIOT TEOMETPUIECKYIO TIPOTPECCHI0, TIPUYeM k He OTDAHWIEHO.

Kpurepuu onennBanus:

® yTBEpXKIEeHHE JOKA3aHO [IJIsi HEKOTOPBIX pas3HocTell apudMeTndecKoi mporpeccun — 1 mepBUIHbII
baJLI;

® IpHUBEIEH BEPHBII OTBET, HO JOKA3ATEIbCTBO COAEPIKUT CYIIECTBEHHBINH «IIPODeT» — 2 MePBUUHBIX
baJL1a;

® J[0OKa3aHO CYIIECTBOBAHOE I'€OMETPUYECKON HPOIPEecCrr OrPAHUYEHHOR <«JIJIMHBI» — 3 HEePBUYHBIX
baJL1a;

® NIPHUBEIEHO MOYTH BEPHOE JOKA3aTEIbCTBO, COMepKallee He3HAUNTEIbHbIE ONMTUOKY — 4 TePBUIHBIX
basL1a;

® TIPHUBEJIEHO TIOJHOCTHIO BEPHOE N OOOCHOBAHHOE DeETleHne — D TEPBUYHX OAJLJIOB.

Solution (ENG). Let the difference of the original arithmetic progression be d = ay — a; € Z.

Then
k(k—1)

2
i.e. for every positive integer k in this arithmetic progression there will be a member (d + 1)* with its
sequential number (k + 25 . q 4 ... 4 @*1). Tt is clear that the numbers 1, (d + 1), (d + 1)2, (d +
1)%,...,(d+1)% ... form a geometric progression, and k is not bounded.

(d+1DF=1+d-(k+ cd+--+dh),

Criteria:

e the statement is proven for some differences of arithmetic progression — 1 pre-point;
e the correct answer is given, but the proof contains significant «gap» — 2 pre-points;
e the existence of a geometric progression of limited «length» is proven — 3 pre-points;

e an almost correct proof is given, but with minor errors — 4 pre-points;

a completely correct and explained solution is given — 5 pre-points.

Task 6. ITpaBunbubiii mecrnyronbank ABCDEF (BepiivHbl Ha3BaHBI TOCIEI0BATEIHHO B adaBuT-
HOM TIOpSIJIKe) PACIOJIOKeH TaK, 9To paccrosuust or Toyek A, B, C' 10 npsaMoil [, pacmosoKeHHo# B
OJTHOM TIJTOCKOCTH ¢ HUMH, paBHBI 4, 1, 3 coorBeTcTBeHHO. HalinuTe paccrosguue oT Touku D 10 TpAMOii
[. ObocuyiiTe cBOII OTBET.

The regular hexagon ABCDEF (the vertices are named sequentially in alphabetical order) is located
in such way that the distances from the points A, B, C' to the line [ (which lies in the same plane as
the points do) are 4,1, 3 respectively. Find the distance from the point D to the line [. Explain your
answer.

Answer: 0,4,8,12

Pemtenne (RUS). CymiectByior 4 NpuHIMOHAJBHO DA3HBIX B3aWMHBIX DACIOIOKEHHs] TOYEK
A, B,C, D n npsamoii [:
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Paccmorpum mepBoe n3 HEX (OCTalbHbBIE PACCMATPUBAIOTCS AHAJOIMYHO) W BBeJeM O0DO3HAUYEHWS, KAK
MMOKA3aHO HA PUCYHKE:

Ormerum, uto AD || BC, AD = 2-BC, orciona ABCK ~ ANADLw DL =2-CK = 2(CCy—BB,) =4,
orkyia DDy = DL+ LDy = DL + AA; = 8.
Kpurepun oneHuBaHus:

® B JI0KA3aTEeIbCTBE €CTh 3HAUUTEIbHDBIE «IIPOOEIbI», HET I0CTATOYHOrO 000CHOBAHUS — () IEPBUIHBIX
0aJLIIOB;
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® JI0KA3aTeJIHCTBO MOYTH BEPHO, HO PACCMOTPEHBI HE BCE CJYUYAH B3AUMHOIO PACIOIOKEHHUS EeCTH-
YIOJbHUKA U HPSIMOU [ U JIONyIIeHa He3HAYUTEeIbHAS OIMMUOKA B PACCYZKICHUSIX MJITH BBIYUCICHUSIX
— 2 nepBUYHBLIX DaJLIa;

® JIOKA3aTeJbCTBO BEPHO, HO PACCMOTPEHBI He BCe CIYYal B3aUMHOTO PACIOJIOKEHHUS NMIECTHYTOb-
HUKA U npgaMoit [ — 4 nepBuyHbIX OasLIa;

® IIOJTHOCTBHIO BepHOE U 0OOCHOBAHHOE pelleHre — 5 MePBUUYHBIX OAJIIOB.

Solution (ENG). There are 4 fundamentally different mutual arrangements of points A, B, C, D
and line {:

Lets consider the first of them (the rest are considered similarly) and introduce the notations as shown
in the picture:
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Note that AD || BC, AD =2 - BC, thus ABCK ~ AADL and DL =2 -CK = 2(CC, — BB;) = 4,
and by that DDy = DL+ LDy = DL+ AA, =8.

Criteria:
e the proof contains significant «gaps» and lacks explanation — 0 pre-points;

e the proof is almost correct, but not all cases of mutual arrangement of the hexagon and line [ are
considered and a minor error in reasoning or calculations is made — 2 pre-points;

e the proof is correct, but not all cases of mutual arrangement of the hexagon and line [ are
considered — 4 pre-points;

e a completely correct and explained solution — 5 pre-points.
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10" degree

Task 1.

1. Jdanbl Touka A m npsgmas [, 0 KOTOpO# € MOCTOSHHON CKOPOCTBIO JBUKETCI Todka B. JlamHb
orpeska AB B MmoMenTsl Bpemenu (0, 1,5 paBHBI COOTBETCTBEHHO 1, 1, /3. Haiinure JUIMHY OTPe3Ka
AB B moment Bpemenu 10. IIpeacraBbre oTBeT B BUjIE HEIOT0 YUC/IA WM JCCATUIHON J1podu, npu
HEeOOXOIMMOCTH OKPYTJIEHHOMH JI0 COTHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0, 1,5 are 1,1, /3, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 3.16

2. Hanbl Touka A u npsaMas [, 0 KOTOPOIl ¢ IOCTOAHHON CKOPOCTBIO ABU:KETCS Touka B. [IuHBI
orpeska AB B moMenTs! Bpemenu (0, 1,5 paBHBI cOOTBETCTBEHHO 1, 1, /5. Haiinure JUIMHY OTPe3Ka
AB B momenT Bpemenn 10. [IpeacrapbTe 0TBeT B BHIe HEIOTO YUCIA WIM JECATHIHON apobu, mpu
HEOOXOIMMOCTH OKPYTJIEHHOH JI0 COTHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0, 1,5 are 1,1, /5, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 4.36

3. Hausr Touka A u npsmasg [, IO KOTOPOH ¢ MOCTOAHHON CKOPOCTHIO ABUZKETCs Touka B. JymHb
orpe3ska AB B momenTsl Bpemenu (0, 1,5 paBHBI COOTBETCTBEHHO 1, \/§, 5. Haiimure nnwHy OTpe3ka
AB B momenT Bpemenn 10. [IpeacraBbre 0TBeT B BHIe HEIOr0O YUCIA WM JECATHIHON apobu, mpu
HEOOXOIMMOCTH OKPYTJIEHHON 10 COTHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0, 1,5 are 1,1/3, 5, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.

Answer: 9.17

4. Jawmer Touka A u npsimMas [, 0 KOTOPO# ¢ MOCTOSHHON CKOPOCTBIO JABUZKETCs Touka B. JlymHb
orpeska AB B MomenTsl Bpemenn 0, 1,5 pasubr coorBercrBenno 1, /3, 7. Haifure mimmy orpeska
AB B moment Bpemenn 10. [IpeictaBbre OTBET B BHJIE MEJOT0 YHCIA HIH JIECATHIHON Tpobu, pu
HEOOXOTUMOCTY OKPYTJIEHHOU 710 COTBHIX.

