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Cucrtema ornennBanus / Task score

1. TlepBuuHnas oneHKa perreHus KaxkK/J0# 3a/1a4u BbICTABJISIETCs 110 H-0a/LIbHON MIKaJIe.

Eciin K 3aj1a4e HyKeH TOJIbKO KPATKHil OTBET, TO 110 Hell BbicTaB/isgercs Jnoo () nepBuIHbIX O6aJI0B,
aubo 5.

2. JInst KaxK 10l 3aa90 BRIYUCISAETCS cpeuuii 6amwt (M) no pe3yabTaTaM ee PeIleHns BCeMU yIacT-
HUKAMU.

3. Becogoii koadbduruent (K) KaxKI0ii 331a91 BEIYUCIACTCS 0 (HOPMYIIe

K=3-05-M

4. Ba/1 KaxKa0ro y4acTHHKA 3a KazK/IVIO 33/1a9y YMHOZXKaeTcs Ha BecOBO Kodhbdunuent roit 3a1a-
qd.

5. Banner, HabpaHHBIE YYACTHUKOM, CYMMUPYIOTCS € MOCHEAYIONUM OKPYTJIeHuEM 0 OIuzKalIero
HEJI0T0 B OOJIBIIYIO CTOPOHY.

1. Pre-score of the solution to each task is set on a 5-point scale.

If the task requires short answer then pre-score will be 0 or 5 points.
2. An average score (M) is calculated based on the results of all participants for each task.

3. The weighting coefficient (K) of each task is calculated using formula

K=3-05-M

4. Each participant’s score for each task is multiplied by the weighting coefficient of that task.

5. The points scored by the participant are summed and then rounded up to the nearest integer.
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7" degree

Task 1.

1. Ha crene BucaT aBoe 4acoB, y 00OMX W MHUHYTHas, H 9acOBas CTPEJKH CMOTPAT CTPOTO BBEpX.
OmHu Yackl UCIIPABHBI, a JPYTHe UCIOPUYEHBl: OHW WAYT B OOPATHYIO CTOPOHY, IpUYeM B 2 pa3a
obicTpee ucupasibix. CKOJIBKO pa3 B TeYCHHE CACAYIONKUX 23 9acoB 59 MUHYT HCHPABHBIE W UC-
IOpYEHHbIe Jachl MOKAKYT OJHHAKOBOE BpeMsi (He CYmMTas HAYaJbHOIO MOJOKEHUST CTPEJIOK)?

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, twice
as fast as the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 5

2. Ha crene BUcAT /1BOe YacoB, y 0OOMX W MUHYTHAasd, U 9acoBas CTPEJKH CMOTPSAT CTPOTO BBEDX.
OaHu Yachkl UCIIPABHBI, a JPYTHe UCIOPYEHBI: OHW WIAYT B OOPATHYIO CTOPOHY, IpUYeM B 3 pa3a
opicTpee ucnpaBabix. CKOJIBKO pa3 B TeUEHHE CACAYIONMX 23 9acoB 59 MUHYT HCHPABHBIE W UC-
MOpYEHHbIe Jachl MOKAXKYT OJHHAKOBOE BpeMsi (He CUHMTas HAYaJIbHOIO MOJOKEHUST CTPEJIOK)?

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, 3 times
faster than the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 7

3. Ha crene Bucdar /1Boe 4acoB, y 0OOMX W MUHYTHAas, U 9acoBas CTPEJKH CMOTPSAT CTPOTO BBEDX.
Opanu 9achkl UCIIPABHBI, a JPYTHe UCIOPYEHBI: OHW WIAYT B OOPATHYIO CTOPOHY, IpudeM B 4 paza
opicTpee ucnpaBabix. CKOMBKO pa3 B TeUEeHHE CACAYIONHUX 23 9acoB 59 MUHYT UCIPABHBIE W UC-
MOpYeHHbIe Jachl MOKAXKYT OJHHAKOBOE BpeMsi (He CUmuTas HadaJIbHOIO MOJOKEHUST CTPEJIOK )T

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, 4 times
faster than the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 9

4. Ha creHe BUCAT JBOe YacoB, Y 0OOMX W MUHYTHAasl, U 9acOBas CTPETKU CMOTPSAT CTPOTO BBEPX.
O/ 9achl MCHPABHBI, & JAPYTUE UCIOPYEHBI: OHU HJYT B OOpAaTHYIO CTODPOHY, npudem B 6 pa3
opicTpee ucnpaBabiX. CKOMBKO pa3 B TeUeHHE CAEAYIOMHNX 23 9acoB b9 MUHYT HCIPABHBIE W UC-
MOpYeHHbIe Jachl MOKAXKYT OJHHAKOBOE BpeMsi (He CUmuTas HadaJabHOIO MOJOKEHUST CTPEJIOK )T

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, 6 times
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faster than the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 13

Pemrenue (RUS). (npeacrasieno perenne Bapuanra Ne1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
[IpencraBuM, 9T0 OKpYKHOCTDH IupepbaaTa pazdura Ha 12 - 60 = 720 paBHbIX YacTeil, 1 9TO Ha Jacax
BCETO OJIHA CTPEIKA — «MHHYTHO-J9acoBas» — OHa MOKA3bIBACT KOJMYIECTBO MUHYT, MPOIIENTHX ¢ TOTO
MOMEHTa BpeMEHH, KOIJla OHa 6bIJ'Ia HallpaBJieHa CTPOIr'O BBEpPX. TOF,ZLa KazKA0MY IMOJIOZKEHHUIO MHUHYTHO-
YaCOBOl CTPEJIKM COOTBETCTBYET eIMHCTBEHHOE TOJ0KEeHIe «OOBIYHBIX» MUHYTHON U 9aCcOBOH CTPEJIOK,
1 Hao60poT. [TocTponm rpaduk MOJOKEHUHT MUHY THO-9aCOBON CTPEJIKYM HA UCHPABHBIX (CHHUIT) U HEHC-
NpaBHBIX (KPACHBIN) Yacax B 3aBUCHMOCTH OT BPEMEHH, MPOIIE/IIIEro ¢ Hadala CYyTOK:

12

10

3esleHBIMH TOYKAaMH MIOKA3aHBl IepecedeHusd IpaduKoB, nX abCIHUCCHl COOTBETCTBYIOT BPeMeHH, KOTa
qachl MOKA3bIBAIOT oguHakoBoe Bpems. (touku (12;0) m (12;12) COOTBETCTBYIOT OJHOMY H TOMY ZKe
BPEMEHHU — MOJIJIEHb — HOITOMY YUUTHIBACTCS TOJBKO OJHA W3 HUX, H BTOPasl HE 3aKPAIICHA 3€JICHBIM).

Hewucupapubie dachl ujayT B 0OpaTHOM HalpaB/JCHUM U BJIBOE ObICTPEEe UCIPABHBIX, HOITOMY CO-
OTBETCTBYIOIINE OTPE3KH UMEIOT OTPUIATEIbHBIN yrA0BOH KO3 MUIMEHT, TPUTOM BIIBOE OOIBINHIT 110
MO/IYJII0, YeM TaKOBOIl y CHHHX OTPEe3KOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets imagine that the circumference of a clock face is divided into 12-60 = 720 equal parts, and that the
clock has only one hand — the «minute-hour» hand — which shows the number of minutes passed since
the moment when it was pointed straight up. Then, each position of the minute-hour hand corresponds
to a single position of the «regulars minute and hour hands, and vice versa. Lets plot a graph of the
positions of the minute-hour hands on a proper (blue) and a broken (red) clock depending on the time
passed since the beginning of the day:
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12

10

The green points indicate the intersections of the graphs; their abscissas correspond to the times when
the clocks show the same time. (Points (12;0) and (12;12) correspond to the same time — noon — so
only one of them is taken into account, and the other is not shaded green.)

The broken clock runs in the opposite direction and twice as fast as the proper one, so the corresponding
segments have a negative slope, which is twice as large in magnitude as that of the blue segments.

Task 2.

1. Tlycth n — HanMeHblee 54-3HAYHOE MOJIOKUTETBHOE MeI0e YUCI0 (B IeCATHYHON 3alucu; neppas
nudpa uucsaa we pasaa 0), KparHoe 2475, Kakoit octatok naer n npu jgesierun Ha 100007

Let n be the smallest 54-digit positive integer (in decimal notation; the first digit of the number
is not 0) that is a multiple of 2475. What is the remainder of n when divided by 100007

Answer: 1475

2. Tlyctb n — HauMeHbIee 49-3HAUHOE TOJOKUTEIBHOE [EJI0e THCJIO (B TeCATHIHON 3aIUCH; HepBas
nudpa uucaa we pasaa 0), kparHoe 2475, Kakoit octatok naer n npu jgeierun Ha 100007

Let n be the smallest 49-digit positive integer (in decimal notation; the first digit of the number
is not 0) that is a multiple of 2475. What is the remainder of n when divided by 100007

Answer: 2375

3. Ilyctb n — HanMmenblee 134-3HaTHOE MOJIOKUTETHHOE TEJI0€ YUCTO (B JTECATUIHON 3allUCH; HepBas
uudpa uncia ve pasua 0), kparnoe 825. Kakoit ocrarok paer n upu geiaenun na 10007

Let n be the smallest 134-digit positive integer (in decimal notation; the first digit of the number
is not 0) that is a multiple of 825. What is the remainder of n when divided by 10007

Answer: 650
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4. Tlyctb n — HauMeHbIee 87-3HAYHOE MOJOKUTEIBHOE TEJI0e TUCIIO (B JeCITHYHON 3aIiCH; mepBast
uucpa uncsa ve pasua 0), kparnoe 825. Kakoit ocrarok paer n upu geienun na 10007

Let n be the smallest 87-digit positive integer (in decimal notation; the first digit of the number
is not 0) that is a multiple of 825. What is the remainder of n when divided by 10007

Answer: 725

Pemrenue (RUS). (npeacrasieno perenue Bapuanta N1, octajpHbIe PENIAIOTCS AHAJIOTHTHO)
2475 = 9-11-25, 1.e. n kparuo 9, 11 u 25. Haumenbiee H54-3naunoe n 3anucbiBaercs B Buge 100 . .. 00abed,
npuIeMm

1. a4+ b+ c+d+ 1 kpartno 9,
2. cd xpatHo 25,
3. 14+a+c—b—dxparno 11.

[Taras nudpa cupasa pasua 0, nockoabky cpeju 10000 noxps waymux gucesa 100...00, 100...01,
100...02, ..., 100...09998, 100...09999 naiinerca uncio, KparHoe 4-x3HaTHOMY 2475.

ITepebopom a, b, ¢, d c yuaeToM BBITIIETPUBEIEHHBIX YCJAOBUi 1-3 yOeK1aeMcst, 9TO YUCTI0
n = 100...001475 — uckomoe, MpuIeM OHO SIBJIETCA HAUMEHBIITUM, MOCKOJBKY N — 2475 yxKe He ABJIdA-
ercsd b4-3nadnbiM. OdeBHIHO, ero ocTaTok oT gesienus Ha 10000 paBen 1475.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
2475 =19-11-25, i.e. n is a multiple of 9, 11, and 25. The smallest 54-digit n is written as 100. . .00abcd,
where

1. a4+ b+ c+d+1is a multiple of 9,
2. cd is a multiple of 25,
3. 1+a+c—b—dis a multiple of 11.

The fifth digit from the right is 0, since among the 10000 consecutive numbers 100...00, 100...01,
100...02, ..., 100...09998, 100...09999 there is a number that is a multiple of the 4-digit number
2475. S

By checking a, b, ¢, andd using conditions 1-3 shown above, we realize that n = 100...001475 is the
desired number, and it is the smallest, since n — 2475 is no longer 54-digit. Obviously, its remainder
when divided by 10000 is 1475.

Task 3.

1. KommuecTBO TYPHCTOB, NPHE3KAIOMINX B IKO-KYpopT <«IIpocTokBammmuo» OBLIO OJUHAKOBBIM B
2023, B 2024 u B 2025 romy. PazMmernenne TypuCTOB Ha TEPPUTOPHUU KYypOpTa ITPOUCXOTUT B TO-
creBbiX JioMuKax. B 2024 roay Ha KypopTe HMOCTPOWIU D JIOMOJHUTEILHBIX IOCTEBBIX JTOMUKOB,
n Gyrarojilaps 3TOMY CpejiHee KOJIMYECTBO Pa3MEeINEHHBIX TYPUCTOB B OJHOM JIOMHKE CTajo Ha 6
4eJI0BeK MeHblire, yeM Obl10 B 2023 romay. B 2025 rogay mocrpousiu emgé 5 TOMHUKOB, IOCTE Yero
cpe/lHee YHCJI0 TYPUCTOB B JJOMUKE COKPATUJIOCH €Ié Ha D JeJIOBEK 110 CPaBHEHUIO ¢ MOKa3aTeeM
2024 rona.
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Cronbko TypucToB nobwsiBasio B «lIpocrokpamunos B 2025 romy? Ecan 3amada mmeeT HECKOJIBKO
BEPHbBIX OTBETOB, YKaxKuTe ux cymmy. Ecjim 3ajia4a He uMeeT HU OJIHOIO BEPHOIO OTBETa ujin bec-
KOHEYHO MHOI'O TaKOBBIX, 3allUIIUTE B OTBET YUCJIO 0.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 5 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 5 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 3300

2. KonudecTBo TYPHCTOB, IpHE3KAONIMX B 9KO-KypopT «lIpocTokBamiumno» OBLIO OJUHAKOBBIM B
2023, B 2024 u B 2025 romy. Pa3sMemenne TypuCTOB Ha TePPUTOPHUH KypOopTa ITPOUCXOTAT B TO-
cTteBBIX gomukax. B 2024 romy Ha KypopTe TOCTpOMIH 4 JOMOJTHUTENIHHBIX TOCTEBBIX JTOMWKA, U
bJiaro/iapst 3TOMy CpejiHee KOJIMIeCTBO Pa3MENIEHHbIX TYPUCTOB B OJHOM JIOMHUKE CTAJIO Ha 6 desio-
BeK MeHbIne, yeMm Ob11io B 2023 roay. B 2025 rogy nmocrpownin emé 4 1oMuKa, mOCjae 9ero cpeHee
YHUCJIO TYPUCTOB B JIOMHKE COKPATHJIOCH €Ié Ha D YeJOBeK IO CpaBHEHHIO ¢ MmokasaTeneMm 2024
rojia.

Ckonbko TypuctoB mobsiBasio B «IIpocroksamuuos B 2025 rony? Ecnn 3amada mmeer HECKOJIBKO
BEPHBIX OTBETOB, YKaXKUTe X cyMMmy. Ecian 3a71ada He nMeeT HU OTHOTO BEPHOTO OTBeTa WU Oec-
KOHEYHO MHOT'O TAKOBBIX, 3aIUIIATe B OTBeT ducso (.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 4 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 4 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 2640

3. KosindecTBo TYpuCTOB, IpUE3KAOINMX B KO-KypopT «lIpocTrokBanuno» ObLIO OJMHAKOBLIM B
2023, B 2024 u B 2025 romy. Pa3zmerienne TypucToB Ha TEPPUTOPHUH KYyPOPTA IMPOUCXOJUT B TO-
cTeBbIX JIoMuKax. B 2024 roay Ha KypopTe TMOCTPOWIU D JOMOJHUTEILHBIX IOCTEBBIX JTOMUKOB,
u Ojaromaps 3TOMY CpeflHee KOJMYeCTBO PAa3MeNIEHHBIX TYPHCTOB B OJIHOM JIOMHKE CTajo Ha 7
JeJI0BeK MeHbline, yeM Obl10 B 2023 romy. B 2025 roay mocTpousim emgé 5 TOMHUKOB, IOCTE Yero

cpeJHee YMCJIO TYPUCTOB B JIOMUKE COKPATUIIOCH ellé Ha 6 4eJIOBEK 110 CPaBHEHUIO ¢ 110Ka3aTeJeM
2024 rona.

Cronpko TypucToB obwsiBaso B «lIpoctokpamunos B 2025 romy? Ecan 3amada mMmeeT HECKOJIBKO
BEPHBIX OTBETOB, yKaxkKuTe ux cymmy. Ecjin 3aja4a He nMeeT HU OJIHOIO BEPHOIO OTBETA WUjn Oec-
KOHEYHO MHOI'O TaKOBBIX, 3allMIIUTE B OTBET YUCJIO 0.
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The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 5 additional guest houses
were built at the resort, reducing the average number of tourists per house by 7 compared to 2023.
In 2025, 5 more guest houses were built, reducing the average number of tourists per house by
another 6 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 5460

4. Konm4yecTBO TYpPUCTOB, TPUE3KAONNAX B IKO-KypopT «IIpocTokBammuo» OBLIO OTMHAKOBBIM B
2023, B 2024 u B 2025 romy. Pa3zmerenue TypucToB Ha TEPPUTOPUEM KYPOPTA HPOUCXOJUT B TO-
creBbIX JloMuKax. B 2024 roay Ha KypopTe HMOCTPOWIU 6 JOMOJHUTEILHBIX IOCTEBBIX JTOMUKOB,
u Ojaromaps 3TOMY CpejlHee KOJIMYeCTBO PAa3MeNIEHHBIX TYPUCTOB B OJHOM JIOMHKE CTaJo Ha 6
JeJi0BeK MeHnbline, yeM Obl10 B 2023 romy. B 2025 roay mocrpousu emé 6 TOMHUKOB, IOCTE Yero
CpeJlHee YHCJI0 TYPUCTOB B JIOMUKE COKPATHUJIOCH €Ié Ha O YeJIOBEK 110 CPABHEHUIO ¢ MOKa3aTeseM
2024 rona.

Ckosbko TypucToB mobwsiBasio B «IIpocroksamunos B 2025 rogy? Ecin 3amada mmeer HECKOJIBKO
BEPHBIX OTBETOB, YKaXKuTe ux cymmy. FKcn 3aada He nuMeeT HU OJIHOIO BEPHOrO OTBETa M bec-
KOHEYHO MHOT'O TAKOBBIX, 3AITUIIUTE B OTBET YUCI0 ().

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 6 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 6 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 3960

Pemrenue (RUS). (npeacrasieno perienne Bapuanta Nel1, octajpHbIe PENIAIOTCS AHAJIOTHYIHO)
OB603HAYNM KOJIMYECTBO TYPUCTOB, MPUE3KABIINX B OJUH TOJ U3 MEPEYUCTICHHBIX (TO €CTh, COTTIACHO
YCJIOBUIO, B KazKJIbIil M3 HUX) 3a f, & KOJMIECTBO JOMUKOB Ha Teppuropun B 2023 roay 3a d. Cpeanee

KOJIM4ecTBO JOMUKOB B 2023 rojy paBHO 7 B 2024 ronxy paBHO , a B 2025 romy paBHO

d+5 d+10

Torna m3 ycioBUS UMeeM CHCTEMY:

fos Lt
dﬁ5 _?

11 ==
dr10 d

JIOMHOZKIM IepBOe BhIpazkKeHue Ha MOJI0KHUTeIbHY0 Benauny d(d+5) n noxyunm dt+6d(d+5) = dt+5t,
aro yrporraercs 10 6d(d + 5) = 5t. Anangornano u3 Broporo ypasaenus nosydaem 11d(d + 10) = 10¢.
JlomuozKasi mepBoe U3 9TUX JABYX yeaosuil Ha 2, umeem 12d(d + 5) = 10t = 11d(d + 10), oTkyga umeem

12(d 4+ 5) = 11(d + 10). Pemas 910 mpocroe JuHeiiHOe ypaBHEHHEe HOJIyYaeM eTHHCTBEHHOE DelleHne
6-60-65
d = 60. Orkyga t = 6d(d+5)/5 = — = 3300.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets denote the number of tourists arriving in one of the listed years (that is, according to the condition,
in each of them) as ¢, and the number of houses on the territory in 2023 as d. The average number of

. Then, from the

t t t
houses in 2023 is equal to 7 in 2024 is equal to ir5 and in 2025 is equal to 7710

condition, we have the system:

t 6 ot
dt5 _g

11 =~
d+10+ d

Multiplying the first expression by the positive value d(d + 5) yields dt + 6d(d + 5) = dt + 5t, which
simplifies to 6d(d+5) = 5t. Similarly, from the second equation, we obtain 11d(d+10) = 10¢. Multiplying
the first of these two conditions by 2, we obtain 12d(d + 5) = 10t = 11d(d + 10), from which we obtain

12(d+5) = 11(d + 10). Solving this simple linear equation, we obtain the unique solution d = 60. From

6 60 - 65
here ¢ = 6d(d +5)/5 = ————— = 3300.

Task 4. B ycioBusix Bcex 4-X BapHaHTOB 3TOW 3aja4u JOMYIIEHA OJHA U Ta YKe ONMOKA: yKa3aHHOe
10-3naunoe gucso B 6 pa3 0oJible 3ayMannoro. OTBeTsl Ha HEKOPPEKTHO ¢HOPMYJIUPOBAHHYIO 33129y
He ITPOBEPSIUCH U He YUUTHIBAJIUCH IIPH (POPMUPOBAHUN OAJLIOB.

All the 4 versions of the task contained the same mistake: the 10-digit number provided was 6
times larger than intended. Answers to the incorrectly formulated task were not checked and were not
considered when calculating points.

1. Amgpeit BoIOpast 6 pa3IuIHbIX HEHYJIEBBIX UMD U BLIIHCAT HA JIOCKY BCE BO3MOKHBIE G-3HATHBIE
JHCJIa, TePeCcTaBIsis BHIOpaHHbie MudPbl MexK Iy co0oit. [locse sToro Anapeit c/I0KUT BCe STH THC-
ja u nosryuamt 2719997280. Kakoe HauMenbimee 9uc/i0 MOIJIO ObITh BRITUCAHO AHpeeM Ha JI0CKY !

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2719997280.
What is the smallest number Andrey could have written on the board?

Answer: 136789

2. Ansgpeit BeiOpast 6 pa3IMIHBIX HEHYJIEBBIX (D U BBHIUCAJT HA JOCKY BCE BO3MOZXKHBIE G-3HAYHBIE
qHCIa, TePecTaBIsist BRIOpaHHbie mudphl MexK Iy coboit. [Tocte sToro AHApeit CI0XKII BCe 3TH YHC-
na u nosryuma 2319997680. Kakoe HaumenbIiee 9UC/I0 MOTJIO OBITH BBITUCAHO AHJpeeM Ha JOCKY 7

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2319997680.
What is the smallest number Andrey could have written on the board?

Answer: 123689

3. Ammpeit BeiOpas1 6 pa3sIMIHBIX HEHYJIEBBIX P M BBHIIUCAJI Ha JOCKY BCE BO3MOXKHBIE G-3HAYHBIE
qucJIa, Hepecrapiids BblOpannbie nudpbl Mexk 1y coboii. [Tocsie 3roro AHjapei CI02KuI BCe 3TH YUC-
qa u nosryamt 2159997840. Kakoe mHanMenbiree Inuc/10 MOTJIO OBITH BRITUCAHO AHApeeM Ha JT0CKY !



Innopolis Open 2025/26 in Mathematics 2" qualifying round

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2159997840.
What is the smallest number Andrey could have written on the board?

Answer: 123489

4. Annpeit BeiOpaJ 6 pa3aIndIHbIX HEHYJIEBHIX IIU(P U BBIINCAT HA JOCKY BCEe BO3MOXKHBIE G-3HATHBIE
JHUC/Ia, HepecTaBisist BeIOpanubie mudpbl MexK Ly coboit. [Tocte sroro Auapeit Ca0XKuI BCe 9T YnC-
qa u nosyamt 2799997200. Kakoe mHanMenbiiree Iuc10 MOTJIO OBITH BRITUCAHO AHApeeM Ha JTO0CKY !

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2799997200.
What is the smallest number Andrey could have written on the board?

Answer: 146789

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTONHIHO)

(amcro 2719997280 B ycrosum 3ameneno ma 2719997280 : 6 = 453332880

[Tycth unciio, 3amcantoe Anapeem, pasho = = abede f = 10°-a+10*-b+103-¢+102-d+10-e+ f, Torna
CYMMa BCEX IHCe], MOJIyIaeMbIX U3 HEro nepectanoBkoii mudp, pasua b!-(a+b+c+d+e+ f)- 111111 =
453332880, otkyaa a + b+ c+ d + e + f = 34. Urodbl uncao x OBLIO HAUMEHBIIAM, €ro IudpPhI
JIOJIZKHBI OBITH PACIIOJIOXKEHBI B IOPsIJIKE BO3pacTaHusi cjeBa Haipapo. llojaras a = 1, nosydaem
b+c+d+e+ f =33 tormab > 3, unave c+d+e+ f =31, 506+ 7+8+9 = 30 - orcioza
b # 2. lanee c +d + e+ f = 30, orkyzaa u noaydaem x = 136789.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
(the number 2719997280 in the initial task formulation is replaced with 2719997280 : 6 = 453332880)
Let the Andrew’s number be x = abedef = 10°-a+10*-b+10%-c+10%-d+10-e+ f. Then the sum of
all numbers obtained from it by rearranging the digits is 5!- (a +b+c+d+e+ f)- 111111 = 453332880,
hence a + b+ c+ d+ e+ f = 34. For the number x to be minimal, its digits must be arranged in
ascending order from left to right. Assuming a = 1, we get b+ c+d+e+ f = 33, then b > 3, otherwise
ct+d+e+ f=31,but 64+7+8+9=230—thus b#2. Wegetc+d+e+ f =230, thus x = 136789.

Task 5. /lana kBagparHas tabauna n X n (n > 4), Bce KJIeTKH KOTOPOro W3HAYaIbHO Gebie. Paspe-
MIAeTCsT MOMEHSTh 1IBeT KJIETKH (¢ 6esioro Ha 4epHBIi 1 ¢ YepHOro Ha Gesbiil) B dhurype B hopme GYKBbI
«T» (cM. pUCYHOK), KOoTOpasi MozkeT ObiTh moBepHyTa Ha 90°, 180° mwin 270°. JlokaxKuTe, 4TO €CIU N
JACJIUTCA NJIW Ha 2, nJin Ha 3, TO Ta6JIl/1]_Ly MO2KHO II€pEKPACUTDb TakK, "ITO6b1 BCE KJICTKHU CTaJld YE€PHbIMUA.

Given a square grid n xn (n > 4), all its cells are initially white. It is allowed to change the color of cells
(from white to black and from black to white) that are forming a T-shaped figure (see picture above)
which can be rotated by either 90°, 180° or 270°. Prove that if n is divisible by either 2 or 3, then the
grid can be recolored so that all cells become black.
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Pemrenue (RUS). Eciu n jesurest Ha 2, MOXKHO JlelicTBOBATH Tak (n > 4, mo3TOMY Ha JOCKe
XBATHT MECTa JIJI COBEPIICHUsT YKA3AHHbBIX OLePAIHii):

—

— —

Takum obpazom, 3aKpalinBas MOCAEI0BATEIbHO KBAIPATHI 2 X 2, Mbl B KOHETHOM CYeTe 3aKPacuM BeCh
KBaJIpaT 1 X N.
Eciu n neures na 3, pa3zodbeM TabIUILy Ha KBAJIPATHL 3 X 3 B OyJIeM IepeKPAIIuBATh UX CJIELYIOIIIM

obpa3zom:
o]0 ’7 () Q n_
o |0 ‘ ) (o] n

— — — T 1

Kpurepuu onennBanus:
e 1puBejieHa ujies pasduenHus Ha KBaJiparbl 2 X 2, 3 X 3 — 1 nepBuunbiit 6aJ;
® I1IPUBEICHO YACTUYHOE JIOKA3aTE/IHCTBO OJIHOTO U3 JBYX ONMUCAHHBIX CJIYYaeB — 2 MePBUYHBIX DAJLIA;
® MPUBEJEHO TIOJHOE JTOKA3aTeIbCTBO OJIHOTO U3 JIBYX CJYYaeB — 3 MePBUYHBIX OAa;

® NPUBEJEHBI 0KA3ATEIBCTBA 000OUX CJIyYaeB, HO JOMYIIEeHa He3HAUYNTETbHAS OMuOKa — 4 mepBud-
HBIX DaJLIa;

® 110JTHOE U 0DOCHOBAHHOE pelleHre — 5 MepBUUHBIX OAJLIOB.

Solution (ENG). If n is divisible by 2, we can proceed as follows (n > 4, so there is enough
space on the grid to perform the above operations):
|0
- |

— [ e B —

—

Thus, by successively painting squares 2 x 2, we will eventually paint the entire square n x n.
If n is divisible by 3, we will split the grid into squares 3 x 3 and repaint them as follows:

e -E B
o _-E 0

Criteria:

e the idea of partitioning into 2 x 2, 3 x 3 squares is given — 1 pre-point;
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a partial proof of one of the two described cases is given — 2 pre-points;

a complete proof of one of the two cases is given — 3 pre-points;

proofs of both cases are given, but a minor error was made — 4 pre-points;

a complete and justified solution — 5 pre-points.

Task 6. Byrnicenb yTBepKIaeT, 9TO MOYKET HAPUCOBATH Takoit 2025-yroJbHUK, 9TO BCE €r0 BEPITUHBI
OyIyT JiexKaTh Ha HEKOTOPBIX TPEX MpsaAMbIX. Ha 310 llymncenp oTBeTmII, 9TO MOXKET HAPUCOBATH TaKOM
2025-yroJIbHUK, YTO BCE €0 BEPIIUHLI OYIyT JeKaTh He Ha TPEX, a Bcero Ha ABYX HpsaMmbix. [Ipas an
Byucens? [Ipas sin [lyncenn?

Victor claims he can draw a 2025-gon such that all its vertices lie on three lines. Peter responds that

he can draw a 2025-gon such that all its vertices lie on not three, but just two lines. Is Victor right? Is
Peter right?

Pemrenue (RUS). IIpusenennslii mpuMep MOATBEPKIAET, UTO MPaBbl U Bymcenb, u [lyncens:

2025

Solution (ENG). Both Victor and Peter are right (see the picture above).

Kpurepun oneHuBanmd:

® BepHBIil OTBET TIPU HEBEPHOI MOMBITKE ero N300parkeHnst (MIH ee OTCYTCTBHUN), MO0 HETIOHSITHOE
TEKCTOBOEe ONHCaHWe IpuMepa — 1 MepBUYHBIN OasLT;

® BEpHBI OTBET, BePHBIH IpuUMep — 5 IepPBUYHBIX OAJIJIOB.

Criteria:

e correct answer with an incorrect attempt to depict it (or no attempt at all), or an unclear text
description of the example — 1 pre-point;

e correct answer, correct example — 5 pre-points.
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8" degree

Task 1.

1. Ha crene BucaT aBoe 4acoB, y 00OMX W MHUHYTHas, H 9acOBas CTPEJKH CMOTPAT CTPOTO BBEpX.
OmHu Yackl UCIIPABHBI, a JPYTHe UCIOPUYEHBl: OHW WAYT B OOPATHYIO CTOPOHY, IpUYeM B 2 pa3a
obicTpee ucupasibix. CKOJIBKO pa3 B TeYCHHE CACAYIONKUX 23 9acoB 59 MUHYT HCHPABHBIE W UC-
IOpYEHHbIe Jachl MOKAKYT OJHHAKOBOE BpeMsi (He CYmMTas HAYaJbHOIO MOJOKEHUST CTPEJIOK)?

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, twice
as fast as the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 5

2. Ha crene BUcAT /1BOe YacoB, y 0OOMX W MUHYTHAasd, U 9acoBas CTPEJKH CMOTPSAT CTPOTO BBEDX.
OaHu Yachkl UCIIPABHBI, a JPYTHe UCIOPYEHBI: OHW WIAYT B OOPATHYIO CTOPOHY, IpUYeM B 3 pa3a
opicTpee ucnpaBabix. CKOJIBKO pa3 B TeUEHHE CACAYIONMX 23 9acoB 59 MUHYT HCHPABHBIE W UC-
MOpYEHHbIe Jachl MOKAXKYT OJHHAKOBOE BpeMsi (He CUHMTas HAYaJIbHOIO MOJOKEHUST CTPEJIOK)?