Given a point A and a line [ along which a point B moves at a constant speed. The lengths of the
segment AB at times 0,1,5 are 1,1/3,7, respectively. Find the length of the segment AB at time
10. Express your answer as an integer or a decimal fraction, rounded to hundredths if necessary.
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Answer: 13.86

Pemrenue (RUS). (npeacrasieno pemenne Bapuanra N1, octajibHbIe PENIarOTCsT AHAJIOTHIHO)
OTMeTnM, 9To KBaJpaT JJIMHB oTpeska AB MeHdeTcs mo KpajpaTuuHoMy 3akony f(t) = at? + bt + c,
gyTo caenyer u3 TeopeMbl [Iudaropa mas tpeyronsuuka ABC, toe C' — ocHOBaHWe IepHEHIUKYIAPA,
OIIYIIEHHOTO U3 TOYKH A Ha HPAMYIO [.

Cornacho ycaosuio 3agaun, f(0) = 1, f(1) = 1, f(5) = 3, Toraa, cormacuo dopmyse Jlarpanka
MMeeM

(a:—l)(x—5)+1' x(z —5) L3, z(r —1)

(0—1)(0—5) (1—0)(1—5) mzo-lxz—&lxﬂ,

=1

orkyaa f(10) = 10. Hakonemn, v/10 ~ 3.16.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Note that the square of the length of the segment AB changes according to a quadratic law f(t) =
at® + bt + ¢, which follows from the Pythagorean theorem for triangle ABC, where C' is the base of the
perpendicular dropped the from point A to the line [.

According to the task’s formulation, f(0) =1, f(1) = 1, f(5) = 3, then after applying the Lagrange
formula, we have

(x—l)(x—5)+1. x(z —5) ey z(r —1)

(0—1)(0 —5) T—-0)(1-5) mzo.m?—omH,

=1

thus f(10) = 10. Finally, v/10 =~ 3.16.

Task 2.

1. CKOJIBKO €CTh MEJBIX MOJOKHUTEIBHBIX 1 < 2025, A1 KOTOPHIX AeCATHYHAs 3aluch dnciaa 1" +
2" 4+ 3™ + 4™ + 5" okaHunBaercs Ha 97

How many positive integers n < 2025 make decimal notation of the number 1" + 2" 4 3™ 44" + 5"
end with 97

Answer: 506

2. CKOJBKO eCTh HEJBbIX IMOMOXKUTEAbHBIX 1 < 2025, 1JIsT KOTOPBHIX JIeCATHYHAas 3alluch ducya 1" +
2" + 3™ + 4™ + 5" okaHUYuBaeTcs Ha H?

How many positive integers n < 2025 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"
end with 57

Answer: 1519

3. CrobKO ecTh HesbiX 1moaokuTebHbiXx 1 < 1000, i KOTOPBIX JeCATHYHAs 3aIMCh ducja 1" +
2" 4+ 3" + 4" + 5" okanumBaercs Ha 97
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How many positive integers n < 1000 make decimal notation of the number 1" + 2" 4 3™ 44" + 5"

end with 97

Answer: 250

4. CKOJIBKO eCTh HeJbIX MOJOKATEAbHBIX N < 1000, 11 KOTOPBIX AecITHYHAsS 3aluch ducaa 1" +

2™ 4+ 3" 4+ 4™ + 5" okanuuBaercd Ha O7

How many positive integers n < 1000 make decimal notation of the number 1™ + 2" 4 3™ 44" + 5"

end with 57

Answer: 750

Pemrenue (RUS). (npeacrasieno permenne Bapuanra Nel, octajbHbIe PENIAIOTCS AHAJIOTHTHO)

Paccmorpum nocsiegaue nudppbl Kazkioro caaraemoro npu n = 1,2, 3,4, 5:

n|12]34]5
™11 y171)1
2121418162
"3 1917111]3
A" 1416141614
" 5|5 ]551]H

Buaunt, nocaeandad mudpa cymmor 1" + 2" 4 3" 4 4" + 5" nopropsiercd ¢ mepuojoM 4. OueBuaHO, ITO
B KaxKJO YeTBepKe MOJAPHA WAYIIUX IeJTbIX MOJOKUTETbHBIX N HalieTcd poOBHO OJHO, I/ KOTOPOTO
YHOMSIHYTasI CyMMa, OKaHUIMBaeTcs HAa 9 — 3Ha4uT, cpeau ducena 1,2, 3, ..., 2025 Takux duces OyaeT pos-

1o 506 (4,8,12, ... ,2024).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets consider the last digits of each term for n = 1,2, 3,4, 5:

n|12]34]5
11 )1]1]1]1
2121418612
3131971113
A 141614164
L S T O T B N RO T

Then the last digit of the sum 1" + 2" + 3™ + 4™ 4+ 5" is repeated with a period of 4. Obviously, in each
four consecutive positive integers n there is exactly one for which the sum ends with 9 — by that, among
the numbers 1,2,3,...,2025 there will be exactly 506 such numbers (4,8,12,...,2024).

Task 3.

1. Happ BemaeT Ha CYH/IYK € TOCYJAAPCTBEHHONW Ka3HOM n 3aMKOB W pa3/aeT Kaoun cBouM 10 coBeT-
HUKAM TaK, 9TO0bl HUKAKHE D M3 HUX HE MOIJIM OTKPBITH CYHJYK, HO J06bie 6 — Moriau (y naps
eCTh MHOXKECTBO KJI0Yell OT KaXKJI0I0 3aMK4, U COBETHUK MOYKET IIOJIYIUTh KJIIOUYU OT HECKOJIbKHX
3aMk6B). Haiiinre HanmeHblIee n, mpu KOTOPOM Taph CMOYKET JTOOUTHCST YKEJTAeMOro.
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The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 252

2. llapp BemaeT Ha CYHAVK € FOCY/IapCTBEHHON Ka3HON N 3aMKOB W pa3jgaeT KJII0UH cBOUM 11 coBeT-
HUKAM Tak, 9TOOBI HUKAKHE 5 M3 HUX HE MODJIM OTKPBITH CYHJIYK, HO Ji00bie 6 — Morau (y mapst
eCTh MHOZKECTBO KJII0Yeil 0T KazxKA0TO 3aMK4, M COBETHUK MOYKET HOJYUNUTh KJIIOUN OT HECKOJIbKUX
3aMk6B). Haiiinre HanmeHbIee n, mpu KOTOPOM Taph CMOZKET JOOUTHCS JKEJTaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 462

3. llapb BemaeT Ha CYHIYK € TOCYJIapPCTBEHHOM Ka3HOU n 3aMKOB U pasjaeT Kiao4un ceouM 10 coBeT-
HUKAM TaK, 9T00bl HUKaKHe 4 M3 HUX HE MOIJIM OTKPBITH CYHJYK, HO J00bie 5 — Morau (y naps
eCcTh MHOXKECTBO KJI0Yell OT KaXKJI0I'0 3aMK&, U COBETHUK MOYKET IOJIYIUTh KJIIOYU OT HECKOJIbKHX
3aMk6B). Haifinre HanmeHbInee n, mpu KOTOPOM TIaph CMOYKET JTOOUTHCST YKEJTAeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 4 of them can open the chest, but any 5 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 210

4. Tlapb Benaer HA CYH/IYK C I'OCYIapPCTBEHHON Ka3HOU N 3aMKOB U pa3jiaeT K/aw4uu csouMm 11 coBer-
HHKaM Tak, 9TO0Bbl HUKaKWe 7 W3 HUX He MOIJIM OTKDBITH CYHJIYK, HO Jt00bie 8 — Morau (y mapsi
€CTh MHOZKECTBO KJII0Yell OT KaxKA0TO 3aMK4, M COBETHUK MOYKET TOJYINTh KJIIOUN OT HECKOJTbKUX
3aMk6B). Haifinte HauMeHblIee n, Mpu KOTOPOM Tapb CMOZKET JTOOUTHCsT JKEJIAeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 7 of them can open the chest, but any 8 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 330

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEMIAIOTCS AHAJTOTHIHO)
HOCKOﬂbe HUKaKNe 5 COBETHUKOB HE MOI'yT OTKPBITH BCEX SaMKéB, Yy HUX HEeT KJII0OYa OT HEKOTOPOTo
3aMK&, HO 9TOT KJIIOY €CTh Y BCEX OCTAJbHBIX COBETHUKOB. SHAUUT, KJIIOUU OT KaXKJIOr0 3aMK& JTOJKHDBI
OBITH pOBHO Vv 10 — 5 = 5 COBETHHMKOB, TOTJIa KOJUIECTBO 3aMKOB HE MOXKET OBITH MEHbIIIe C’{’O = 252.
Ocraercst TOJBKO pa3iarh M0 5 KJIOYEH 0T KayKJI0r0 3aMK& COOTBETCTBYIONIEH HSTEPKE COBETHUKOB, B
pe3yjbrare 4Yero napb J00beTcst »Kestaemoro. Eciam pasjgarh KI04YM OT KaxkJIOro 3aMKAa He 0oJiee dem
4 coBeTHWKaM, TO He BBITIOJTHUTCHA YCJIOBUE 33Ja49M, T.K. HalayTcd 6 COBETHMKOB, KOTOPbIE HE CMOTYT
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OTKPBITH OlpeieJIeHHbIH 3aMOK. Eciu »ke pa3aaTh KIIOYH OT KaxKJI0ro 3aMK4 OoJjiee YeM b COBETHUKAM,
TO HE BBINOJHUTCS YCJIOBHE «HUKAKUE D HE CMOTYT OTKPBITH CYHYK>.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Since no 5 advisors can open all the locks, they do not have a key to some lock, but all the other advisers
have such key. This means that exactly 10—5 = 5 advisors must have keys to each lock, then the number
of locks cannot be less than C7, = 252. It remains to distribute 5 keys to each lock to the corresponding
five advisors, and by that the king will achieve what he wants. If the king distributes the keys to each
lock to no more than 4 advisors, then the task’s requirements will not be fulfilled, because there will be 6
advisors who will not be able to open a certain lock. If the king distributes the keys to each lock to more
than 5 advisors, then the requirement «no 5 advisors will be able to open the chest» will not be fulfilled.

Task 4.

1. Pemwure ypaBuenue
(4sinx + 3cosx)(2.5 cos 2z + 8sinx + 20.5) = 131

" 3allUIIUTE B OTBET CYMMY TaHI'€HCOB TeX KOpHeﬁ 9TOI'0 ypaBHEHUA, KOTOPbIE IIPpHUHAAJIEeKaT OT-
pe3ky [0; 27|, mpejcTaBUB €e B BUJE MEJOI0 YNCJIA WIN JECATUIHON APOOH, TPpH HEOOXOANMOCTH
OKPYIJIEHHO# 710 cOThIX. Ec/iu 31a cymMMa OecKOHeYHa, 3aIUIIUTe B OTBET YUCI0 —1.

Solve the equation
(4sinx + 3cosx)(2.5 cos 2z + 8sinx + 20.5) = 131

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33

2. Pemwure ypaBuenue
(3sinx + 4 cosx)(2.5cos2z + 6sinx + 16.5) = 104

" 3allMIIUTE B OTBET CyYMMY TaHI'€HCOB Te€X KOpHeﬁ 9TOI'0 ypaBHEHUA, KOTOPbIE IIpUHA/AJIC2KAT OT-
pesky [0; 27|, npejcTaBUB €e B BUJE MEJOI0 YUCJA HIH AECATUIHON ApOOH, IPH HEOOXOANMOCTH
OKPYyTJIeHHO# /10 coThiX. Ecan 3Ta cymma GeckoHedHa, 3alMUNIATEe B OTBET YNUCJI0 —1.

Solve the equation
(3sinx +4cosx)(2.5cos2z + 6sinz + 16.5) = 104

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27, representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75

3. Pemmure ypaBHenne

(4sinx + 3cosx)(2.5cos 2z + 8sinx + 23.5) = 146
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U 3aIAIIATE B OTBET CYMMY TAHI€HCOB Te€X KOPHEH 9TOro ypaBHEHHs, KOTOPBIE MPUHAJIIeKAT OT-
pesky [0; 27|, upejcTaBuB €e B BUJIE 1EJIOI0 YUCJIA WM JECATUIHON JAPOOH, P HEOOXOAUMOCTH
OKPYyTJIeHHO# /10 coThix. Ecan 3Ta cymma 6ecKoHedHa, 3alUIIATEe B OTBET YUC/I0 —1.

Solve the equation
(4sinx + 3cosx)(2.5cos 2z + 8sinx + 23.5) = 146

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33

4. Pemute ypaBuenue
(3sinz + 4 cosx)(2.5cos 2z + 6sinx + 21.5) = 129

U 3aIUIIATE B OTBET CYMMY TAHTE€HCOB Te€X KOPHEH 9TOr0 ypaBHEHUs, KOTOPBIE MPHHAJITeKAT OT-
pesky [0; 27|, npejcTaBuB €e B BUJE MEJOI0 YUCJA HIN JECATUIHON APOOH, IPpHU HEOOXOANMOCTH
OKPYyTJIEeHHO# /10 coThixX. Ecan 3Ta cymma 6eckoHedHa, 3alUNIATEe B OTBET YNC/I0 —1.

Solve the equation
(3sinx + 4 cosx)(2.5cos 2z + 6sinz + 21.5) = 129

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
IIpeobpasyem ypaBHeHHE K BUIY 5(‘51 sinx + %cos z)(—5sin’xr + 8sinz + 23) = 131 u 3amerum, 4TO
2 sin 2432 cos & = cos(z—arccos 2) < 1. Jlnsi mocieHEr0 MHOZKUTEIs1 JI€BOi YACTH PABEHCTBA 0GO3HATIM
f(t) = —5t* + 8t + 23 (3ech t = sinx € [—1;1]), Torma f(t) MONOKUTETbHA U TIPHHAMAET HAKOOJIbIIEE

smauenne f(375) = 15 i sing = 3

-5 5
Wraxk, meBag 9acTh paBeHCTBA He TPEBOCXOIHAT H- 1 - % = 131 v npuHUMAaET 3TO 3HAUEHHE TOJIBKO IIPU
x = arccos 2 +2mn (n € Z) (ua orpeske [0; 27] ecTh TOMBKO oaHa Takas Touka). Torma tga = 3 ~ 1.33.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We transform the equation to the form 5(%sinz + 2 cosz)(—5sin®z + 8sinz + 23) = 131 and note
that Zésimx + %cosx = cos(x — arccos %) < 1. For the last factor on the left side of the equality, we
denote f(t) = —5t* + 8t + 23 (here t = sinz € [—1;1]), then f(¢) is positive and takes the largest value
f(Q_(__85)) = % when sinx = %.
So, the left side of the equality does not exceed 5 - 1 - % = 131 and takes this value only for
& = arccos 2 +2mn (n € Z) (there is only one such point on the segment [0; 27]). Then tgz = 3 ~ 1.33.

Task 5. Ha orpeske [0,100] HECKOJBKO TOMAPHO HEEPECEKAIONUXCs WHTePBAJIOB BUAa (a,b) moKpa-
HICHBl B KPACHBIH IBET TaK, 4TO HET Iapbl KPACHBIX TOYEK, PACCTOAHHC MEXKJy KOTOPBIMH PaBHO 1.
Haiture Han®o/biyio BO3MOXKHYIO CyMMApPHYIO JIJIMHY MOKPAIEHHbIX nHTepBasioB. ObocuyiiTe cBO
OTBeT.
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On the segment [0, 100] several pairwise non-intersecting intervals of the form (a,b) are colored red
in such way that there is no pair of red points with distance 1 from each other. Find the greatest possible
total length of the colored intervals. Explain your answer.