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, 3 times
faster than the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 7

3. Ha crene Bucdar /1Boe 4acoB, y 0OOMX W MUHYTHAas, U 9acoBas CTPEJKH CMOTPSAT CTPOTO BBEDX.
Opanu 9achkl UCIIPABHBI, a JPYTHe UCIOPYEHBI: OHW WIAYT B OOPATHYIO CTOPOHY, IpudeM B 4 paza
opicTpee ucnpaBabix. CKOMBKO pa3 B TeUEeHHE CACAYIONHUX 23 9acoB 59 MUHYT UCIPABHBIE W UC-
MOpYeHHbIe Jachl MOKAXKYT OJHHAKOBOE BpeMsi (He CUmuTas HadaJIbHOIO MOJOKEHUST CTPEJIOK )T

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, 4 times
faster than the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 9

4. Ha creHe BUCAT JBOe YacoB, Y 0OOMX W MUHYTHAasl, U 9acOBas CTPETKU CMOTPSAT CTPOTO BBEPX.
O/ 9achl MCHPABHBI, & JAPYTUE UCIOPYEHBI: OHU HJYT B OOpAaTHYIO CTODPOHY, npudem B 6 pa3
opicTpee ucnpaBabiX. CKOMBKO pa3 B TeUeHHE CAEAYIOMHNX 23 9acoB b9 MUHYT HCIPABHBIE W UC-
MOpYeHHbIe Jachl MOKAXKYT OJHHAKOBOE BpeMsi (He CUmuTas HadaJabHOIO MOJOKEHUST CTPEJIOK )T

There are two clocks hanging on the wall, and both have their minute and hour hands pointing
straight up. One clock is working properly, while the other is broken: it ticks backwards, 6 times
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faster than the other. How many times during the next 23 hours 59 minutes will the proper and
broken clocks show the same time (not considering the initial position of the hands)?

Answer: 13

Pemrenue (RUS). (npeacrasieno perenne Bapuanra Ne1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
[IpencraBuM, 9T0 OKpYKHOCTDH IupepbaaTa pazdura Ha 12 - 60 = 720 paBHbIX YacTeil, 1 9TO Ha Jacax
BCETO OJIHA CTPEIKA — «MHHYTHO-J9acoBas» — OHa MOKA3bIBACT KOJMYIECTBO MUHYT, MPOIIENTHX ¢ TOTO
MOMEHTa BpeMEHH, KOIJla OHa 6bIJ'Ia HallpaBJieHa CTPOIr'O BBEpPX. TOF,ZLa KazKA0MY IMOJIOZKEHHUIO MHUHYTHO-
YaCOBOl CTPEJIKM COOTBETCTBYET eIMHCTBEHHOE TOJ0KEeHIe «OOBIYHBIX» MUHYTHON U 9aCcOBOH CTPEJIOK,
1 Hao60poT. [TocTponm rpaduk MOJOKEHUHT MUHY THO-9aCOBON CTPEJIKYM HA UCHPABHBIX (CHHUIT) U HEHC-
NpaBHBIX (KPACHBIN) Yacax B 3aBUCHMOCTH OT BPEMEHH, MPOIIE/IIIEro ¢ Hadala CYyTOK:

12

10

3esleHBIMH TOYKAaMH MIOKA3aHBl IepecedeHusd IpaduKoB, nX abCIHUCCHl COOTBETCTBYIOT BPeMeHH, KOTa
qachl MOKA3bIBAIOT oguHakoBoe Bpems. (touku (12;0) m (12;12) COOTBETCTBYIOT OJHOMY H TOMY ZKe
BPEMEHHU — MOJIJIEHb — HOITOMY YUUTHIBACTCS TOJBKO OJHA W3 HUX, H BTOPasl HE 3aKPAIICHA 3€JICHBIM).

Hewucupapubie dachl ujayT B 0OpaTHOM HalpaB/JCHUM U BJIBOE ObICTPEEe UCIPABHBIX, HOITOMY CO-
OTBETCTBYIOIINE OTPE3KH UMEIOT OTPUIATEIbHBIN yrA0BOH KO3 MUIMEHT, TPUTOM BIIBOE OOIBINHIT 110
MO/IYJII0, YeM TaKOBOIl y CHHHX OTPEe3KOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets imagine that the circumference of a clock face is divided into 12-60 = 720 equal parts, and that the
clock has only one hand — the «minute-hour» hand — which shows the number of minutes passed since
the moment when it was pointed straight up. Then, each position of the minute-hour hand corresponds
to a single position of the «regulars minute and hour hands, and vice versa. Lets plot a graph of the
positions of the minute-hour hands on a proper (blue) and a broken (red) clock depending on the time
passed since the beginning of the day:
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12

10

The green points indicate the intersections of the graphs; their abscissas correspond to the times when
the clocks show the same time. (Points (12;0) and (12;12) correspond to the same time — noon — so
only one of them is taken into account, and the other is not shaded green.)

The broken clock runs in the opposite direction and twice as fast as the proper one, so the corresponding
segments have a negative slope, which is twice as large in magnitude as that of the blue segments.

Task 2.

1. HaitauTe HamMeHblee BO3MOYKHOE YHUC/I0 PYKOIMOXKATHH MexKay 30 JIIOIbMH, €CJU CPeIH JI00BbIX
Tpex M3 HUX HaWIyTCd JBOe, TOXKABIUX JAPYT JPYTY PYKH.

Find the smallest possible number of handshakes between 30 people if among any three of them
there are two who’ve shook hands.

Answer: 210

2. Haiinure HaumMeHbIliee BOBMOXKHOE YHCJI0 PYKOIMOXKATHNE MexK1y 36 JIOAbMHU, €CJH CPeau JIIOBIX
Tpex U3 HUX HaWIyTCd JABOe, OXKABIMUX JAPYT JAPYTY PYKH.

Find the smallest possible number of handshakes between 36 people if among any three of them
there are two who’ve shook hands.

Answer: 306

3. Haiinure HauMeHbIllee BOBMOXKHOE YHCJIO PYKOMOXKATHN MeKIy 24 JIOIbMHU, €CJH CPeau JIIOOBIX
TpeX U3 HUX HaNyTcd JBOe, TOYXKABIIAX JIPYT JAPYTY PYKH.

Find the smallest possible number of handshakes between 24 people if among any three of them
there are two who’ve shook hands.

Answer: 132
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4. HajimuTe HauMeHbBIEe BO3MOXKHOE YHUCJIO PYKOmoxKaTuit Mexkay 40 JI0abMHU, eCJIM Cpeau JIOObIX
TpeX U3 HUX HaWyTcd JiBOe, TOYXKABIINAX JIPYT JAPYLY PYKH.

Find the smallest possible number of handshakes between 40 people if among any three of them
there are two who’ve shook hands.

Answer: 380

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIalOTCsT AHAJIOTHTHO)
BriGepem desiopeka (mycTh ero 30ByT A), caenasiinero HanMenbliee auciao (k) pykomnoxkaruit. Toraa see
ocTanbHble 29 YeaoBeK, KpoMe A, MOXKHO pa3OuTh Ha 2 TPYNIBL: B IIE€pBOil rpymme OyayT k Jofei,
KOTOpBIe ToKaau pykKy A (KazxK/plil u3 HUX c/efas He MeHee k DYKOIOXKarTuii), a Bo Bropoii — 29 — k
mogeii, komy A me noxkan pyky. CoracHo yCJIOBHIO, BCe JIIOAM M3 BTOPOI TPYIIIBI JOJKHBI TTOXKATH
pyku apyr apyry (3(29—k)(28 — k) pykonozarnit), niate 1Boe He MOKABIIUX APYT APYTY PYKH BMECTe
¢ A o6pa3yioT TpoiKy Joeil 63 pyKOmoKaTHii, ITO HCKIYIEHO YCJI0BHeM 3a1adn. tak, obimee Inucio
PYKONOYKATHI HE MEHBIIIE YeM

(k+ kK + (29 — k)(28 — k)) = k% — 28k + 406 = (k — 14)* + 210 > 210

N | —

PapenctBO mocturaetcs, ecau pa3douTh Bee 30 Ueq0BEK HA JBE PaBHBIE TPYIIBI, B KayK/I0i U3 KOTOPBIX
BCE MOXKMYT JPYT APYTY PYKH, IPH TOM MEXKIY IPYIIaMH PYKOIIOXKATHI He OyIer.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets choose a person (let’s call him A) who has shaken hands the fewest (k) times. Then all the remaining
29 people, except A, can be divided into two groups: the first group will contain k£ people who shook
hands with A (each of them made at least k£ handshakes), and the second group will contain 29 — k
people whom A did not shake hands with. According to the problem, all people in the second group
must shake hands with each other ((29 — k)(28 — k) handshakes), otherwise the two who did not shake
hands, together with A, form a trio of people without handshakes, which is excluded by the problem.
So, the total number of handshakes is no less than

(k+ Kk + (29 — k)(28 — k)) = k* — 28k + 406 = (k — 14)* + 210 > 210

N | —

Equality is achieved by dividing all 30 people into two equal groups, with everyone in each group shaking
hands, and no handshakes between the groups.

Task 3.

1. KosmmuecTBO TypuUCTOB, HPUE3KAOMUX B IKO-Kypopr <«IIpocrokBaiinuoy ObLIO OJMHAKOBBIM B
2023, B 2024 u B 2025 romy. Pa3zmerienne TypucToB Ha TEPPUTOPHUH KYPOPTA HMPOUCXOJUT B TO-
cTeBbIX JIoMuKax. B 2024 roay Ha KypopTe TMOCTPOWIU D JOMOJHUTEILHBIX IOCTEBBIX JTOMUKOB,
u Ojaromaps 3TOMY CpejlHee KOJMYeCTBO PAa3MeNIEHHBIX TYPUCTOB B OJHOM JIOMHKE CTajo Ha 6
JeJi0BeK MeHnbline, yeM Obl10 B 2023 romy. B 2025 roay mocTtpousim emgé 5 TOMHUKOB, IOCTE Yero
CpeJilHee YHCJI0 TYPUCTOB B JIOMUKE COKPATUJIOCH €Ié Ha O YeJIOBEK 0 CPABHEHUIO ¢ MOKa3aTeeM
2024 rona.

Cronbko TypucToB obwsiBaso B «lIpoctokpamunos B 2025 romy? Ecan 3amada mmeeT HECKOJIBKO
BEPHBIX OTBETOB, YKaxkKuTe ux cymmy. Ecjin 3aja4a He nMeer HU OJIHOIO BEPHOIO OTBETA Mjin Oec-
KOHEYHO MHOI'O TaKOBBIX, 3allUIIUTE B OTBET YUCJIO 0.
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The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 5 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 5 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 3300

2. KonudecTBo TYPHCTOB, IpHE3KAIOIIMX B 3KO-KypopT «lIpocTokBamiumno» OBLIO OJUHAKOBBIM B
2023, B 2024 u B 2025 romy. PasMmemnenne TypuCTOB Ha TEPPUTOPUHU KypOpTa ITPOUCXOTUT B TO-
creBbiX Jomukax. B 2024 rojay na Kypopre HOCTPOMJM 4 JOMOJTHUTEIbHBIX T'OCTEBbIX JIOMUKA, U
bJstaro1apst 3TOMy CpejiHee KOJIMIeCTBO Pa3MEIEHHbIX TYPUCTOB B OJHOM JIOMUKE CTAJIO Ha 6 des10-
BeK MeHbIre, yem Ob11o B 2023 roay. B 2025 romy mocrpownin emé 4 1oMuKa, mocje 9ero cpegHee
YHUCJIO TYPUCTOB B JIOMHKE COKPATHJIOCH €Ié Ha D YeJJOBeK 10 CpaBHEHHIO ¢ mokasaTeneMm 2024
rojia.

Cronbko TypucToB obwsiBasIo B «lIpoctokpamunos B 2025 rony? Ecan 3amada mMeeT HECKOJIBKO
BEPHbIX OTBETOB, YKaxkKuTe ux cymmy. Ecjiu 3ajia4a He nuMeeT HU OJIHOIO BEPHOI'O OTBETa ujin bec-
KOHEYHO MHOI'O TaKOBBIX, 3allUIIUTE B OTBET YUCJIO 0.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 4 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 4 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 2640

3. KosmduecTBO TypHCTOB, MPUE3ZKAMONINX B 3KO-KypopT «IIpocTokBarmHo» OBLIO OJMHAKOBBIM B
2023, B 2024 u B 2025 romy. Pa3zmerenne TypucToB Ha TEPPUTOPUEM KYyPOPTA MPOUCXOJIUT B TO-
cTeBBIX goMmKax. B 2024 romy Ha KypopTe MOCTPOWIN O JIONOJHUTEJTbHBIX T'OCTEBBIX JIOMHUKOB,
u Gylaroapsi STOMY CpejiHee KOJIMYECTBO Pa3sMEIIEHHBIX TYPHUCTOB B OJXHOM JIOMHKE CTajIo Ha 7
JeJ0BeK MeHbIrne, ueM ObL10 B 2023 romy. B 2025 roay mocTtpousu emgé 5 TOMHUKOB, IMOCTE Tero

cpeaHee YMCJIO TYPUCTOB B JIOMUKE COKPATUJIOCH €Ié Ha, 6 9eJIOBEK 110 CPaBHEHUIO ¢ TTOKa3aTeeM
2024 rona.

Ckonbko TypuctoB mobsiBasio B «IIpocroksarmuuos B 2025 rony? Ecan 3amada mmeer HECKOJIBKO
BEPHBIX OTBETORB, YKaXKUTe WX cymMmy. Ecm 3a/1ada He nMeeT HU OJIHOTO BEPHOTO OTBETa WJIN Oec-
KOHEYHO MHOT'O TAKOBBIX, 3aIUIIHTe B OTBeT ducyo (.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 5 additional guest houses
were built at the resort, reducing the average number of tourists per house by 7 compared to 2023.
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In 2025, 5 more guest houses were built, reducing the average number of tourists per house by
another 6 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 5460

4. KoandecTBO TYPHUCTOB, IPUE3ZKAIONIMX B 3KO-KypopT <«IIpocroksarinuo» ObLIO OJMHAKOBHIM B
2023, B 2024 u B 2025 romy. Pa3zmerenne TypucToB Ha TEPPUTOPUH KYPOPTA MPOUCXOJUT B TO-
cTeBBIX goMmKax. B 2024 romy mHa KypopTe MOCTPOWIN 6 JOMOJTHUTETbHBIX T'OCTEBBIX JIOMHUKOB,
u Gylaroapsi 9TOMY cpejiHee KOJIMYECTBO PAa3MEIIEHHBIX TYPHCTOB B OJHOM JIOMHKE €Tajo Ha 6
JeJ0BeK MeHbirne, yeM Obl10 B 2023 romy. B 2025 roay moctpousu emé 6 TOMHKOB, IOCTE Yero

cpejHee YMCJIO TYPUCTOB B JIOMUKE COKPATUJIOCH €IE Ha, D 9eJIOBEK 110 CPaBHEHUIO ¢ TOKA3aTeJeM
2024 rona.