Answer: 50

Pemenue (RUS). Pacemorpum MuOKeCTBO 0Tpe3koB Buga S, = [k k+1] qma k =0,1,2,...,99 u
0003HAUYMM 3a Ay MHOKECTBO KPACHBIX TOYEK, IPUHAJEKAIIUX Sy. 3aMeTHM, YTO IIapa/lIe/IbHbIi mepe-
HOC KaskI0ro Aoy Ha 1 «BIpaBo» He JACT COBIAIEHUN TEPEHECEHHOTO MHOXKECTBA CO MHOKECTBOM Ao 1,
MHAYe HAILIACH Obl ABE KPACHBIC TOYKHU HA PACCTOAHUU 1 APYr OT Apyra — a 3HAYUT, CyMMAapPHAs JJINHA
HHTEPBAJIOB, COCTABJISIONNX MHOKeCTBA Aoy m1 Aoy (autst stroboro ¢ € {0,1,2,...,49}), He npeBocxoauT
1. U3 sroro caemyer, 9To cyMMapHas JJIMHA TOKPANICHHBIX HHTEPBAJIOB HE IPeBocxoauT H0.

IIpuBegem nmpumep MOKpaNIeHHBIX HHTEPBAJIOB, YIOBIETBOPLAIONIMX YCJIOBUIO 3aJa4M, CyMMa JJIH
KOTOpBIX paBHa 50: mycTh Ay = (2t,2t 4+ 0.5), Ao = (2t + 1.5, 2t + 2) ms Beex t € {0,1,2,...,49}.

Kpurepumn oneHnBanm:
e JIubGo:

-+ 3aMedYeHo, YTO Ha OJHY KPACHYIO TOYKY HPUXOAUTCHA OJHA HEKpACHAsd: +2 MePBUYHBIX OAJIA;

-+ UpuBeaeHO pa3dueHue TOYEK Ha Napbl: +2 MePBUYHBIX DaJLIa;
o Jlubo:

+ IO0Ka3aHO, YTO JI/TMHA KPACHOTO MHTEpBAaJa He MPEBOCXOAUT 1: +2 MepBUIHBIX OaJLIa;
-+ TOKa3aHO, YTO PACCTOSTHUE MEXKJIy KPAaCHBIMH WHTEpPBAJAMHU HEe MOYXKET OBITh MeHbIme 1, u
IpUBe/IeHA BepHAs OIEeHKa: +2 NepPBUYHBIX 0aJLia;

e JIaH BepHBII puMep: +1 mepBUYHBIA OaJLT;

® [IPHUBEJICHA HJIEs «ECJIU KPACHBIX TOYEK HA OTPe3Ke JJINHBI 2 00JIbIe HOJOBUHBI, TOI/A HAUILYTCs
TaKue KpacHble TOYKHA a,b, 4T0 a — b = 1», HO HeT J0CTaTOYHOrO O0OCHOBaHUs: -1 MepBUIHBIN
daJsL;

e JIONyIeHA OMUOKA CO BKIIOYEHHEM /HEBKJIIOUeHHEM TOYKH B HHTEPBAJ: -1 MepBUYHBIH G

e He NPHUBEJICHA SIBHAS ONEHKA CYMMAapPHOR JJIMHBI KPACHBIX WHTEPBAJIOB: -1 MEePBUUYHLIN HAJLI.

Solution (ENG). Consider the set of segments of the form S, = [k;k+ 1] for Kk =0,1,2,...,99
and denote by Ay the set of red points lying in Si. Note that the parallel translation of each Ay by 1
«to the right» will not give coincidences of the translated set with the set Ao, 1, otherwise there would
be two red points at a distance of 1 from each other — therefore the total length of the intervals that
make up the sets Ay and Ay (for any t € {0,1,2,...,49}) does not exceed 1. By that, the total
length of the colored intervals does not exceed 50.
Lets give an example of colored intervals satisfying the task’s conditions, the sum of whose lengths
is equal to 50: let Ay = (2,2t +0.5), Aoy = (2t +1.5,2t +2) for all t € {0,1,2,...,49}.

Criteria:
e Fither

+ it is noted that there is one non-red point for every red point: +2 pre-points;

+ the points are divided into pairs: +2 pre-points;
e Or
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+ it is shown that the length of a red interval does not exceed 1: +2 pre-points;

+ it is shown that the distance between any red intervals cannot be less than 1: +2 pre-points;
e correct example is given: +1 pre-point;

e the idea «if there are more than half of the red points on a segment of length 2, then there are
red points a, b such that a — b = 1» is given, but there is no proper proof: -1 pre-point;

e an error was made with the inclusion/non-inclusion of a point in an interval: -1 pre-point;

e an explicit estimate of the total length of the red intervals is not given: -1 pre-point.

Task 6. [Tpasuibubiii mecruyronsuuk ABCDEF (BepiimHbl HA3BAHBI IOCIEI0BATEIBHO B ajipaBuT-
HOM TIODSIJTKe) PACIOJIOKeH Tak, 9To paccrosausi or Todek A, B, C' 10 upsamoil [, pacnosoKeHHo# B
OJIHO TIJIOCKOCTH ¢ HUMHU, paBHbl 4, 1,3 coorBercTBenno. Haiiiure paccrosuue ot Touku D j10 IpAMoii
[. ObocuyfiTe cBOIT OTBET.

The regular hexagon ABCDEF (the vertices are named sequentially in alphabetical order) is located
in such way that the distances from the points A, B, C to the line [ (which lies in the same plane as
the points do) are 4,1, 3 respectively. Find the distance from the point D to the line [. Explain your
answer.

Answer: 0,4,8,12

Pemrenue (RUS). CyuiectByior 4 NPUHIMIUAIBHO DA3HBIX B3aUMHBIX DACIOJIOXKEHHS] TOYEK
A, B,C, D u upsamoi [:

PaccmorpuM mepBoe u3 HUX (OCTaJbHbBIE PACCMATPUBAIOTCS AHAJIOTHMYHO) H BBeJeM ODO3HAUYEHWS, KAK
MOKa3aHO Ha PUCYHKE:
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Ormernm, uto AD || BC, AD = 2-BC, orciona ABCK ~ ANAADLwu DL =2-CK =2(CC,—BB;) = 4,
orkyna DDy = DL+ LD, = DL+ AA, =8.
Kpurepun oneHuBaHusa:

® B JI0OKA3aTEJIbCTBE €CTh 3HAYUTEJIBLHBIE «IIPOOE/IbI», HET JIOCTATOYHOrO 000CHOBaHUS — () IEPBUYHBIX
0aJLIIOB;

® JI0KA3aTeJIHCTBO MOUYTH BEPHO, HO PACCMOTPEHBI HE BCE CJYUYAH B3AUMHOIO PACIOJIOKEHHS eCTH-
YTOJbHUKA U HPSIMOH | U JIONyIIeHa He3HAYUTEeIbHAS OIMMUOKA B PACCY ZK/ICHUSIX MJTH BBIYUCICHUSIX
— 2 NepBUYHBLIX DaJLIa;

® JI0KA3aTeJbCTBO BEPHO, HO PACCMOTPEHBI HE BCe CIYYal B3aUMHOTO PACIOIOKEHHUS NMIECTHYTOb-
HUKA U npaMoii [ — 4 nmepBuyHbIX HasLIa;

® IIOJTHOCTBHIO BepHOE U 0OOCHOBAHHOE pelleHre — 5 MePBUUHBIX OAJLIOB.

Solution (ENG). There are 4 fundamentally different mutual arrangements of points A, B, C, D
and line [
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Lets consider the first of them (the rest are considered similarly) and introduce the notations as shown
in the picture:

Note that AD || BC, AD =2 - BC, thus ABCK ~ AADL and DL =2-CK = 2(CC) — BBy) = 4,
and by that DDy = DL+ LDy = DL+ AA, =8.