Ckonbko TypuctoB mobsiBasio B «IIpocroksamuuos B 2025 roay? Ecan 3amada mmeer HECKOJIBKO
BEPHBIX OTBETOB, YKaXKUTe UX cymMmy. Kcm 3a7ada He nMeeT HU OJIHOTO BEPHOTO OTBETa MK Oec-
KOHEYHO MHOT'O TaKOBBIX, 3aIUIINTe B OTBeT ducyo (.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 6 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 6 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 3960

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
O603HAYNM KOJMYIECTBO TYPUCTOB, MPUE3KABIINX B OJIMH TOJ U3 MEPEYUCTICHHBIX (TO €CTh, COMIACHO
YCJIOBHIO, B KaXKJIblil U3 HUX) 3a ¢, a KOJMIECTBO JJOMUKOB Ha Teppuropuu B 2023 roay 3a d. Cpejnee

t t t
KOJIM9ecTBO JIOMUKOB B 2023 1oy paBHO 7 B 2024 romy paBHO ir5 a B 2025 romy paBHO I510°
Torpa u3 ycjoBusg UMEEM CUCTEMY:
t t
16 —
a5 d
11 ==
d+ 10 + d

JIOMHOKMM epBOe BhIPaKeHHe Ha MOJOKUTebHY 0 Beuauny d(d+5) u noayunm dt+6d(d+5) = dt+5t,
aro yrupomiaercsa 10 6d(d + 5) = 5t. Anasornuno u3 Broporo ypasaenus nosydaem 11d(d + 10) = 10¢.
JlomHOKast epBoe u3 aTux ABYX ycsaosuil Ha 2, umeem 12d(d + 5) = 10t = 11d(d + 10), orkyaa numeem

12(d + 5) = 11(d + 10). Pemas 310 mpocroe JHHEHHOE ypaBHEHHE MOJIydYaeM €IHHCTBEHHOE DEIICHHE
6-60 - 65
d =60. Orkyga t = 6d(d+5)/5 = I 3300.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets denote the number of tourists arriving in one of the listed years (that is, according to the condition,
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in each of them) as ¢, and the number of houses on the territory in 2023 as d. The average number of

. Then, from the

t t t
houses in 2023 is equal to 7 in 2024 is equal to ir5 and in 2025 is equal to 7710
condition, we have the system:

t
46 =
d%%5+

11 =
a1+ 10

Multiplying the first expression by the positive value d(d + 5) yields dt 4+ 6d(d + 5) = dt + 5t, which
simplifies to 6d(d+5) = 5t. Similarly, from the second equation, we obtain 11d(d+10) = 10¢. Multiplying
the first of these two conditions by 2, we obtain 12d(d + 5) = 10t = 11d(d + 10), from which we obtain

12(d +5) = 11(d + 10). Solving this simple linear equation, we obtain the unique solution d = 60. From

6- 60 - 65
here ¢ = 6d(d +5)/5 = ——— = 3300,

Task 4. B ycioBusx Bcex 4-X BapHaHTOB 3TOH 3ajJa4u JONYIIEHA OJHA U Ta Ke ONIMOKA: YKa3aHHOe
10-3naunOe gmca0 B 6 pa3 00JbIIe 3aayManHoro. OTBeTsl Ha HEKOPPEKTHO ¢POPMYIUPOBAHHYIO 3219y
HE ITPOBEPSIUCH U HE YUYUTHIBAJIUCH 1IPU (popMUpoBaHUU OAJLIOB.

All the 4 versions of the task contained the same mistake: the 10-digit number provided was 6
times larger than intended. Answers to the incorrectly formulated task were not checked and were not
considered when calculating points.

1. Anxpeit BoiGpas 6 pa3uvdHbIX HEHYJIEBBIX (P U BHIIUCAI HA JOCKY BCE BO3MOYKHBIE (-3HATHBIE
YHCIa, TePecTaBisist BRIOpaHHbie mudphl MexK Iy coboit. [Tocte sToro AHApeit C0XKII BCe 3TH YHC-
na u nosryuama 2719997280. Kakoe HaumenbIiee 9UC/I0 MOTJIO OBITH BBITUCAHO AHJpeeM Ha JOCKY 7

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2719997280.
What is the smallest number Andrey could have written on the board?

Answer: 136789

2. Amgpeit BeIOpas1 6 pa3sIMIHBIX HEHYJIEBBIX MDD M BBHIIUCAI Ha JOCKY BCE BO3MOXKHBIE G-3HAYHBIE
YHC/Ia, HepecTaBisis BeIOparubie mudpbl MexK 1y coboit. [Tocte sroro AuApeit Ca0XKII BCe 3TH YnC-
qa u nosyamt 2319997680. Kakoe mHanMenbiree Tnuc0 MOTJIO OBITH BRITUCAHO AHApeeM Ha JTOCKY !

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2319997680.
What is the smallest number Andrey could have written on the board?

Answer: 123689

3. Amnjpeit BbIOpas 6 pa3/MdHbIX HEHYJIEBLIX UMD U BHINUACAJ HA JOCKY BCE BO3SMOXKHDIE G-3HAYHDIE
JHCJIA, TePeCcTaBIsis BHIOpaHHbie MudPbl MexK Iy co0oit. [locse sroro Anapeit c/I0KUI BCe 9TH THC-
na u noryuma 2159997840. Kakoe HanMeHbIIee IUCI0 MOTJIO OBITH BBITHCAHO AHIpeeM Ha TOCKY 7
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Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2159997840.
What is the smallest number Andrey could have written on the board?

Answer: 123489

4. Annpeit BeiOpaJ 6 pa3aIndIHbIX HEHYJIEBHIX IIU(P U BBIINCAT HA JOCKY BCEe BO3MOXKHBIE G-3HATHBIE
JHUC/Ia, HepecTaBisist BeIOpanubie mudpbl MexK Ly coboit. [Tocte sroro Auapeit Ca0XKuI BCe 9T YnC-
qa u nosyamt 2799997200. Kakoe mHanMenbiiree Iuc10 MOTJIO OBITH BRITUCAHO AHApeeM Ha JTO0CKY !

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2799997200.
What is the smallest number Andrey could have written on the board?

Answer: 146789

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTONHIHO)

(amcro 2719997280 B ycrosum 3ameneno ma 2719997280 : 6 = 453332880

[Tycth unciio, 3amcantoe Anapeem, pasho = = abede f = 10°-a+10*-b+103-¢+102-d+10-e+ f, Torna
CYMMa BCEX IHCe], MOJIyIaeMbIX U3 HEro nepectanoBkoii mudp, pasua b!-(a+b+c+d+e+ f)- 111111 =
453332880, otkyaa a + b+ c+ d + e + f = 34. Urodbl uncao x OBLIO HAUMEHBIIAM, €ro IudpPhI
JIOJIZKHBI OBITH PACIIOJIOXKEHBI B IOPsIJIKE BO3pacTaHusi cjeBa Haipapo. llojaras a = 1, nosydaem
b+c+d+e+ f =33 tormab > 3, unave c+d+e+ f =31, 506+ 7+8+9 = 30 - orcioza
b # 2. lanee c +d + e+ f = 30, orkyzaa u noaydaem x = 136789.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
(the number 2719997280 in the initial task formulation is replaced with 2719997280 : 6 = 453332880)
Let the Andrew’s number be x = abedef = 10°-a+10*-b+10%-c+10%-d+10-e+ f. Then the sum of
all numbers obtained from it by rearranging the digits is 5!- (a +b+c+d+e+ f)- 111111 = 453332880,
hence a + b+ c+ d+ e+ f = 34. For the number x to be minimal, its digits must be arranged in
ascending order from left to right. Assuming a = 1, we get b+ c+d+e+ f = 33, then b > 3, otherwise
ct+d+e+ f=31,but 64+7+8+9=230—thus b#2. Wegetc+d+e+ f =230, thus x = 136789.

Task 5. /lana kBagparHas tabauna n X n (n > 3), Bce KJIeTKH KOTOPOro M3HAYAIbHO Gebie. Paspe-
MIAeTCsT MOMEHSTh 1IBeT KJIETKH (¢ 6esioro Ha 4epHBIi 1 ¢ YepHOro Ha Gesbiil) B dhurype B hopme GYKBbI
«T» (cM. puCYHOK), KOTOpast MOzKeT 6bITh moBepHyTa Ha 90°, 180° nim 270°. {okazxKute, 9T0 €CJIH N He
JICJINTCS HU HA 2, HU HA 3, TO TAOJIMILY HEJIb3sl IIePEKPACUTH TAaK, 4TOObl BCE KJIETKHU CTAIU Y€PHBIMHU.

Given a square grid n xn (n > 3), all its cells are initially white. It is allowed to change the color of cells
(from white to black and from black to white) that are forming a T-shaped figure (see picture above)
which can be rotated by either 90°, 180° or 270°. Prove that if n is not divisible by either 2 or 3, then
the grid cannot be recolored so that all its cells become black.
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Pemrenue (RUS). IIporymepyem croabupt uncaamu 0,1,2,0,1,2,. ... O6o3naunm depes a; (i =
0,1,2) KOJIM4eCTBO YePHBIX KJIETOK B CTOJOIAX ¢ HOMEPOM 7. 3aMETHM, YTO KAXKJI0€ II€PEKPAIlnBAHIE
MEHSIET YeTHOCTh UUCEN (g, (1, Ge. 1P 9TOM, TOCKOJIBKY B Hadajie ay = a; = do = (), 9eTHOCTH BCEX
YUCeNT (; B KaXKIbIii MOMEHT BPDEMEHU OIMHAKOBBI — 3HAUNT, B KayK/IbIi MOMEHT BPEMEHU 9HuC/Ia (g U (g
UMEIOT OJIMHAKOBYIO YeTHOCTb.

[Ipeamosokum, 9T0 MBI CMOTJIH TIEPEKPACUTh BCIO TaOJIMIKY, U TIOCMOTPUM HA YeTHOCTH YHUCEJ Gy U
as. TlockoIbKY n He JennuTcsa Ha 3, B TaOJIUIEe CTOI0IOB ¢ HoMepoMm 0 Ha omwH OOJbIIe, YeM CTOJIOIOB
C HOMEPOM 2, & 3HAYUT, B KOHEYHBII MOMEHT BPEMeHH KOJUIeCTBO KJAETOK B CTOJ0Max ¢ Homepom () Ha
n OOJIBbIIIE, YeM KOJUYIECTBO KJIETOK B CTOJIONAX ¢ HOMEPOM 2, T.e. ag — as = n. Ho n HeweTHO, moaToMy
YUCTA Gy U Gp JOJKHBI ObITh Pa3HON YeTHOCTH — HMpoTuBOpeume. Takmm oOpazoM, MepeKpacuThb BCIO
TabJIUIy B YePHBINA 1IBET HEBO3MOYKHO.

Kpurepumn oneHuBaHmd:
® IIpUBEICHO BepHOe paszdueHue JOCKH [0 CTPOKAM MJIK CTOJIOIAM — 1 mepBUYHBIH 6aL;

® [IpHBEJIEHO BEpHOE paszbueHmne JOCKW + Hjes MPo YeTHOCTh CYyMM B OIUCAHHBIX IPYITIax — 3 mep-
BAYHBIX 0aJLIA.

e BepHOE U 0DOCHOBAHHOE PEIICHUE C He3HAYUTE/IHbHOM OMMOKOit — 4 nepBUYHbBIX OaJL1a;

® IIOJTHOCTBIO BepHOE U 0OOCHOBAHHOE pelleHne — 5 MePBUUHBIX OAJLIOB.

Solution (ENG). Let’s number the columns with the numbers 0,1,2,0,1,2,.... Let a; (i = 0,1, 2)
denote the number of black cells in the column numbered 7. Note that each recoloring changes the parity
of the numbers ag, a1, as. Moreover, since ag = a; = as = 0 at the beginning, the parities of all the
numbers a; are the same at each moment in time — this means that at each moment in time, the numbers
ao and ay have the same parity.

Assume that we were able to recolor the entire grid, let’s look at the parities of the numbers ag
and as. Since n is not divisible by 3, the grid has one more O-numbered columns than 2-numbered
columns, meaning that at the final moment, the number of cells in 0-numbered columns is n greater
than the number of cells in 2-numbered columns, i.e. ag — ao = n. But n is odd, so ag and a, must
be of different parities — that’s a contradiction. Thus, it is impossible to recolor the entire grid into black.

Criteria:

e a correct partition of the board by rows or columns is given — 1 pre-point;

a correct partition of the board is given + the idea about the parity of the sums in the described
groups is given — 3 pre-points.

a correct and justified solution with a minor error is given — 4 pre-points;

a completely correct and justified solution is given — 5 pre-points.

Task 6. B paBaHocToponnem tpeyrosbpanke ABC ¢ meaTpom O touka M — cepeauna cropousl AB. Buc-
cexrpuca yria BOM nepecekaer BUUCAHHYIO OKPYKHOCTH Tpeyrobuuka ABC B touke P. Buccektpuca
yriia AMO moBTOPHO mepecekaer 3Ty Ke OKPYZKHOCTb B Touke (). Jlokaxwure, uro LZAQC = LAPB.

In an equilateral triangle ABC with center O, point M is the midpoint of the side AB. The bisector
of angle BOM intersects the inscribed circle of triangle ABC' at point P. The bisector of angle AMO
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intersects the same circle again at point (). Prove that ZAQC = ZAPB.

Pemrenue (RUS). Tak kak Tpeyroabauk ABC paBaocropouuuit, ZOM(EQ) = %ZC’MA = %-90o =
45°. Orpeszkn OM u O(@) paBHBI KakK PaJuyChl OIHOH OKPYKHOCTH, 3HAYUT, Tpeyroabuuk MO —
paBHOOeipenHbI npsMmoyronbHbiil, ZMOQ = 90°. Orciona ZPOQ = ZMOQ + %ABOM = 90° + % .
(180° — ZMBO — ZBMO) = 90° + % -60° = 120°.

Otpesku OP u OQ) paBHBI KaK PaJMychl OJIHON OKPY>KHOCTH. 3HAUUT, pH noBopoTe R’ (BOKpYT
rouku O Ha 120°) Touka P mnepeiiér B Touky (). Ho mpu TakoM mOBOpOTe BOKPYT HEHTPA PABHOCTOPOH-
HEro TpeyroJibHuKa To4Yka B mepeiiaér B Touky A, m Touka A mepeitnér B Touky C. CjremoBaresbHo,
tpeyrosbHuK ABP tpu 3roM moBopote nepeiinér B TpeyrogbHuK C'AQ) — 3HAUNUT, 3TH TPEYTOJbHUKH
PABHBI, & MOTOMY PaBHBI U UX COOTBETCTBEHHBIE 3JIEMEHTHI, B YacTHocTH, ZAPB = ZAQC, 9T0 u Tpe-
00BaJIOCH TOKA3ATh.

A

Kpurepunu onennBanus:

® 1IpuBeJeHa IJIOJOTBOpHA ujed — 1 nepBuvHbIi Dasut, a TakzKke +1 nepBudnbiii Oa/LT 3a BepHBIi
c4eT yrjioB u +1 nepBuYHbIA 6aj1 33 BEpHO HalijieHHbIE PaBHbIE OTPE3KH;

e BepHOE U 0DOCHOBAHHOE PENIEHUE C HE3HAUYUTE/IbHOM OMUOKO# — 4 nepBuYHbIX 0aJLi1a;

® II0JTHOCTBHIO BEepHOE U OOOCHOBAHHOE pelleHrne — 5 MePBUUYHBIX OAJLIOB.

Solution (ENG). Since triangle ABC is equilateral, ZOMQ = /CMA = 3 -90° = 45°.
Segments OM and OQ) are equal as radii of the same circle, therefore AMOQ is an isosceles right
triangle, ZMOQ = 90°. Hence, ZPOQ = ZMOQ + %ZBOM = 90° + % - (180° = LM BO — ZBMO) =
90° 4 5 - 60° = 120°.

Segments OP and OQ are equal as radii of the same circle. By that, when rotating R (around
point O by 120°), point P will become point (). But when rotating around the center of an equilateral
triangle in this way, point B will become point A, and point A will become point C. Consequently,
triangle ABP will become triangle C'AQ after this rotation — by that, these triangles are equal, and
therefore their corresponding elements are also equal which gives us ZAPB = ZAQC, which was to be
proven.

Criteria:
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e a fruitful idea is given — 1 pre-point, plus +1 pre-point for correctly counted angles and +1
pre-point for correctly found equal segments;

e a correct and justified solution with a minor error — 4 pre-points;

e a completely correct and justified solution — 5 pre-points.



Innopolis Open 2025/26 in Mathematics 2" qualifying round

9'" degree

Task 1.

1. KommuecTBO TYpPHCTOB, NMPHE3KAIONIUX B IKO-KypopT <«IIpocTokBaimmuo» OBLIO OJUHAKOBBIM B
2023, B 2024 u B 2025 romy. Pa3Memenne TypuCTOB Ha TEPPUTOPHUHU KypOpTa ITPOUCXOTUT B TO-
creBbiX JioMukax. B 2024 rojy Ha Kypopre HOCTPOMJIU D JIOHOJHUTEJbHBIX I'OCTEBBIX JIOMUKOB,
n Gylarojilaps 3TOMY Cpe/iHee KOJIMYECTBO Pa3MEeNEHHBIX TYPUCTOB B OJHOM JIOMHKE CTajao Ha 6
JeJIoOBeK MeHbIe, yeM Ob10 B 2023 roxy. B 2025 roay nocTpousiu emé b IOMUKOB, MMOCJE Yero
cpe/lHee 9HCJI0 TYPUCTOB B JJOMUKE COKPATUJIOCH €Ié Ha D JeJIOBEK 110 CPaBHEHUIO ¢ MOKa3aTeeM
2024 rona.