Criteria:
e the proof contains significant «gaps» and lacks explanation — 0 pre-points;

e the proof is almost correct, but not all cases of mutual arrangement of the hexagon and line [ are
considered and a minor error in reasoning or calculations is made — 2 pre-points;

e the proof is correct, but not all cases of mutual arrangement of the hexagon and line [ are
considered — 4 pre-points;

e a completely correct and explained solution — 5 pre-points.
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11-12"" degree

Task 1.

1. Haiinure 1menTp cuMMeTpun Kybmdeckoil mapaboasl y = ax® + bx? — 81z + 3, cymMMa u mpous-
BeJleHUe KOPHeHl KOTOpO# paBHBI COOTBETCTBEHHO 9 W —3. B oTBer 3amumuTte cyMMy KOODJAHHAT
HANIEHHOTO MEeHTPA CUMMETPHH, TP HEOOXOIUMOCTH OKPYIVINB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? — 81z + 3, the sum and product
of whose roots are 9 and —3, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: —291

2. HaitnmuTe nenTp cumMMerpun Kybmdeckoit mapaborst y = az® + bx? + 24x — 19, cymma n mpous-
BeJleHNe KOpHeil KOTOPOil paBHBI cooTBeTCTBeHHO 9 u 19. B oTBeT 3amnuimure cyMMy KOODJIMHAT
HaWIEHHOTO MEeHTPa CUMMETPHH, TP HEOOXOTUMOCTH OKPYTJIUB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? + 24z — 19, the sum and product
of whose roots are 9 and 19, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 2

3. HaitnuTe menTp cuMMmerpun KyOmdeckoit mapabonst y = az® + bx? + 45x — 51, cymma u mpons-
BeJleHIe KOpHeH KOTOpO#l paBHBI cOOTBeTCTBeHHO 12 m H1. B oTBeT 3ammimure cyMMy KOOpPAHHAT
HaMIEHHOTO IeHTPa CUMMETPHUH, IPU HeOOXOJIUMOCTH OKPYTJIUB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? + 45z — 51, the sum and product
of whose roots are 12 and 51, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 5

4. HaiianTe meATp CHMMeTPHH KyOmdaeckoil mapabosasl y = ax® + bw? — 45z + 12, cymMa 1 IpounsBe-
JIeHWe KOpHel KOTOPOil paBHBI COOTBETCTBEHHO —3 U —12. B oTBeT 3amuimuire cyMMy KOOPJIUHAT
HalIEHHOTO MEeHTPa CUMMETPHH, TPU HEOOXOTMMOCTH OKPYTJIUB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? — 45z + 12, the sum and product
of whose roots are —3 and —12, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 58

Pemenne (RUS). (upeicrasieno pentenne Bapuanra N1, ocrajbHbie DEaoTcst aHaI0IHYHO)
Ucnonb3ys reopemy Buera jijis Kybuueckoro derbipexwiena suja axr® +br? +cr+d, noayuum —b/a = 9,
—d/a = =3, otkyma a = 1, b = —9.
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O6osnaunm f(r) = 23 —92? — 81z +3, rorma f'(z) = 322 —18x—81, u f'(x) = 0 o3mavaer r = 9 wim

r = —3 — rouku sKkcrpemyma f(x). Kybuueckasi napabosia cuMMETpUIHA OTHOCUTE/NbHO CEPEJMHbL OT-
9+(=3
pe3Ka ¢ KOHIAMHU B TOUYKAX IKCTPEMyMa, MOITOMY adCIUCCa MEeHTPa CAMMETPUN PABHA T, = 3 — 3,

2
Torja ee opauHaTa pasHa y. = f(x.) = —294, 9ro naer z. + y. = —291.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Using Vieta’s theorem for a cubic quadrupole of the form az® + bx? + cx + d, we obtain —b/a = 9,
—d/a = —3, whence a = 1, b = —9.

Let f(z) = 2% — 92% — 81z + 3, then f'(x) = 32? — 18z — 81, and f’(z) = 0 means x = 9 or
r = —3 — the extremum points of f(z). The cubic parabola is symmetric about the midpoint of the
segment with the endpoints at the extremum points, therefore the abscissa of the center of symmetry

is x, = w = 3, then its ordinate is y. = f(x.) = —294, which gives z. + y. = —291.

Task 2.

1. Jlano ypasuenue ax + 97y = c. Haiijgure naumenbliiee mnejioe MOJIOKUTEJTHLHOE @, TIPH KOTOPOM
cyIecTByeT 1esioe ¢ > 2025, /i KOTOPOro JJaHHOe YpaBHEHHe He UMeeT pPellleHUil B IeJIbIX HeoT-
PUIIATETBHBIX X, Y.

Given an equation ax 4+ 97y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x, y.

Answer: 22

2. /lano ypasuenne ar + 83y = c. Haiiaure HamMeHbIlee Ieaoe MOJOKATETbHOE @, TTPH KOTOPOM
cymecTByeT 1esioe ¢ = 2025, A KOTOporo JJaHHoe ypaBHEHHE He MMeeT peleHuil B 1MeibiX HeoT-
pULATEJbHBIX T, Y.

Given an equation ax 4 83y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers z, y.

Answer: 26

3. /lano ypasuenue ar + 137y = c. Haiigure HanMenblee 1ejoe MoJ0KHUTEILHOE @, TTPU KOTOPOM
cyIecTByeT 1esioe ¢ > 2025, /i KOTOPOro JJaHHOe YpaBHEHHe He MMeeT pPellleHUil B IesIbIX HeoT-
PUTIATETBHBIX X, Y.

Given an equation ax + 137y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x, y.

Answer: 16

4. Jlano ypaBuenue ax + 79y = c. HaiiaiuTe HamMeHblee 1mesoe MOJOKHUTEJTHHOE @, TPH KOTOPOM
cymecTByeT 1esioe ¢ = 2025, A KOToporo JJaHHoe ypaBHEHHE He UMeeT pelleHuil B 1MeibiX HeoT-
pULATEJbHBIX T, Y.
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Given an equation ax 4+ 79y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers z, y.

Answer: 27

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCsT AHAJIOTHIHO)
Joxkaxkem Teopemy CrabBecTpa: ypaBHEHHE ar + by = ¢ 115 TOJ0KUTENIBHBIX IIEJBIX B3AHMHO IIPOCTHIX
a,b mMeeT pellleHHe B IEJBIX HEOTPUIATEIbHBIX X,y s JII0O0To 1meaoro ¢ > ab — a — b, HO He UMeeT
npu ¢ = ab —a — b.

Heiicteuresnpbro, ypasaenune axr + by = ab — a — b umeer pemenune (b — 1, —1), mosromy Bce ero
pemenns umeror Bug (b — 1+ kb, —1 — ka) aa nenvix k, oqaako npu k > 0 umeem y = —1 — ka < 0,
anpu k < 0 umeem x = b — 1+ kb < 0, T.e. pelrennii B ImeJabIX HEOTPUIIATEIbHBIX T,y YpPaBHEHHE He
umeer. [Ipu ¢ > ab — a — b cymecTByer perenue (g, Yo), A1 KOTOPOro 1esoe xg € [0,b — 1], mpu 3rom
byo = c—axg = c—a(b—1) > —b. Orciona yo > —1, 1.e. Yo > 0 — HalijeHO pellleHre ypaBHEHUs B
HeOTpUIaTeJIbHBIX HEJIbIX YHUCJIaX. ZLOKa3aTeJIbCTBO 3aBepIIeHoO.

Nrak, pursg ncxoganoro ypasuenus tTpedyercs 97a — a — 97 > 2025, orciona mnesoe a > 22.

a = 22 nogxoaut: TeopeMa CHIbBecTpa K HEMY NPHUMEHUMA, IOCKOJIBKY 22 B3aUMHO IIPOCTO ¢ 97.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets prove the theorem: the equation az + by = ¢ for positive integers with mutual co-prime a,b has
a solution in non-negative integers x,y for any integer ¢ > ab — a — b, but does not have one for
c=ab—a—0b.