Cronpko TypucToB obwsiBasIo B «lIpocTokBamunos B 2025 rony? Ecin 3amada mMeeT HECKOJIBKO
BEPHBIX OTBETOB, YKaXKUTe UX cymMmy. Ecian 3ajaua He nMeeT HU OTHOTO BEPHOTO OTBeTA WU Oec-
KOHEYHO MHOI'O TAaKOBBIX, 3allMIIUTE B OTBET YUCJIO 0.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 5 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 5 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 3300

2. KosmdecTBo TYypuCTOB, pHE3KAONMX B KO-KypopT «lIpocTokBaimno» ObLIO OJMHAKOBLIM B
2023, B 2024 u B 2025 romy. Pa3zmerienne TypucToB Ha TEPPUTOPHUH KYPOPTA MPOUCXOJUT B TO-
creBbIX Jomukax. B 2024 roay Ha KypopTe MOCTPOMJIH 4 JOMOJTHUTEIBHBIX TOCTEBBIX JIOMUKA, U
Hytaromaps 3TOMY cpejiHee KOJTMIeCTBO Pa3MeNIEHHBIX TYPUCTOB B OJHOM JIOMUKE CTaJI0 Ha 6 Testo-
BEeK MeHbIle, 4eM Ob110 B 2023 roxy. B 2025 roay nmocrpounsin emé 4 JTOMUKa, TOCIE Yero cpejHee
YUCJIO TYPUCTOB B JIOMHKE COKPATHJIOCH €Ié Ha O YeJIOBEK 110 CpaBHEHHIO ¢ noxasarejnem 2024
rojia.

Ckonbko TypuctoB mobsiBasio B «IIpocrokpamuuos B 2025 roay? Ecan 3amada mmeer HECKOJIBKO
BEPHBIX OTBETOB, YKaXKUTe UX cymMmy. Kcm 3a7a4a He uMeeT HU OJIHOTO BEPHOTO OTBETa WJIn Oec-
KOHEYHO MHOT'O TaKOBBIX, 3AIUIINTe B OTBeT ducyo (.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 4 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 4 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 2640
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3. KommdecTBO TYypHUCTOB, MPUE3XKAONMUX B IKO-KypopT «IIpocTokBammHO» OBLIO OJMHAKOBBHIM B
2023, B 2024 u B 2025 romy. Pasmernienue TypucToB Ha TEPPUTOPUM KYPOPTA HPOUCXOJUT B I'0-
creBbIX JioMuKax. B 2024 roay Ha KypopTe MOCTPOWIU D JIOMOJHUTEILHBIX IOCTEBBIX JTOMUKOB,
n Gyrarojilapst 3TOMY CpejiHee KOJIMYECTBO PAa3MEIEHHBIX TYPUCTOB B OJHOM JIOMHKE CTajo Ha 7
4eJI0BeK MeHnbline, yeM 0bl10 B 2023 romay. B 2025 roay mocrpousim emgé 5 TOMHUKOB, IOCTE Yero
cpejiHee YHCJIO TYPUCTOB B JIOMUKE COKPATUJIOCH elllé Ha 6 YeJI0BeK 10 CpaBHEHUIO ¢ IoKa3aTeIeM
2024 rona.

Ckonbko TypucToB obbsiBaio B «lIpoctokBamunos B 2025 rony? Ecin 3amada mmeeT HECKOJIHKO
BEPHBIX OTBETOB, YKaXKuTe ux cymmy. Fcim 3a7ia4a He nuMeeT HU OJIHOIO BEPHOrO OTBETa mjin bec-
KOHEYHO MHOI'O TaKOBBIX, 3allUIIUTE B OTBET YUCJIO 0.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 5 additional guest houses
were built at the resort, reducing the average number of tourists per house by 7 compared to 2023.
In 2025, 5 more guest houses were built, reducing the average number of tourists per house by
another 6 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 5460

4. KoandecTBO TYPHUCTOB, MPUE3ZKAONINX B 3KO-KypopT <«lIpocroksarinuo» ObLIO OJMHAKOBHIM B
2023, B 2024 u B 2025 romy. Pa3sMmemnenne TypuCTOB Ha TEPPUTOPHUH KypOpTa ITPOUCXOTUT B TO-
cTeBBIX noMmKax. B 2024 romy mHa KypopTe MOCTPOWIN 6 JIOMOJHUTETbHBIX T'OCTEBBIX JIOMHUKOB,
u OJlarogapsi STOMY cpejiHee KOJIMYECTBO PA3MEIIEHHBIX TYPHCTOB B OJHOM JIOMHKE CTajJa0 Ha 6
4JeJIoBeK MeHbIne, yeMm 0b1o B 2023 roxy. B 2025 roay nocrpousiun eimié 6 JOMUKOB, [OCJE 4Yero
Cpe/iHee 9HuCJ0 TYPUCTOB B JJOMHUKE COKPATUJIOCH €IE Ha O JeJJOBEK IO CPABHEHUIO ¢ TTOKa3aTe/eM
2024 rona.

Ckonbko TypuctoB mobsBasio B «IIpocrokparmuuos B 2025 rony? Ecan 3amada mmeer HECKOJIBKO
BEPHBIX OTBETOB, YKaXKUTe X cyMMmy. Ecin 3a71a4a He nMeeT HU OTHOTO BEPHOTO OTBeTa WU Oec-
KOHEYHO MHOT'O TAKOBBIX, 3aIUIIATe B OTBeT ducyo (.

The number of tourists visiting the Prostokvashino eco-resort was the same in 2023, 2024, and
2025. Tourists are accommodated in guest houses at the resort. In 2024, 6 additional guest houses
were built at the resort, reducing the average number of tourists per house by 6 compared to 2023.
In 2025, 6 more guest houses were built, reducing the average number of tourists per house by
another 5 compared to 2024.

How many tourists visited Prostokvashino in 20257 If the task has multiple correct answers, write
down their sum. If the task has no correct answers or infinitely many correct answers, write 0 as
the answer.

Answer: 3960

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
OB603HAYNM KOJIMIECTBO TYPUCTOB, MPUE3KABIIAX B OJUH TOJ U3 MEPEYUCTICHHBIX (TO €CTh, COTIACHO
YCIOBHIO, B KAXKIBI U3 HUX) 3a t, a KOJUYECTBO JOMUKOB Ha Tepputopuu B 2023 romy 3a d. Cpenmee
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Torma n3 ycI0BUS UMeeM CHCTEMY:

t 6 ot
d+5 T d
tf +11 _!
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JIOMHOKIM 1epBOe BhIpazkKeHune Ha MOJI0KUTeIbHY 0 Benauny d(d+5) n noxyunm dt+6d(d+5) = dt+5t,
aro yupormaercs 10 6d(d + 5) = 5t. Anasorudano u3 Broporo ypapaenus moiaydaem 11d(d + 10) = 10t.
JlomuoxKasi mepBoe U3 9TUX ABYX yeaoBuil Ha 2, umeem 12d(d + 5) = 10t = 11d(d + 10), oTkyga nmeem

12(d + 5) = 11(d + 10). Pemas 910 mpoctoe JuHeHOe ypaBHEHHE MOIYyIaeM €THHCTBEHHOE DeIleHne
6 - 60 - 65
d = 60. Orkyga t = 6d(d+5)/5 = — = 3300.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets denote the number of tourists arriving in one of the listed years (that is, according to the condition,
in each of them) as ¢, and the number of houses on the territory in 2023 as d. The average number of

t t
houses in 2023 is equal to —, in 2024 is equal to ——, and in 2025 is equal to . Then, from the

t
d d+5 d+ 10
condition, we have the system:

Ly
d+5
+11 =

§) =

d+ 10

Multiplying the first expression by the positive value d(d + 5) yields dt 4+ 6d(d + 5) = dt + 5¢, which
simplifies to 6d(d+5) = 5t. Similarly, from the second equation, we obtain 11d(d+10) = 10¢. Multiplying
the first of these two conditions by 2, we obtain 12d(d + 5) = 10t = 11d(d + 10), from which we obtain

12(d+5) = 11(d + 10). Solving this simple linear equation, we obtain the unique solution d = 60. From
6-60 - 65
heve 1 = 6d(d +5)/5 = ——— = 3300.

Task 2.

1. HaiiauTe nHamMeHbiliee BO3MOXKHOE YUC/I0 PYKOMOXKaTHit MexKay 30 JIOAbMU, eCJu CPein JI00bIX
TpexX W3 HUX HANIyTcs JIBOE, MOXKABIIUX JPYT JIPYTY PYKH.

Find the smallest possible number of handshakes between 30 people if among any three of them
there are two who’ve shook hands.

Answer: 210

2. Haiinure HauMeHbIliee BOBMOXKHOE YHCJIO PYKONMOXKATHNE MexK1y 36 JIOAbMU, €CJH CPeau JIIOBIX
Tpex U3 HUX HaWIyTCd JABOe, TOXKABIMUX JAPYT JAPYTY PYKH.

Find the smallest possible number of handshakes between 36 people if among any three of them
there are two who’ve shook hands.

Answer: 306
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3. HaiinuTe HaumMeHbIllee BOBMOXKHOE YHCJIO PYKOMOXKATHN MeKIy 24 JIOAbMHU, €CJH CPeIu JIIOOBIX
TpeX U3 HUX HaWyTcd JiBOe, TOYXKABIINAX JIPYT JAPYLY PYKH.

Find the smallest possible number of handshakes between 24 people if among any three of them
there are two who’ve shook hands.

Answer: 132

4. Haiimure HauMeHbIlee BO3MOXKHOE YHUCI0 PyKonoxKaTuit mexay 40 Jjojabmu, ecjium cpeju JIoObIX
Tpex M3 HUX HaMAyTCs JABOe, IOXKABINUX JAPYT JIPYTY PYKH.

Find the smallest possible number of handshakes between 40 people if among any three of them
there are two who’ve shook hands.

Answer: 380

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTONHIHO)
BriGepem destoBeka (mycrh ero 30ByT A), caenasinero HanMenbliee ancao (k) pykonoxkaruii. Toraa see
octasibHbie 29 4YesoBeK, KpoMe A, MOKHO pa3OuTh Ha 2 TIPYNIBL: B II€pBOil rpymme OyayT k Jrojei,
KOTOpBIe ToXKaIu pyKy A (KaxKIplilt U3 HUX cJeai He MeHee k pyKOTmoXKaTuii), a Bo BTopoi — 29 — k
mogel, komy A He moxkaa pyky. CoriacHO YCJIOBHIO, BCE JIIOAM M3 BTOPON TPYIIIBI JOMKHBI IIOXKATH
PYKH JIPYT JAPYTY (%(29 —k)(28 — k) pykonozkaruii), nHade JBoe He HOXKABIIKX JIPYT IPYTy PYKH BMeCTe
¢ A obpa3ytor Tpoiiky Jio/eit 63 PyKOMoKaTHil, 9TO HCKIIIEHO yCaoBueM 3aaadn. Vtak, obiree 1nucio
PYKONOKATHI HE MEHbIe 9eM

1
§(k+k2+ (29 — k)(28 — k)) = k* — 28k + 406 = (k — 14)* + 210 > 210

PapenctBo mocturaetcs, ecau pa3douTh Bee 30 Ueq0BEK HA JBE PaBHBIE TPYIIBI, B KayK/I0H U3 KOTOPBIX
BCE MOXKMYT JPYT APYTY PYKH, IPH TOM MEXKIy IPYIIaMHi PYKOIIOXKATHI He OyIer.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets choose a person (let’s call him A) who has shaken hands the fewest (k) times. Then all the remaining
29 people, except A, can be divided into two groups: the first group will contain k£ people who shook
hands with A (each of them made at least k£ handshakes), and the second group will contain 29 — k
people whom A did not shake hands with. According to the problem, all people in the second group
must shake hands with each other (5(29 — k) (28 — k) handshakes), otherwise the two who did not shake
hands, together with A, form a trio of people without handshakes, which is excluded by the problem.
So, the total number of handshakes is no less than

1
§(l<:+k:2+ (29 — k)(28 — k)) = k* — 28k + 406 = (k — 14)* + 210 > 210

Equality is achieved by dividing all 30 people into two equal groups, with everyone in each group shaking
hands, and no handshakes between the groups.

Task 3. B ycioBusix Bcex 4-X BapHaHTOB 3TOH 3aja4u JONYIIEHA OJHA U Ta Ke ONIMOKA: YKa3aHHOe
10-3naunoOe "mcso B 6 pa3 0oJiblire 3agyManaoro. OTBersl Ha HEKOPPEKTHO ¢OPMYJIUPOBAHHYIO 32129y
HE TTPOBEPSIUCH U HE YUUTHIBAJIUCH IIPU (POpMUpPOBAHUU OAJLIOB.
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All the 4 versions of the task contained the same mistake: the 10-digit number provided was 6
times larger than intended. Answers to the incorrectly formulated task were not checked and were not
considered when calculating points.

1. Amjpeit BoIOpast 6 pa3IuaHbIX HEHYJIeBBIX UMD U BLIIKCAT HA JIOCKY BCE BO3MOKHBIE G-3HATHBIE
JHCJIA, TePeCcTaBIsis BHIOpaHHbie MudPbl MexK Iy co0oit. [locse sroro Anapeit c10KUI BCe 9TH THC-
naa u noryuma 2719997280. Kakoe HanMeHbIiee IUCJI0 MOTJIO OBITH BBITTHCAHO AHIpeeM Ha TOCKY 7

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2719997280.
What is the smallest number Andrey could have written on the board?

Answer: 136789

2. Angpeit BeiOpast 6 pa3IMIHBIX HEHYJIEBBIX (D U BBHIUCAJI HA JOCKY BCE BO3MOZXKHBIE G-3HAYHBIE
qHCIa, TePecTaBisist BRIOpaHHbie mudphl MexK Iy coboit. [Tocte sToro AHApeit CI0XKII BCe 3TH YHC-
na u nosryuama 2319997680. Kakoe HauMmenbIiee 9UCI0 MOTJIO OBITH BBITUCAHO AHpeeM Ha JOCKY 7

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2319997680.
What is the smallest number Andrey could have written on the board?

Answer: 123689

3. Amgpeit BeIOpas1 6 pa3IMIHBIX HEHYJIEBBIX (P M BBHIIUCAI Ha JOCKY BCE BO3MOXKHBIE 6-3HAYHBIE
YHC/Ia, TepecTaBisis BRIOpaHubie mudpbl MexK Iy coboit. [Tocte sroro AuApeit C0XKII BCe 3TH YHC-
qa u nosyamt 2159997840. Kakoe mHanMenbiree InucI0 MOTJIO OBITH BBHITTUCAHO AHApeeM Ha JTOCKY?!

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2159997840.
What is the smallest number Andrey could have written on the board?

Answer: 123489

4. Amnpeit BoiOpas 6 pa3IMYHbIX HEHYJIEBBIX UMD U BHIMHUCAJ HA JOCKY BCE BO3MOXKHDIE 6-3HAYHbIE
JHCJIA, TePeCcTaBIsis BHIOpaHHbie MudPBl MexK Iy co0oit. [locse sToro Anapeit c/I0KUT BCe 9TH THC-
ja u nosryuamt 2799997200. Kakoe HanMenbimee 9uc/io MOrJIO ObITh BRITUCAHO AH/peeM Ha JI0CKY !

Andrew chose six different non-zero digits and wrote all possible six-digit numbers on the board,
permuting the chosen digits. Then, Andrew added all these numbers together and got 2799997200.
What is the smallest number Andrey could have written on the board?

Answer: 146789
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Pemrenune (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)

(amcsto 2719997280 B ycirouu 3ameneno ma 2719997280 : 6 = 453332880

I[Tycrs uncio, 3ammcannoe Anapeem, pasao = abedef = 10°-a+10*-b+103-c+102-d+10-e+ f, Toraa
CyMMa BCEX JIHCes, MOJIy9IaeMbIX U3 Hero nepectanopkoii mudp, pasua b!-(a+b+c+d+e+ f)- 111111 =
453332880, otkyaa a + b+ c+ d + e + f = 34. Urodbsl 4ucao x OBLIO HAUMEHBIIAM, €ro IuQPHI
JIOJI2KHBL OBITH pACIOJIOKEHBl B MOPIKe BO3pacTaHus cjeBa Hampapo. Ilomaras a = 1, moaydaem
b+c+d+e+ f =33, Tormab >3, unaue c+d+e+ f =31, H06 +7+ 8+ 9 = 30 — orcioga
b # 2. lanee c+d+ e+ f = 30, orkyna u nosygaem x = 1367809.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
(the number 2719997280 in the initial task formulation is replaced with 2719997280 : 6 = 453332880)
Let the Andrew’s number be x = abedef = 10%-a+10*-b+10%-c¢+10%-d+10-e+ f. Then the sum of
all numbers obtained from it by rearranging the digits is 5! (a+b+c+d+e+ f)- 111111 = 453332880,
hence a + b+ c+ d+ e+ f = 34. For the number x to be minimal, its digits must be arranged in
ascending order from left to right. Assuming a = 1, we get b+c+d+ e+ f = 33, then b > 3, otherwise
ct+td+e+ f=31,but 6+7+8+9=230—thus b# 2. Weget c+d+ e+ f =230, thus x = 136789.

Task 4.

1. [na HEOTpUIATENBHBIX a,b, ¢ BBIIOIHEHO ab + bc + ca = 16 u a > 3. Haiinure nanMenbiee BO3-
MOZKHOE 3HauYeHHe BbhipazkeHus 2a + b+ c.

For non-negative a, b, c it is known that ab + bc + ca = 16 and a > 3. Find the smallest possible
value of 2a + b+ c.

Answer: 10

2. Jlns HeoTpUIATENbHBIX a,b, c BBIMOTHEHO ab + bc + ca = 144 w a > 5. Haiiagute HamMmenbinee
BO3MOYKHOe 3HaUeHWe BbIpakeHud 2a + b+ c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 144 and a > 5. Find the smallest possible
value of 2a + b + c.

Answer: 26

3. g HeoTpuUnATEIbHBIX a,b, ¢ BbmogHeHO ab + bc 4+ ca = 48 u a > 4. Hailigure HamMeHbliiee BO3-
MOXKHOE 3HaUeHHe BbIpaKeHus 2a + b + c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 48 and a > 4. Find the smallest possible
value of 2a + b+ c.

Answer: 16

4. Jlns HeorpunarebHblX a, b, ¢ Bbinosneno ab + bc + ca = 24 u a > 5. Haitjure naumenbliiee BO3-
MOZKHOE 3HauYeHue Bbhipazkenus 2a + b+ c.
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For non-negative a, b, ¢ it is known that ab + bc + ca = 24 and a > 5. Find the smallest possible
value of 2a + b + c.

Answer: 14

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajibHbIe DEHIAIOTCS AHAJTONHIHO)
ITIycts x = b + c. Torna nmo nepaBeHcTBY 0 cpegHux be < %‘x? Bnaunt, 16 = ab+ bc + ca = ax + be <
ar + ix2, otkyaa x2 + 4ax — 64 > 0. PaccMOTpUM 3TO HEPaBEHCTBO KaK KBaIPATHOE OTHOCHTEIHHO .
MHOKeCTBO ero pernteHuii — 9To JiBa Jiyda, OJIHH U3 KOTOPDIX MEJUKOM JIEZKUT Ha OTPUIATETbHOM TOJTY-
ocu Oz (MOCKOJIBKY, COTJIACHO TeopeMme Buera, mpousBejieHne KOPHEil HAIErO KBAIPATHOIO TPeXdIeHa
OTPHIATEJHHO), & IIOTOMY €ro MOXKHO He paccmarpusarh. [1o dpopmysie KOpHEil KBAIPATHOIO ypaBHEHUSs
nosydaeM & > —2a+2va? + 16. Yuurssag = b+c, nmeem 2a+b+c > 2v/a? + 16 > 2v/32 + 16 = 10.
PagenctBo mocturaercs npu a = 3, b = ¢ = 2.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let £ = b+ c. Then, by the mean inequality, bc < %xz. This means that 16 = ab + bc + ca = ax + be <
ax + 2%, whence 2? 4+ 4az — 64 > 0. We consider this as inequality with respect to x. The set of
its solutions is two rays, one of which lies entirely on the negative semi-axis Ox (since, according to
Vieta’s theorem, the product of the roots of our square trinomial is negative), and therefore it can be
ignored. By the formula for the roots of a quadratic equation, we obtain x > —2a + 2v/a? + 16. Given
x = b+c, we have 2a+b-+c > 2va? + 16 > 21/3%2 + 16 = 10. Equality is achieved when a = 3, b = ¢ = 2.

Task 5. /lano moioxkureapHoe mneaoe k. Aug u Bopst urpaior B urpy Ha KJaeTdaToi mocke 9 X 9, memas
XObI TI0 Ouepean, HauwHas ¢ Anu. Aus cBoum x0m0M cTaBuT () B JIIOOYIO MyCTYIO KJAETKY 10CKH, a Bops
3a OJIMH CBOI X0/ cTaBUT 1Mudpy 1 B k MycTHIX KJAETOK. BOps BBIUIPLIBAET, €CJ/IH MOCIE 0YEPEHOTO ero
XOJIa BCE CyMMBI YHCEJI B KaXKJ0W CTPOKE W KarXKJIOM CTOJIOIE OKa3bhIBAIOTCS HedeTHbIMU. [Ipu kKakom
HanMeHbIIeM k y Bopu ecTh BBIUTDHINTHAS cTpaTerus’

Given a positive integer k. Ann and Boris play a game on a 9 x 9 checkered board, making moves
starting with Ann. Ann puts 0 into any empty square on the board, and Boris puts 1 into k& empty
squares in one move. Boris wins if, after his move, all the sums of the numbers in each row and column
are odd. For what smallest k£ does Boris have a winning strategy?

Answer: 3

Pemrenue (RUS). Jokaxkem, uro nipu k = 3 Bopst Beiurpaer. Boigesinm Ha J0CKe Tpu KBajpara
3 X 3, uaymue no jguaroHasu. llyctb KazxKabiM cBOUM X0J0M bops craBuT euHHIbLI Ja/ieiiHOl pac-
CTAHOBKOH B TOT KBajapaT 3 X 3, B KOTOphIii nonuta Aus (T.e. Bopga craBur exuHuip Tak, 91006 BCe
eJIMHAUIIBI CTOSIN Obl B PA3HBIX CTPOKAX M PA3HBIX CTOJOINAX JAHHOTO KBajparta 3 X 3). B mporuBHOM
caydae Bops craBUT ewHUITHI B J000# KBaJpaT 3 X 3, B KOTOPOM elle HeT eIuHuI. fcHo, yTo Bopsa
BBIUTPAET Yepe3 TP Xoja (K Mmocje mepBoro, u Mocae BTOporo XoaoB Anu y Bopu mosyuutcs caeaarhb
CBO¥ XO/I, MOCKOJIbKY JABYMsl XO/AaMu AHSI HE CMOXKET 3aHSTH IEJUKOM CTPOKY HJIM CTOJIOeI] KBaJpaTa
3 x 3).

Jloxkazxem, aro ipu k = 1 mim 2 Bopst He MOXKeT BBIUTPATh. 3aMETHM, 9TO MEPE]] BHINTPHIBAIOIIIM
X0IoM Bopu B TouHOCTH 8 CTPOK U 8 CTOJIONOB NMEI0T HeUeTHbIE CYMMBI, a OJTHA CTPOKA W OJIWH CTOJIOeI]
— 4YeTHBIe. DTO O3HAUYAET, UTO BBIUIPBIBaOMUN X01 Bopu crporo enuacrBeneH. [losromy B cBoil x0T,
LpeJIIEeCTBY IOIUI BhIUIpbIBatomemMy xoy bopu, Aus nocrasur 0 B HyKHYIO JiJist Bopu KJieTKy, u Torja
Bopsg ne cMoxkeT BBIUTPATD.
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Kpurepumn oneHuBaHmd:

e NpHUBeJeHA BepHas CTpaTerus, HO J0KAa3aTeJbCTBO OTCYTCTBYET JIHOO COMEPKUT 3HATUTETbHBIE
omubKu — 1 mepBUYHBIH GaJsLI;

® OTBET HEBEPEH, HO TMPHBeIeHa TI0I0TBOPHAS UIes MOCTPOEHNST BRIUTPHITITHON CTpaTernn — 2 mep-
BUYHBIX 0aJLIa;

® JaH BEPHBII OTBET W MPEI0KeHa CTpAaTerus, HO He J0KA3aHO ee OTCyTcTBue s k = 1, 2, aubo
HA00OPOT: JIOKA3aHO, YTO JJid k = 1, 2 cTpareruu HeT, HO He jJoKa3aHa crparerus aad k = 3 — 3
HEePBUYHBIX OaJLia;

® JaH BEpHBIH OTBET W JOKa3aHa cTparerus ajas k = 3, HO JI0Ka3aTeIbCTBO OTCYTCTBHS CTPATETUH
s k=1, 2 orcyrcTByeT OO COMEPXKUT OMUOKY — 4 MEPBUYHBIX OAJLIa;

® TIOJTHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEePBUYHBIX OAJLIOB.

Solution (ENG). Lets prove that Boris wins if & = 3. Lets select three 3 x 3 squares on the
board, diagonally aligned. Let Boris place «1»-s in a rook-like arrangement on each of his moves in the
3 x 3 square Ann moved to (i.e., Boris places «1»-s in different rows and different columns of the 3 x 3
square). Otherwise, Boris places «1»-s in any 3 x 3 square that doesn’t already contain «1»-s. Clearly,
Boris will win in three moves (after both Ann’s first and second moves, Boris will be able to make his
move, since Ann can’t occupy an entire row or column of the 3 x 3 square with two moves).

Lets prove that Boris cannot win if £ = 1 or 2. Note that before Boris’s winning move, exactly 8
rows and 8 columns have odd sums, and one row and one column have even sums. By that, Boris’s
winning move is strictly unique. Therefore, on her turn before Boris’s winning move, Ann will place a
0 in the cell Boris wants, and then Boris will be unable to win.

Criteria:
e a correct strategy is given, but the proof is missing or contains significant errors — 1 pre-point;

e an incorrect answer, but a fruitful idea for constructing a winning strategy is given — 2 pre-points;

e a correct answer is given and a strategy is proposed, but its absence for £ = 1, 2 is not proven,
or vice versa: it is proven that there is no strategy for £k = 1, 2, but a strategy for £k = 3 is not
proven — 3 pre-points;

e a correct answer is given and a strategy for k = 3 is proven, but the proof of the absence of a
strategy for kK =1, 2 is missing or contains an error — 4 pre-points;

a completely correct and justified solution — 5 pre-points.

Task 6. B tpeyrombanke ABC semomnneno AC? = AB - BC, a ouccektpucst AK n C'L nepecexaior-
cg B Touke [. JlokakuTe, 9TO 1L10MMMa,1b deThIpéxyroabanka B K [ L paBHa mwiomaau Tpeyroiabanka AIC.

In a triangle ABC there is AC? = AB - BC, and the bisectors AK and CL intersect at point I.
Prove that the area of quadrilateral BKIL is equal to the area of triangle AIC.

Pemrenune (RUS). /lng ynobera OyeM perath 3aady «C KOHIA», MOCII0BATEIBLHO 3aMeHsIsI
YTBEPKJIECHUS HA PABHOCHIbHBIC. PABEHCTBO yKa3aHHBIX B YCJOBUH ILIONIA/eH PABHOCUIBHO PABEHCTRY
momaei TpeyronbHukoB AC'L m ABK. Vlconb3ys CBORCTBO OTHOIIEHHUS ILIOMAIEH TPEeyroJbHIKOB
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¢ 00Imeil BLICOTOM M CBOMCTBO OMCCEKTPHUCHI TPEYTOJBHUKA, HOJYYHM, 9TO OT ILIOIIAIN TPEYroJbHUKA

AL _ __AC

ABC unomans tpeyrosibauka AC L COCTaBJIS{eTA‘{aCTb, PaBHYIO 4% = JF ap, & WIOLAL TPEYro/bHu-
BK _ _ B .

ka ABK cocraBjisieT 4acTh, PaBHYIO F5 = Farac. lakum obpasom, rpebyemoe PaBeHCTBO ILIOLLaLeil

AC+BC __ AB+AC BC _ AC
PAaBHOCHJIBHO YCJIOBHIO “=22= = S282% 1o ecth 1 + 72 = 1 + 4%, KOTOPOE, B CBOIO 04€PEe/ib, DABHO-

cuapio AC' = VAB - BC', 94T0 BEpHO 110 YCJIOBHIO.

A

Kpurepunu onennBanus:
® 1CII0/Ib30BAHO CBONCTBO OMCCEKTPUCHI, HET BEPHOTO perierus — | mepBUYHbIN HasL;

® ICIIOJIb30BAHO CBOUCTBO OmWccekTpuchl, Haiigena obimast Beicota AABC u ANALC, wer BepHOTO
perenust — 2 TMepBUYHBIX OaJlIa;

® NPHUBEJEHO PeIlleHre JJIsi YACTHOrO cay4das (CaydaeB), HO UCIOTIB30BAHO CBOHCTBO GUCCEKTPUCHI,
Halimena obmas Boicora ANABC n AALC' — 3 nepBUYHBIX 0asLIa;

e IIPUBEIEHO peIleHne, coaepKalee TOIbKO He3HAUUTEIbHbIE OMMUOKN B aJredbpanvdecKux mpeodopa-
30BAHULX MPU BEPHOCTU NPOUYUX PACCYXKJeHuil — 4 nmepBUYHBIX DasLIa;

® 1OJIHOCTBHIO BEPHOE U ODOCHOBAHHOE PEIICHUE — D MEPBUYHBIX OAJLIOB.

Solution (ENG). Lets solve the task «from the end», successively replacing the statements with
equivalent ones. The equality of the areas specified in the condition is equivalent to the equality of
the areas of triangles AC'L and ABK. Using the property of the ratio of the areas of triangles with a
common altitude and the property of the triangle bisector, we find that the area of triangle AC'L of the

area of triangle ABC'is a part equal to % = Ac{‘%’ and the area of triangle ABK is a part equal to
% = %. Thus, the required equality of areas is equivalent to the condition ACICBC = ABA+BAC, that

is, 1+ f—g =1+ %, which, in turn, is equivalent to AC' = v AB - BC, which is true by condition.

Criteria:
e used the bisector property, no correct solution — 1 pre-point;

e used the bisector property, found the common height of AABC and AALC, no correct solution
— 2 pre-points;

e provided a solution for a particular case(s), but used the bisector property, found the common
height of AABC and AALC — 3 pre-points;
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e provided a solution containing only minor errors in algebraic transformations while other reasoning
is correct — 4 pre-points;

e completely correct and justified solution — 5 pre-points.
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10" degree

Task 1.
1. Haiinure HamMmenbimee 1esioe t, mpu koropoMm ypaBrenune x! 4+ y! + z! = 10t 4+ 43 umeer xora OB
OJiHO pernterue (x,y, z) I TOHAPHO PA3JHYHBIX MOJOKATETbHBIX NEJIbIX T, Y, 2.

Banuce «n!y obozuauaer dakropuas Harypaabuoro n: n!l=1-2-3---n.

Find the smallest integer ¢ such that the equation z!+ y! + 2! = 10t 4 43 has at least one solution
(z,y, z) for pairwise distinct positive integers x,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3---n.
Answer: 8

2. Haiinure HamMeHbImee mesoe t, mpu KotopoMm ypasHerune x! + y! + 2! = 10t + 67 umeeT XoTs ObI
OfIHO pertenue (x,Yy, z) JJId TOMAPHO PA3IUIHBIX MOJOKUTETHHBIX HETBIX T, Y, 2.

Banuce «n!» obozuauaer dpakropuas Harypaabuoro n: n!=1-2-3---n.

Find the smallest integer ¢ such that the equation z!+ y! + 2! = 10t 4+ 67 has at least one solution
(x,y, z) for pairwise distinct positive integers x,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3-.-n.
Answer: —4

3. Haiinure HamMeHbIee nesoe t, npu Kotopom ypapaenue ! + y! 4+ z! = 10t — 17 mmeer xoTs1 ObI
OZIHO pettenue (x,Yy, z) JJIs TOMAPHO PA3IUIHBIX MOJOKUTETHHBIX TEIBIX T, Y, 2.