Indeed, the equation ax+by = ab—a—>b has a solution (b— 1, —1), therefore all its solutions have the
form (b— 14 kb, —1 — ka) for integers k, however for k > 0 we have y = —1 — ka < 0, and for & < 0 we
have x = b—1+kb < 0, i.e. the equation has no solutions in non-negative integers x,y. For ¢ > ab—a—b
there is a solution (zo, yo) for which the integer zo € [0,b — 1|, while byy = ¢ — azg = ¢ —a(b—1) > —b.
Thus yg > —1, i.e. yp = 0 — the solution of the equation in non-negative integers has been found. The
proof is complete.

By that, for the original equation 97a — a — 97 > 2025 is required, thus the integer a > 22.

a = 22 suits us since it is co-prime with 97, and by that the theorem can be applied.

Task 3.

1. Happ BemaeT Ha CYH/IYK C TOCYJAAPCTBEHHONW Ka3HOM n 3aMKOB U pa3/iaeT Koun cBouM 10 coBeT-
HHKaM Tak, 9TOOBl HUKAKHe b M3 HUX HE MOIJIH OTKPBITh CYHJIYK, HO Jt06bie 6 — Morau (y mapst
eCcTh MHOXKECTBO KJII0Uell OT KaXKJI0T0 3aMK4, U COBETHUK MOYKET MOJYIUTh KJII0YN OT HECKOJTbKUX
3aMk6B). Hafiinre nanmenbiiee n, mpu KOTOPOM Iaph CMOZKET JOOUTHCS JKEJIaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 252

2. apb BermaeT Ha CYHIYK € TOCYJaPCTBEHHOM Ka3HON n 3aMKOB U pa3jaeT Kjio4dn ceouM 11 coser-
HHKaM Tak, 9TO0Bl HUKAKHe D M3 HUX HE MOIJIH OTKPBITh CYHJIYK, HO Jt06bie 6 — Morau (y mapst
€CTh MHOYKeCTBO KJII0Ueil OT KazKJI0T0 3aMK4, B COBETHUK MOXKeT TMOJYYUTh KJIIOUYN OT HECKOJIBKUX
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3aMk6B). Haiiinre HauMeHblIee n, mpu KOTOPOM TAPb CMOYKET JTOOUTHCST YKEJIAeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 462

3. llapp BemaeT Ha CYHAVK C FOCY/IapCTBEHHON Ka3HOU N 3aMKOB U pa3jgaeT KJI09u cBouM 10 coBeT-
HHKaM Tak, 9TO0Bl HUKaKWe 4 M3 HUX HE MODJIM OTKPBITH CYHJIYK, HO Jt00bie 5 — Morau (y mapst
eCTb MHOKECTBO KJII0Yeil 0T KaxK/J0T0 3aMK4, U COBETHUK MOKET HOJYYUTh KJIIOUU OT HECKOJbKUX
3aMk6B). Haifiinre HanmeHblee n, mpu KOTOPOM Taph CMOZKET JOOUTHCS JKEJTaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 4 of them can open the chest, but any 5 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 210

4. Ilappb BemaeT Ha CYHIVK ¢ TOCYTapPCTBEHHON Ka3HOW 1 3aMKOB U pa3jaeT KJIo4un cBouM 11 coet-
HUKaM Tak, 9TO0bl HUKaKHe 7 W3 HUX He MOIJIM OTKDBITH CYHJYK, HO Ji00bie 8 — Morau (y mapsi
€CTh MHOZKECTBO KJII0Uell OT KazK/I0TO 3aMKd, M COBETHUK MOYKET TOJYIUTH KJIIOYN OT HECKOJbKUX
3aMk6B). Haiiyinte HauMeHblIee n, mpu KOTOPOM Taph CMOZKET JTOOUTHCsT YKEJIaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 7 of them can open the chest, but any 8 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 330

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajibHbIe PENIAlOTCsT AHAJIOTHIHO)
[lockoJsibKy HUKaKHe 5 COBETHUKOB He MOTYT OTKDBITh BCeX 3aMKOB, Y HUX HeT KJI04Ya OT HEKOTOPOTro
3aMK4, HO 9TOT KJII0OY €CTh y BCEX OCTAJIBLHBIX COBETHUKOB. 3HAYUT, KJIIOUN OT KayKJIOTO 3aMK4, TOJTKHBI
ObITH poBHO y 10 — 5 = 5 COBETHUKOB, TOTJIa KOJUYECTBO 3aMKOB HE MOkKeT ObTh MeHbine Cf, = 252.
Ocraercst TOIBKO pa3aaTh MO 5 KJIOYEH 0T KayKJI0T0 3aMKd COOTBETCTBYIOIIEH MITEPKe COBETHUKOB, B
pe3ysIbTaTe 4ero mapb J00beTcsd KejaaeMoro. Ecam pa3maTh KJIIOYH OT KaxKI0TO 3aMKA He 0ojiee deM
4 coBeTHHWKaM, TO He BBINOJHUTCS YCJOBHUe 33Ja4H, T.K. HAlAyTcd 6 COBETHUKOB, KOTODBbIEe HE CMOTYT
OTKPBITH ONpeJieeHHbIi 3aMOK. Ecn ke pa3faarTh KJIIOYH OT KayKJIOTO 3aMKA OoJiee 1eM 5 COBETHUKAM,
TO HE BBIIOJHUTCSH YCJIOBHE «HHUKAKUE D HE CMOI'YT OTKPBITH CYHJLYK>.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Since no 5 advisors can open all the locks, they do not have a key to some lock, but all the other advisers
have such key. This means that exactly 10—5 = 5 advisors must have keys to each lock, then the number
of locks cannot be less than C7, = 252. It remains to distribute 5 keys to each lock to the corresponding
five advisors, and by that the king will achieve what he wants. If the king distributes the keys to each
lock to no more than 4 advisors, then the task’s requirements will not be fulfilled, because there will be 6
advisors who will not be able to open a certain lock. If the king distributes the keys to each lock to more
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than 5 advisors, then the requirement «no 5 advisors will be able to open the chest» will not be fulfilled.

Task 4.

1. Pemnre ypaBuenue
(4sinx + 3cosx)(2.5cos 2z + 8sinx + 20.5) = 131

U 3aIUIIATE B OTBET CYMMY TAHTE€HCOB Te€X KOPHE 9TOr0 ypaBHEHUs, KOTOPBIE MPHHAJITeKAT OT-
pesky [0; 27|, npejcTaBUB €e B BUJE MEJOI0 YUCJA HIH AECATUIHON ApOOH, IPpHU HEOOXOANMOCTH
OKPYyTJIeHHO# /10 coThixX. Ecan 3Ta cymma 6eckonedHa, 3aMUNIATEe B OTBET YNCJI0 —1.

Solve the equation
(4sinz + 3cosx)(2.5cos 2z + 8sinz + 20.5) = 131

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33
2. Pemmre ypaBHeHme
(3sinz 4+ 4 cosx)(2.5cos 2z + 6sinx + 16.5) = 104

" 3allUIIUTE B OTBET CYMMY TaHI'€HCOB TeX KOpHeﬁ 9TOI'0 ypaBHEHUA, KOTOPbIE IIpHUHA/AJIEeKaT OT-
pesky [0; 27|, npejcTaBUB €e B BUJE MEJOI0 YNCJAA HJIH AECATUIHON APOOH, IPpH HEOOXOANMOCTH
OKPYTJIEHHO! 10 cOThIX. Eeam ata cymma OecKoHedHa, 3alUTINATEe B OTBET 4nciao —1.

Solve the equation
(3sinz 4+ 4cosx)(2.5cos 2z + 6sinx + 16.5) = 104

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75
3. Pemmure ypaBHenne
(4sinz + 3cosx)(2.5cos 2z + 8sinx + 23.5) = 146

M 3AIUIINATE B OTBET CYMMY TaHI'€HCOB T€X KOPHEil 3TOro ypaBHEHUSI, KOTOPbIe TPUHAJIIEKAT OT-
pe3ky [0; 27|, npejcTaBUB ee B BHJE MEJOT0 YNCJAA WIN JECATHIHON JAPOOH, TPU HEOOXOANMOCTH
OKPYTIJIEHHO#R 710 cOThIX. Ec/in 3T1a cymMMa OecKOHeYHa, 3aIUIIUTe B OTBET YUCI0 —1.

Solve the equation
(4sinx + 3cosx)(2.5cos 2z + 8sinz + 23.5) = 146

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33
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4. Pemmute ypaBHeHUE
(3sinx +4cosx)(2.5cos2z + 6sina + 21.5) = 129

1 3allUIATe B OTBET CYMMY TaHT€HCOB Te€X KOPHeil 9TOTO ypaBHeHU:d, KOTOPble IMPUHAIeXKAT OT-
pe3ky [0; 27|, mpeacTaBuB ee B BHE MEJOTO YHCIA WIN JACCITHIHON APOOH, TPU HEOOXOIUMOCTH
OKPYIJIEHHO# 710 cOThIX. Fc/in 31a cymMMa ODeCKOHEYHA, 3aIUIIUTe B OTBET YUCI0 —1.

Solve the equation
(3sinx + 4 cosx)(2.5cos 2z + 6sinz + 21.5) = 129

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTNHIHO)
ITpeoOpasyem ypaBHEHHE K BUILY 5(;—1 sinx + %cos r)(=5sin®z + 8sinx + 23) = 131 u 3ameTnmM, 9TO
‘51 sin x+g cos x = cos(x—arccos %) < 1. g nocaeaero MHOXKATENS JeBOH YaCTH paBeHCTBA 0O03HATIM
f(t) = —5t* + 8t + 23 (3nech t = sinx € [—1;1]), Torma f(t) moNOKUTETbHA U IPHHAMAET HAKOOJIbIIEE

3HAUEHUE f(z-(_—85)) = Bl q1ng sing = 2

=5 5
Urak, JeBag 4acTh paBeHCTBA He IIPEBOCXOIUT 5«1 - % = 131 1 npuHEMAaET 3TO 3HAYEHHE TOJbKO IIPU
x = arccos 2 + 27n (n € Z) (na orpeske [0: 27| ecTh TOJBKO OIHA Takas Touka). Torna tegz = 2 ~ 1.33.
5 ) 3

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We transform the equation to the form 5(%sinz + £ cosz)(—5sin®z + 8sinz + 23) = 131 and note
that Zésinx + gcosx = cos(x — arccos %) < 1. For the last factor on the left side of the equality, we
denote f(t) = —5t> + 8t + 23 (here t = sinw € [—1;1]), then f(¢) is positive and takes the largest value
f(2.(185)) = 11 when sinz = ;.
So, the left side of the equality does not exceed 5 - 1 - % = 131 and takes this value only for
x = arccos £ 4+ 2mn (n € Z) (there is only one such point on the segment [0; 27]). Then tgz = 3 ~ 1.33.

Task 5. Yucaa 1,2,3,...,2024 3anucanm B HEKOTOPOM MOPSIKE, MOJYYUB MOCAEI0BATEILHOCTD
a1,032,03, ..., A24. HaiiguTe HAMOOIbIIIEE BOZMOKHOE 3HAYECHUE BBHIPAYKEHUS

la; — as| + |ag — as| + |ag — aq| + - - - + |a2023 — 2024
ObocHyiiTe CBOIT OTBET.

The numbers 1,2, 3,...,2024 being written in some order form a sequence ay, as, as, .. ., asgey. Find
the greatest possible value of the expression

la1 — as| + |ag — as| + |ag — aq| + - - - + |a2023 — 2024

Explain your answer.
Answer: 2048287

Pemrenune (RUS). Ormernm Ha uncsioBoil npsamoii rouku 1,23, ... ,2024. Kax oMy pacnosozxke-
HUIO 9MCE B MOJYYEHHOI MOCIe10BATEIHHOCTH MOYKHO MTOCTABATH B COOTBETCTBHE 3aAMKHYTYIO JJOMAHYIO
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C BepIIMHAME B YKa3aHHBIX TOUKAX, M HA00OPOT, KaxKJ0H TaKOU JIOMAHOH COOTBETCTBYET IIOC/IEI0Ba-
TEJBLHOCTL., YKA3aHHOE B YCJIOBUM 3aJla4d BbIPAXKEHUE — 3TO JIMHA TAKOW JIOMAHOM, T.e. cymma JJIMH
OTPE3KOB MEYK/ly COCEJHUMH TOYKAMU C yIETOM KPATHOCTU MOKPLITHSA 3BEHbAMMU.

Otpesok [a, a+ 1] MOkKeT TTOKPHIBATHCST TOJBKO 3BEHbSIME, OJNH KOHEI| KayKJI0T0 13 KOTOPBIX JIEZKHUT
B MHO}kecTBe {1,...,a}, a npyroii — B muOKecTBe {a + 1,...,2024}, npuduém Kazk10il ToUKe JTH06Or0 U3
THX MHOXKECTB OTBedaeT He Gojiee JIBYX 3BEHbEB, a 3HAYWUT, MOKPHIBATH OTPE30K [a,a + 1] MoxkeT He
oonee 2 - min{a, 2024 — a} 3BeHBEB.

Urax, orpesok [1, 2] mokpeIT He GoJsiee deM aByMs 3BeHbsiMU (Kak u oTpe3ok [2023,2024]), orpesok
[2,3] — werwippMs (kak u [2022,2023]), n T.a. TTockoabKy JOMaHas He 3aMKHYTa, XOTsl Obl OIUH U3
OTPE3KOB [a, a + 1] GyeT HOKPBIT HEYeTHBIM YHCJIOM 3BeHbeB. Torjaa JinHa JOMAHON He MPEeBOCXOIUT

2-(1+2+3+---+1011 4+ 10124+ 1011+ --- +3+2+ 1) — 1 = 2048287
[IpuBenem mpuMep JJOMaHOM, Ha KOTOPOH JOCTHTAETCA OMUCAHHBIM MAaKCHUMYM:

1012, 2024, 1,2023, 2,2022, 3,...,1013

Kpurepunu onennBanus:

® JIaH BepPHbI OTBET M YKA3aHO, YTO HY2KHbII IIpUMED JOCTUIaeTCs, KOIJla PA3HOCTU MEXKJLy COCejl-
HUMY YJI€HAMU TOC/IeJ0BATETbHOCTH OJIM3KH K MAKCHUMAJHLHO BO3MOYKHBIM, HO CaM IPUMEpP SIBHO
He TpUBeJieH — | TIePBUYHbBIH OaJLT;

® JlaH BEPHBIIl OTBET W NPHUBEJIEH BEPHBI NpHUMED, HO J0KA3aTEIbCTBO HEBEPHO — 2 MEePBUYHBIX
basLta;

® JlaHA BepHAas OLEHKA JIJIMHBbI JIOMAHO, HO HET BEPHOI'O IIPUMEPA — 3 HEPBUYHBIX OaJLIa;

® NIPHUBEIEHO KOPPEKTHOE JOKA3aTeIbCTBO OIEHKH, HO JIOIYINeHA BEIYUCIUTEIbHAS OMMUOKa — 4 mep-
BUYHBIX OaJLIa;

® II0JTHOCTBHIO BEpHOE U OOOCHOBAHHOE pEIIeHNEe U BEPHBIH OTBET — 5 MEPBUYHBIX HAJIIOB.

Solution (ENG). Lets mark the points 1,2, 3,...,2024 on an axis. Each arrangement of numbers
in the resulting sequence can be assigned a polygonal chain with vertices at the points mentioned, and
vice versa, i.e. each such polygonal chain corresponds to some sequence. The expression specified in
the task’s formulation is the length of such chain, i.e. the sum of lengths of the segments between the
points, taking into account the multiplicity of the link coverage.