Banuce «n!y obozuauaer dpakropuas Harypaabuoro n: n!=1-2-3---n.

Find the smallest integer ¢ such that the equation !+ y! + 2! = 10t — 17 has at least one solution
(x,y, z) for pairwise distinct positive integers z,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3---n.
Answer: 14

4. HaiiguTe HamMeHbIee meaoe t, Ipu KoTopoM ypasHenue x! + y! + z! = 10t — 33 umeer XoTs OB
oziHO penterne (x,y, z) JJIs MOHAPHO PA3JIHIHBIX OJOKUTEIbHBIX MEJIbIX T, Y, 2.

Bamuce «n!» obozHauaer dpakTopuas HaTypaabHoro n: n!=1-2-3---n.
Find the smallest integer ¢ such that the equation z! + y! + 2! = 10¢ — 33 has at least one solution

(x,y, z) for pairwise distinct positive integers z,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3---n.

Answer: 6
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Pemrenune (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)

He orpannuusast odbimnocTu, OyaeM 1ojgararb © > y > z. 3aMmerum, yro n! = 1-2-3---n 4eTHO 1pH Beex
n > 2, B 1o Bpems Kak 10t + 43 meuerno, modromy cpenu ducen x!, y!, z! iubo ogno, mubo Tpu aBAAOTCHA
HeYeTHBIMI. Bee Tpu He MOTYT ObITh HEUETHBIMHE, MOCKOJIBKY TOTJA £ = Y = 2 = 1, 9TO NPOTUBOPEUIUT
YCJIOBHIO, — 3HAYNUT, z = 1, orkyaa z! + y! = 10t + 42.

Bamerum, aro 10t + 42 = 2 (mod 10). ITockoapky n! = 0 (mod 10) mas n > 5, umeem y < 5, masee
nepebopom (cHavana g y < x < 5, 3areMm jiag x = 5, y = 2 (mod 10), orkyna y = 2) HaAXOIUM
mvuHEMaIbHOE 2! 4+ y! = 2 (mod 10) — 31a cymma pasHa 5! 4 2! = 122, orkyna t = 8.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Without loss of generality, we assume that x >y > 2. Note that n! =1-2-3---n is even for all n > 2,
while 10¢ + 43 is odd. Therefore, among the numbers x!,y!, 2!, either one or three are odd. All three
cannot be odd, since then x = y = 2z = 1, which contradicts the assumption, meaning z = 1, which
implies ! + y! = 10t + 42.

Note that 10 + 42 = 2 (mod 10). Since n! = 0 (mod 10) for n > 5, we have y < 5, then by
enumeration (first for y < z < 5, then for z =5, y = 2 (mod 10), whence y = 2) we find the minimum
z! +y! =2 (mod 10) — this sum is equal to 5! + 2! = 122, thus ¢ = 8.

Task 2.

1. HaiiuTe nHamMeHbiiee BO3MOKHOE YUC/I0 PpYyKOMOXKaTuit Mexkay 30 JIOAbMu, eCJu CPein JI00bIX
TpexX W3 HUX HalIyTcsd JBOe, MOXKABIINX JPYT JIPYTY PYKH.

Find the smallest possible number of handshakes between 30 people if among any three of them
there are two who’ve shook hands.

Answer: 210

2. HaiinuTe HamMeHbIlee BOZMOXKHOE UHCJIO PYKOMOXKATHN MeKIy 36 JIOIbMHU, €CJH CPeau JIOOBIX
TPpeX U3 HUX HaHIyTcd /IBOe, TOXKABIINAX JIPYT JAPYTY PYKMH.

Find the smallest possible number of handshakes between 36 people if among any three of them
there are two who’ve shook hands.

Answer: 306

3. Haiisiure nanMenbIiee BOZMOXKHOE YHCJI0 PYKOMOXKATHN MKy 24 JIOJbMU, €CJIH Cpeu JIIOOBIX
TpeX U3 HUX HalIyTcs JIBOe, MOXKABIIUX JPYT JAPYTY PYKH.

Find the smallest possible number of handshakes between 24 people if among any three of them
there are two who’ve shook hands.

Answer: 132

4. Haiture nammenbinee BO3MOXKHOE YHUC/I0 PyKonoxkaruit mexay 40 JioabMu, ecjim cpen JiIoObIX
TPeX U3 HUX HaMIyTCcsd JBOE, MOXKABIIUX JPYT JPYTY PYKHU.
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Find the smallest possible number of handshakes between 40 people if among any three of them
there are two who’ve shook hands.

Answer: 380

Pemenne (RUS). (upeacrasieno pemenne papuanta N1, ocrajibHbIe DEHIAIOTCS AHAJIONHIHO)
BriGepem destoBeka (mycrh ero 30ByT A), caenasinero HanMenbliee ancao (k) pykonoxkaruii. Toraa Bee
octasbbie 29 4YejoBek, KpoMe A, MOXKHO pa3buTh HA 2 TPYNIbE: B 1epBOil rpynme OymyT k Jrojei,
KOTOpBIe ToXKaIu pyKy A (KaxKIpiil U3 HUX cJefaa He MeHee k DYKOTMOXKaTuii), a Bo BTopoi — 29 — k
mojel, komy A He moxkasa pyky. CorylacHO YCJIOBHIO, BCE JIIOAM M3 BTOPOW IPYIIIBI JOJKHBI II0KATH
PYKH JIPYT APYTY (%(29 —k)(28 — k) pykonozkaruii), nHaue JBOE He MOXKABIIUX JIPYT APYTY PYKH BMECTe
¢ A obpa3yior Tpoiiky Jiojeit 63 PyKOImoKaTHil, 9TO HCKIIYEHO yCaoBueM 3aaaqn. Vtak, obiree 1ucio
PYKONOKATHIA HE MEHbIIe 9eM

1
§(k+k2+ (29 — k)(28 — k)) = k* — 28k + 406 = (k — 14)* 4+ 210 > 210

PasencrBo jocruraercd, ecyi pa3douth Bce 30 4e0BeK HA JBe paBHbIE IPYIIIbI, B KayKJI0H 13 KOTOPHIX
BCE MOXKMYT JIPYT JAPYTY PYKHU, IPH ITOM MEXKIy IpyIIaMHu PYKOIIOXKaTuil He Oy/er.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets choose a person (let’s call him A) who has shaken hands the fewest (k) times. Then all the remaining
29 people, except A, can be divided into two groups: the first group will contain k£ people who shook
hands with A (each of them made at least k& handshakes), and the second group will contain 29 — k
people whom A did not shake hands with. According to the problem, all people in the second group
must shake hands with each other (3(29 — k)(28 — k) handshakes), otherwise the two who did not shake
hands, together with A, form a trio of people without handshakes, which is excluded by the problem.
So, the total number of handshakes is no less than

1
§(/<:+/<;2+ (29 — k)(28 — k)) = k* — 28k 4+ 406 = (k — 14)* + 210 > 210

Equality is achieved by dividing all 30 people into two equal groups, with everyone in each group shaking
hands, and no handshakes between the groups.

Task 3.

1. g HEOTpULATEIBHBIX a,b, ¢ BbIIOJIHEHO ab + bc + ca = 16 u a > 3. Haiinure nauMenbiee BO3-
MOZKHOE 3HauYeHue BhipazkeHus 2a + b+ c.

For non-negative a, b, c it is known that ab + bc + ca = 16 and a > 3. Find the smallest possible
value of 2a + b+ c.

Answer: 10

2. Jlas HeoTpHUTIATEJIbHBIX a,b,c BBIOJHEHO ab + bc + ca = 144 m a > 5. Haiinute HanmMeHbIree
BO3MOKHOE 3HaUYeHUe BhIpakeHus 2a + b + c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 144 and a > 5. Find the smallest possible
value of 2a + b+ c.
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Answer: 26

3. g HeoTpunATeIbHBIX a,b, ¢ BbmoHeHO ab + bc 4+ ca = 48 u a > 4. Hailigure HamMeHnbliee BO3-
MOXKHOE 3HaUYeHne BhIpaKeHus 2a + b + c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 48 and a > 4. Find the smallest possible
value of 2a + b+ c.

Answer: 16

4. Jlns HeorpunarebHbIX a,b, ¢ Bbinoaneno ab + be + ca = 24 u a > 5. Haitjure naumenbliiee BO3-
MOZKHOE 3HauYeHHe BbhipazkeHus 2a + b+ c.

For non-negative a, b, c it is known that ab + bc + ca = 24 and a > 5. Find the smallest possible
value of 2a + b+ c.

Answer: 14

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTONHIHO)
IIycts x = b + c. Torna nmo nepaBeHcTBY 0 cpegHux be < %‘xQ. Bnaunt, 16 = ab+ bc + ca = ax + be <
ar + ixz, otkyaa z2 + 4ax — 64 > 0. PaccMOTpUM 3TO HEPaBEHCTBO KaK KBAIPATHOE OTHOCHTEIHHO .
MHOKeCTBO ero peleHuii — 9To [Ba JIyda, OJHH U3 KOTOPBIX IIEJIUKOM JIEKHUT Ha OTPHIATEIbHOM IIOIy-
ocu Oz (MOCKOJIBKY, COTJIACHO TeopeMe Buera, ponsBejieHne KOpHEil HAIEr0 KBAIPATHOIO TPeXdIeHa
OTPHIATEJBHO), & TIOTOMY €ro MOXKHO He paccmarpuBarh. [1o dpopmysie KOpHEl KBAPATHOrO ypaBHEHUS
nosydaeM x > —2a+2va? + 16. Yuurssag = b+c, nmeem 2a+b+c > 2v/a? + 16 > 2v/32 + 16 = 10.

Pagencrso mocruraercs npu a = 3, b = ¢ = 2.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let £ = b+ c. Then, by the mean inequality, bc < %1‘2. This means that 16 = ab + bc + ca = ax + be <
ax + 2%, whence 2? 4+ 4az — 64 > 0. We consider this as inequality with respect to x. The set of
its solutions is two rays, one of which lies entirely on the negative semi-axis Ox (since, according to
Vieta’s theorem, the product of the roots of our square trinomial is negative), and therefore it can be
ignored. By the formula for the roots of a quadratic equation, we obtain x > —2a + 2v/a? + 16. Given
x = b+c, we have 2a+b-+c > 2v/a? + 16 > 21/3%2 + 16 = 10. Equality is achieved when a = 3, b = ¢ = 2.

Task 4.

1. CKOJBKO CYIIECTBYET PA3JINIHBIX (He PABHBIX APYT APYTY) TPEyroAbHUKOB, BEPIIHHBI KazKI0TO
U3 KOTOPBIX COBIAIAIOT € BEPIIMHAMH HEKOTOPOT'O MPABUIBHOTO 59-yroJbHUKA !

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 59-gon?

Answer: 290
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2. CKOJIBKO CYIIECTBYET PA3IUUIHBIX (He PABHBIX JAPYT JAPYTY) TPEYrOJbHUKOB, BEPIIHHBI KAXKIOTO
U3 KOTOPBIX COBIAJAIOT ¢ BEPIHIMHAMH HEKOTOPOIO MPABUIBHOIO 47-yrojibHuKa”?

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 47-gon?

Answer: 184

3. CKOJIbKO CYIECTBYeT PasJWdHbIX (He DaBHBIX JAPYT JAPYTY) TPEYrOJbHUKOB, BEPITHHBI KarKI0TO0
U3 KOTOPBIX COBIAIAIOT € BEPIIMHAMH HEKOTOPOT'O MPABUIBHOIO 73-yTOJbHUKA!

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 73-gon?

Answer: 444

4. CKOJIBKO CYHIECTBYET Pa3JU4HbIX (HE PABHBIX JIPYI JIPYIY) TPEYIOJIbHUKOB, BEPIIMHBI KaZK 1010
13 KOTOPBIX COBIAJAIT ¢ BEPIIHHAMH HEKOTOPOTO MPABUIBHOTO 65-yrobHIKa?

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 65-gon?

Answer: 352

Pemrenue (RUS). (npeacrasieno perienne Bapuanta N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
[Tycth BCero cymecrByer N pasJIndHBIX TPEYTOJBHUKOB € BEPITHHAME B BEpIIMHAX MPABUIBLHOIO H9-
YIOJIbHUKA, 1PpU46M u3 Hux N1 npasuiibibix, Ny paBHOGeApeHHbIX (HO HE DABHOCTOPOHHUX ) U N3 HEpaB-
nobeapenunix. Kaxkaplii npaBuibHBI TPEYroabHUK PABEH OJHOMY TPEYTOJbHUKY ¢ (DPUKCHPOBAHHOMN
BepInHON A, paBHOGeIpeHHbIH (HO He MPaBHJILHBI) — TPEM TPeyroIhbHUKAM ¢ BepITHHON A, a Hepas-
HOOEIPEHHBIH — IIeCTH.

Beero umeercs (59 — 1)(59 — 2) = 1653 tpeyroasnukos ¢ sepumuoit A, orkyaa Ny + 3N, + 6N; =
1653. fcno, uro Ny =0 (nk. 59 e kparno 3) u Ny = (59 — 1) = 29, orkyza

0+3-2946- N3 =1653 =— N3 =261
Hakonen, N = Ny + Ny + N3 = 0+ 29 + 261 = 290.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let there be a total of N different triangles with vertices at the vertices of a regular 59-gon, of which Ny
are equilateral, Ny are isosceles (but not equilateral), and N3 are scalene. Each equilateral triangle is
equal to one triangle with a fixed vertex A, an isosceles (but not equilateral) triangle is equal to three
triangles with vertex A, and a scalene triangle is equal to six ones.
There are a total of 1(59—1)(59 —2) = 1653 triangles with vertex A, hence Ny + 3N, +6N; = 1653.
It is clear that Ny = 0 (since 59 is not a multiple of 3) and N, = $(59 — 1) = 29, whence

0+3-29+6-N; =1653 = Ny = 261
Finally, N = N, + Ny + N3 = 0 + 29 + 261 = 290.
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Task 5. /lana kBagparHas tabauna n X n (n > 3), Bce KJIeTKH KOTOPOro M3HAYAIbHO Gesble. Paspe-
MIACTCsT MOMEHSITh [BeT KJeTKH (¢ 6es1oro Ha 4epHbIil 1 ¢ 4epHOro Ha Gesblii) B dburype B popme OyKBbI
«T» (cM. pucyHOK), KOTOpasi MoxKer GbITh TOBepHyTa Ha 90°, 180° nmum 270°. Tokazkure, 910 TabIHILY
MOZKHO TIEPEKPACUTH TaK, 4TOObI BCE KJIETKHU CTAIN YEePHBIMH, TOTJA U TOJHKO TOT/a, KOTJA 1 JIeJTUTCS
Wik Ha 2, Wi Ha 3.

Given a square grid n x n (n > 3), all its cells are initially white. It is allowed to change the color
of cells (from white to black and from black to white) that are forming a T-shaped figure (see picture
above) which can be rotated by either 90°, 180° or 270°. Prove that the grid can be recolored so that
all its cells become black if and only if n is divisible either by 2 or 3.

Pemrenue (RUS). Ilycre n He jenaurcs HE Ha 2, HE Ha 3. [IpoHyMepyeMm CTOJIGIBI YHCIAMU
0,1,2,0,1,2,.... O603uaunm depe3 a; (i = 0,1,2) KOTUIECTBO YePHBIX KJIETOK B CTOJABIAX ¢ HOMEPOM
1. 3aMeTuM, 9TO KazKJi0e MePeKpPaIlnBaHNe MEHSeT YeTHOCTh YUCeN dg, A1, ds. 1Ipu 3TOM, MOCKOJIbKY B
HavasIe ag = a; = ag = 0, I€THOCTH BCEX YUCEN (; B KaKIbIii MOMEHT BPEMeHW OJMHAKOBBI — 3HAYUT, B
Ka Kbl MOMEHT BPEMeHU YUC/IA (g U Ay UMEIOT OJIMHAKOBYIO YETHOCTh.