The segment [a,a + 1] can be covered only by those links with one end lying in the set {1,...,a}
and the other end in the set {a + 1,...,2024}, and each point of any of these sets corresponds to
no more than two links, which means that the segment [a,a + 1] can be covered by no more than
2 - min{a, 2024 — a} links.

Thus, the segment [1,2] is covered by no more than two links (as is the segment [2023,2024]), the
segment [2, 3] is covered by no more than four links (as is [2022, 2023]), etc. Since the chain is not closed,
at least one of the segments [a, a + 1] will be covered by an odd number of links. Then the length of the
broken line does not exceed

2-(1+2+3+---+1011+ 10124+ 1011+ --- +3+ 2+ 1) — 1 = 2048287
Lets give an example of a polygonal chain which the described maximum is reached on:

1012, 2024, 1,2023, 2,2022,3, . ..,1013

Criteria:
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e the correct answer is given and it is mentioned that the required example is achieved when the
differences between adjacent members of the sequence are close to the maximum possible, but the
example itself is not explicitly given — 1 pre-point;

the correct answer and correct example are given, but the proof is incorrect — 2 pre-points;

the correct estimate of the length of the polyline is given, but there is no correct example — 3
pre-points;

e a correct proof of the estimate is given, but a computational error was made — 4 pre-points;

a completely correct and explained solution and the correct answer are given — 5 pre-points.

Task 6. /lan ky0 ¢ pedpoMm 1, HeHTp KOTOPOro COBIaJAaeT ¢ BepirmHoi () IpaBUIBHOI TPeyroJbHOM
HHPaMHU/JIBI, OOKOBBIE pebpa KOTOPOM paBHBI 2, U BCe IIOCKHUE VIVIbI IpHu Bepiune O — npsamMbie. Moxer
JI1 OBITH TAaK, UTO BCe BEPIIMHBI KyOa JexkaT BHe nupaMuabl! OOocHyiiTe cBOit OTBeT.

Given a cube with edge 1, the center of which coincides with the vertex O of a regular triangular
pyramid, the lateral edges of which are equal to 2, and all the plane angles at the vertex O are equal to
90°. Is it possible for all the vertices of the cube to lie outside the pyramid? Explain your answer.

Answer: [la, rakoe Bo3amoxkHO / Yes, it is possible

Pemrenue (RUS). OTmernm, 4T0 OCHOBAHHE MUPAMEJIBI PACIIONOKEHO BHE KyDa, MOCKOJIbKY TI0-

JlyiHaroHaJib Kyba pabHa \/75 < 1, 9T0 MeHbIIle BBICOTHI IHPAMHU/IbI, UMEOIIeN JTIHHY 4/ 22 —% > 1.

3aMeTnM, 4TO MOYKHO OJHOBPEMEHHO PA3MECTUTh 8 HelepeceKaIoNuXcs TUPAMU, YIOBIETBOPSIONIHX
VCJIOBHSAM 33JIa4¥, MPOCTO <«ITPOJJIUBY ILJIOCKOCTH OOKOBBIX T'DaHeil OJHOM MUpaMUIbI 3a ee DOKOBBIE
pebpa, a 3areM JOCTPOUB OCHOBAHHS OCTABIINXCS 7 HUPAMHJ. 3HAYUT, €CJAU Mbl CMOXKEM MOBEPHYTD
ONMMMCAHHYI KOHCTPYKIUK BOKpPry Todkun () Tak, 9TOOBl BHYTPU OMHONH W3 THPAMHJ OKA3AJNCH [BE
BepIuHbl Kyba, TO Cpe/id OCTAJIbHBIX 7 MHUPAMUJ HaJAeTCs Ta, KOTOpas He COJAEPYKUT HU OJHOW u3
OCTaTBHBIX 6 BepIIuH KyOa.

OmnureM, Kak MOCTPOUTH MHUPAMUIY, BHYTPH KOTOPOH OKaKyTcsd JIBe BEPIIMHBI KyOa: JIsT 9TOTO
1oBepHeM ee BOKpyr Touku O Tak, 4r00bl JiBe (buKCcHpoBaHHBIE cMezKHble Bepiiunabl A, B kyba oka-
3aJINCh B ODOKOBOW T'PAHM NUPAMUILI — ITO BO3MOXKHO, OoCKoabKYy ZAOB < 90°. Ocrasoch HEMHOTO
«TOTIEBEJINThY MHPAMEILY TaK, 9To0bl 00e Toukn A, B oka3ajanuch BHyTpH Hee.

Kpurepunu onennBanus:

e 1puBejieHbl I'paduydeckue NpuMepbl 0€3 aHaJIuTUYecKux 000CHOBaHUN ux KoppekTnoctu — 0 nep-
BUYHBLIX OAJLIOB;

® JI0OKa3aHO, YTO OCHOBAHUE IMUPAMU/bI JEKUT BHE KyDa — 2 MepBUYHBIX Da/LIa;

® IPUCYTCTBYET IJIOAOTBOPHAS HIEs ¢ IMPUHIUIOM Jlupuxie, HO O 3HAUYUTEIbHBIM HEJOIETOM — 2
[EePBUYHBLIX OaJiia;

® IIOKA3aHO, YTO eC/IM OCHOBAaHHUE MHPAMUIBLI Mapa/iiebHO TpaHu Ky0a, TO BEpPIIMHBI ITOH I'paHU
1 TOYKH OCHOBAHMS IHPAMHUIBI JI€KAT HA OIHOM OKPYKHOCTH IPH HPOEHHPOBAHMHM TOUEK — 2
MEePBUYHBIX OaJsLia;

® MPHUCYTCTBYET IJIOJOTBOPHAs MJIesd ¢ TPUHIUNOM JIupuxie, HO He JOKA3aHO, YTO OCHOBAHUE IIH-
paMu/ibl JIEKUT BHE Ky0a, b0 JIpyrue HeJ0YeThl — 3 MePBUYHBIX OasLIa;

® pelleHue MOYTH BEPHOE, HO eCTh HeDOJIbINe HeJ09eThl, TAKNe KaK OTCYTCTBUE IPUMEPA MOTPY ZKe-
HUs JIBYX BEPIIUH Ky0a BHYTPb NUPAMUILI — 4 NEPBUYHBIX OaJLIa;
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® IIOJTHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHrne — 5 MePBUUHBIX OAJIIOB.

Solution (ENG). Note that the base of the pyramid is located outside the cube, since the half-

diagonal of the cube is \/75 < 1, which is less than the height of the pyramid, which has a length of

\/22 — % > 1. Note that it is possible to simultaneously place 8 non-intersecting pyramids that satisfy
the conditions of the task by simply «extending» the planes of the lateral faces of one pyramid beyond
its lateral edges, and then completing the bases of the remaining 7 pyramids. Therefore, if we can rotate
the described construction around point O in such way that two vertices of the cube are inside one of
the pyramids, then among the remaining 7 pyramids there will be one that does not contain any of the
remaining 6 vertices of the cube.

Lets describe how to construct a pyramid that will contain two vertices of the cube: to do that, we
rotate it around point O so that two fixed adjacent vertices A, B of the cube will be in the lateral face
of the pyramid — this is possible because ZAOB < 90°. All that remains is to «wiggle» the pyramid a
little so that both the points A, B will be inside of it.

Criteria:
e graphical examples are given without proper proof — 0 pre-points;
e it is proven that the base of the pyramid lies outside the cube — 2 pre-points;
e there is a fruitful idea with Dirichlet’s principle, but with a significant mistake — 2 pre-points;

e it is shown that if the base of the pyramid is parallel to a face of the cube, then the vertices of the
face and the points of the base of the pyramid lie on the same circle when projecting the points
— 2 pre-points;

e there is a fruitful idea with Dirichlet’s principle, but it is not proven that the base of the pyramid
lies outside the cube, or other mistakes — 3 pre-points;

e the solution is almost correct, but there are minor mistake(s) like there is no example of how to
place two vertices of the cube inside the pyramid — 4 pre-points;

a completely correct and explained solution — 5 pre-points.