[IpeaosoKuM, 9TO MbI CMOIVIM IIEPEKPACHTD BCIO TaOJIMYKY, H IIOCMOTPUM Ha YeTHOCTH YHUCE] (g U
as. IlockoIbKY n He menuTcs Ha 3, B TabJauIe cToa0I0B ¢ HoMepoM 0 Ha omuH OOJbIIe, YeM CTOJIOIOB
C HOMEPOM 2, & 3HAYUT, B KOHEYHbIT MOMEHT BPeMEeHH KOJIMYECTBO KJAETOK B €TOjI0max ¢ Homepom 0 Ha
n 0OJIbIIe, YeM KOJMIECTBO KJIETOK B CTOJIOIAX ¢ HOMEPOM 2, T.e. ag — Ay = n. Ho n HedeTHO, MO3TOMY
YUCIA Qg U Gy JOJKHBI OBITH Pa3HONW YEeTHOCTU — MPOTHUBOpeure. TakuM 0Opa3oM, MepeKkpacuThb BCIO
TabJIMILY B YEPHBIH 1[BET HEBO3MOKHO.

JlokaxkeM, 9TO ec/Iu n JeJATCS Ha 2 WX Ha 3, TO MOKPacKa BO3MOMKHA.
Ecau n penurcs Ha 2, MOXKHO JeficTBoBaTh Tak (n > 4, MOITOMY Ha JIOCKE XBATUT MECTa JIsl
COBEPIIeHNsT YKA3aHHBIX OTePaIliii):

— — I o —

Taxum obpazom, 3aKkpalrmBas MOCJAeTOBATEIBHO KBAAPATHI 2 X 2, MbI B KOHEYHOM CY€Te 3aKPacuM BeCh
KBaJpar n X n.

Eciu n neures Ha 3, pa3zodbeM TaOIUILy HA KBAIAPATH 3 X 3 B OyIeM MepeKpaIIuBaTh UX CJIEIYIOIIIM
obpa3zom:

e : ]
s o ]

— — — T 1

Kpurtepunu onennBanus:

® J0Ka3aHO, 9YTO TpedyeMoe He BBIMOJHAETCA Mg n = 3: +1 MepBUYHBI OaJLT;
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® JI0Ka3aHO, YTO TpeybeMoe He BBIIOJIHSETCS JII 1, He KPATHBIX 2 Wik 3: +2 MepBUIHBIX OaJlia,;
® 1I0Ka3aHO0, KaK MePEeKPACUTh TaDJIUILy Jjid 9eTHOTO N: +1 nepBUYHbIN HasLT;

® II0Ka3aHO, KaK IepeKpPacuTh TaOJIUILy JIjid 1, KPaTHOTO 3: +1 mepBUYHBIN HasL.

Solution (ENG). Let n be divisible by neither 2 nor 3. Let’s number the columns with the
numbers 0,1,2,0,1,2,.... Let a; (i = 0, 1,2) denote the number of black cells in the column numbered i.
Note that each recoloring changes the parity of the numbers ag, ay, as. Moreover, since ag = a; = as = 0
at the beginning, the parities of all the numbers a; are the same at each moment in time — this means
that at each moment in time, the numbers ay and as have the same parity.

Assume that we were able to recolor the entire grid, let’s look at the parities of the numbers ag
and as. Since n is not divisible by 3, the grid has one more 0-numbered columns than 2-numbered
columns, meaning that at the final moment, the number of cells in 0-numbered columns is n greater
than the number of cells in 2-numbered columns, i.e. ag — as = n. But n is odd, so ag and ay, must
be of different parities — that’s a contradiction. Thus, it is impossible to recolor the entire grid into black.

Now lets prove that the grid can be recolored if n is divisible either by 2 or 3.
If n is divisible by 2, we can proceed as follows (n > 4, so there is enough space on the grid to
perform the above operations):

— — R —

Thus, by successively painting squares 2 x 2, we will eventually paint the entire square n x n.
If n is divisible by 3, we will split the grid into squares 3 x 3 and repaint them as follows:

Criteria:
e it is proven that the requirement does not hold for n = 3: +1 pre-point;
e it is proven that the requirement does not hold for n that are not multiples of 2 or 3: +2 pre-points;
e it is shown how to recolor the table for even n: +1 pre-point;

e it is shown how to recolor the table for n being a multiple of 3: 41 pre-point.

Task 6. Ha meanane BM Tpeyroapanka ABC mamuiack takas touka K, uro AK = BK = BC'. Takxke
u3BecTHO, 9T0 /BMC = 45°. Jlokazkure, uro Touka K jnexur Ha OuccexkTpuce yria BAC.

On the median BM of triangle ABC' there is a point K such that AK = BK = BC. It is also
known that ZBMC' = 45°. Prove that point K lies on the bisector of angle BAC'.
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Pemrenune (RUS). Tpeyroabauk ABK pasHoGeapenusiii, nycte /BAK = ZABK = «. Iloctpo-
uM TouKy B’, cummerpuunyio B ornocurenbno Touku M, n rouky K’ cummerpuanyio K OTHOCHTEILHO
npsamoii AB. Tak kak jguaroHajn derbipéxyrosbanka ABC B’ Toukoil nepeceyeHus: JeaaTcs HOMoJaaM
(AM = CM no ycnosuto u BM = B'M 1o moctpoennio), on siisercs mapasutenorpammvom. Coenosa-
reabio, AK = BC = AB’, orkyna /KBC = /KB'A=/B'KA=/BAK + ZABK = 2a.
Caenoparensno, /KBK' = 2/KBA = 2a = /ZKBC. YuntniBas BK' = BK = BC, noayua-
em, uro Touku C' u K’ cummerpuunnl ornocurenbio KB, to ecrb BOMK' — gensrona. Ho toraa
/K'MC=/KMK'"+/KMC =2/BMC = 2-45° = 90°, 70 ectb M K' — cepeiuHHbI{ MepHeH/nKy-
asp k AC, re. AK' = CK'. 3uaunr, BK' = BK = BC = AK = AK' = CK’, 10 ecTh TpeyroabHuk
BCK' - pasuocroponnuii. 3uaunr, /CBK' = 2/CBK = 2-2a = 4a = 60°, orkyga a = 15°,
Torna /CAK = /MAK = /ZKMC — ZAKM = 45° — 2a = 15° u /ZBAK = «a = 15°, 10 ecTb
/BAK = ZCAK, 910 1 TpebOBAIOCH JOKA3ATh.

Komvmernrapmii. JIpyroe perienne MOKHO moyunThb, npoaius C'K no mepecedenmns ¢ AB B Touke
D u npuMeHHB TeOpeMbl CHHYCOB i nap TpeyroabHukoB AK M, MBC' uw ADK, DC' B, 910 103BOJIAT
nokazarh paenctBa L DAC = /DCAu ZAKD = ZDBC = 3a, orkyzna Oymer ciaeaoBaTh Tpedyemoe.
B sTOM pemrennn BeMUMHA yIJIa v He HAXOIUTCS, OJHAKO, B 3ajJade 3T0 U He TpeOyercs. TakxKe BO3-
MOYKHBI PEIlleHN ¢ IPUMEHEHHeM 00PATHOTO XOJA.

Kpurepun oneHuBanm:
® eCTh 3HAUYMMOE IPOJBUZKEHNUS B PelleHNN — 2 MepBUYHBIX 0aa;
® JI0Ka3aTeJIbCTBO COJEPZKHUT TOJHKO HE3HAYUTEIbHYIO OMUOKY — 4 mepBUYHBIX OasLia;

® JIOJIHOCTBIO BEPpHOE JOKa3aTEeJILCTBO — 5 IIEePBUYIHBIX 0AJIIOB.

Solution (ENG). Triangle ABK is isosceles, let /BAK = ZABK = «. We construct a point
B’ symmetrical to B with respect to point M, and a point K’ symmetrical to K with respect to line
AB. Since the diagonals of quadrilateral ABC'B’ are bisected by their intersection point (AM = CM
by assumption and BM = B’M by construction), it is a parallelogram. Therefore, AKX = BC = AB,
whence /KBC = /KB'A=/B'KA=/BAK + ZABK = 2a.
Therefore, /KBK' = 2/KBA = 2a = /K BC. Taking into account BK' = BK = BC, we obtain
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that points C' and K’ are symmetrical with respect to KB, that is, BCM K’ is a deltoid. But then
/K'MC = /ZKMK' + ZKMC = 2/BMC = 2 -45° = 90°, that is, MK’ is the perpendicular
bisector to AC, that is, AKX’ = CK'. Hence, BK' = BK = BC = AK = AK' = CK’, that is,
triangle BC'K’ is equilateral. Therefore, /CBK' = 2/CBK = 2 -2a = 4a = 60°, whence a = 15°.
Then /CAK = /MAK = /ZKMC — ZAKM = 45° — 2a = 15° and ZBAK = « = 15°, that is,
/BAK = Z/CAK, which was to be proven.

Comment. Another solution can be obtained by extending C'K to its intersection with AB at point
D and applying the sine theorem for pairs of triangles AKM, M BC and ADK, DC'B, which will allow
us to prove the equalities ZDAC = ZDCA and ZAKD = ZDBC = 3a, which will yield the desired
result. The value of angle « is not found in this solution, but this is not required in the problem.
Solutions using the backward step are also possible.
Criteria:
e there is significant progress in the solution — 2 pre-points;

e the proof contains only a minor error — 4 pre-points;

e a completely correct proof — 5 pre-points.
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11-12"" degree

Task 1.
1. Haiinure HamMmenbimee 1esioe t, mpu koropoMm ypaBrenune x! 4+ y! + z! = 10t 4+ 43 umeer xora OB
OJiHO pernterue (x,y, z) I TOHAPHO PA3JHYHBIX MOJOKATETbHBIX NEJIbIX T, Y, 2.

Banuce «n!y obozuauaer dakropuas Harypaabuoro n: n!l=1-2-3---n.

Find the smallest integer ¢ such that the equation z!+ y! + 2! = 10t 4 43 has at least one solution
(z,y, z) for pairwise distinct positive integers x,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3---n.
Answer: 8

2. Haiinure HamMeHbImee mesoe t, mpu KotopoMm ypasHerune x! + y! + 2! = 10t + 67 umeeT XoTs ObI
OfIHO pertenue (x,Yy, z) JJId TOMAPHO PA3IUIHBIX MOJOKUTETHHBIX HETBIX T, Y, 2.

Banuce «n!» obozuauaer dpakropuas Harypaabuoro n: n!=1-2-3---n.

Find the smallest integer ¢ such that the equation z!+ y! + 2! = 10t 4+ 67 has at least one solution
(x,y, z) for pairwise distinct positive integers x,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3-.-n.
Answer: —4

3. Haiinure HamMeHbIee nesoe t, npu Kotopom ypapaenue ! + y! 4+ z! = 10t — 17 mmeer xoTs1 ObI
OZIHO pettenue (x,Yy, z) JJIs TOMAPHO PA3IUIHBIX MOJOKUTETHHBIX TEIBIX T, Y, 2.

Banuce «n!y obozuauaer dpakropuas Harypaabuoro n: n!=1-2-3---n.

Find the smallest integer ¢ such that the equation !+ y! + 2! = 10t — 17 has at least one solution
(x,y, z) for pairwise distinct positive integers z,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3---n.
Answer: 14

4. HaiiguTe HamMeHbIee meaoe t, Ipu KoTopoM ypasHenue x! + y! + z! = 10t — 33 umeer XoTs OB
oziHO penterne (x,y, z) JJIs MOHAPHO PA3JIHIHBIX OJOKUTEIbHBIX MEJIbIX T, Y, 2.

Bamuce «n!» obozHauaer dpakTopuas HaTypaabHoro n: n!=1-2-3---n.
Find the smallest integer ¢ such that the equation z! + y! + 2! = 10¢ — 33 has at least one solution

(x,y, z) for pairwise distinct positive integers z,y, z.

The notation «n!> means the factorial of a positive integer n: n! =1-2-3---n.

Answer: 6
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Pemrenune (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)

He orpannuusast odbimnocTu, OyaeM 1ojgararb © > y > z. 3aMmerum, yro n! = 1-2-3---n 4eTHO 1pH Beex
n > 2, B 1o Bpems Kak 10t + 43 meuerno, modromy cpenu ducen x!, y!, z! iubo ogno, mubo Tpu aBAAOTCHA
HeYeTHBIMI. Bee Tpu He MOTYT ObITh HEUETHBIMHE, MOCKOJIBKY TOTJA £ = Y = 2 = 1, 9TO NPOTUBOPEUIUT
YCJIOBHIO, — 3HAYNUT, z = 1, orkyaa z! + y! = 10t + 42.

Bamerum, aro 10t + 42 = 2 (mod 10). ITockoapky n! = 0 (mod 10) mas n > 5, umeem y < 5, masee
nepebopom (cHavana g y < x < 5, 3areMm jiag x = 5, y = 2 (mod 10), orkyna y = 2) HaAXOIUM
mvuHEMaIbHOE 2! 4+ y! = 2 (mod 10) — 31a cymma pasHa 5! 4 2! = 122, orkyna t = 8.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Without loss of generality, we assume that x >y > 2. Note that n! =1-2-3---n is even for all n > 2,
while 10¢ + 43 is odd. Therefore, among the numbers x!,y!, 2!, either one or three are odd. All three
cannot be odd, since then x = y = 2z = 1, which contradicts the assumption, meaning z = 1, which
implies ! + y! = 10t + 42.

Note that 10 + 42 = 2 (mod 10). Since n! = 0 (mod 10) for n > 5, we have y < 5, then by
enumeration (first for y < z < 5, then for z =5, y = 2 (mod 10), whence y = 2) we find the minimum
z! +y! =2 (mod 10) — this sum is equal to 5! + 2! = 122, thus ¢ = 8.

Task 2.

1. /lns HEOTpUIATENBHBIX a, b, ¢ BBIIOMHEHO ab + bc + ca = 16 m a > 3. Haiinure HamMenbIee BO3-
MOKHOE 3HaueHHue BbIpakKeHus 2a + b + c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 16 and a > 3. Find the smallest possible
value of 2a + b+ c.

Answer: 10

2. Jlng weorpunareabHBIX a,b,c BbIOIHEHO ab + bc + ca = 144 n a > 5. Haiinute HanMmeHbIee
BO3MOXKHOE 3Ha4Y€HUe Bblpazkenus 2a + b+ c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 144 and a > 5. Find the smallest possible
value of 2a + b + c.

Answer: 26

3. st HeoTpuIATENbHBIX a, b, ¢ BEITOTHEHO ab 4 bec + ca = 48 m a > 4. Haitqnre HanMeHblTee BO3-
MOKHOE 3HaueHHue BbIpakeHus 2a + b + c.

For non-negative a, b, ¢ it is known that ab + bc + ca = 48 and a > 4. Find the smallest possible
value of 2a + b+ c.

Answer: 16

4. g HeorpunarebHblX a, b, ¢ Bbinojneno ab + be + ca = 24 u a > 5. Haitjure naumensliiee BO3-
MOZKHOE 3HauYeHue Bbipazkenus 2a + b+ c.
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For non-negative a, b, ¢ it is known that ab + bc + ca = 24 and a > 5. Find the smallest possible
value of 2a + b + c.

Answer: 14

Pemrenue (RUS). (npeacrasieno perienne Bapuanra N1, octajbHbIe PENIAlOTCsT AHAJIOTHIHO)
IIycts x = b + ¢. Torna mo HepaBeHCTBY 0 cpegHux be < }lxz. Buauut, 16 = ab + bc + ca = ax + be <
ax + z%, otkyma x% 4 dax — 64 > 0. PaccMOTpHM 5TO HEPABEHCTBO KAK KBAJPATHOE OTHOCHTEIBHO I.
MHO)KGCTBO ero pe]l[eHI/IfI — 9TO ABa Jy4a, OJMH U3 KOTOPbLIX IMECJIUKOM JIEZKHUT Ha OTpI/IHaTeﬂbHOf/I IoJy-
ocn Ox (II0OCKOJIbKY, CONTACHO TeopeMe Buera, mponsBesenne KOpHeil HANIero KBaJAPAaTHOrO TPEXUJIEHA
OTPHIATEJBHO), & TIOTOMY €ro MOXKHO He paccMaTpuBaTh. 1o dopmysie KOpHeil KBAIPATHOrO ypaBHEHUs
noaydaeM T > —2a+2va? + 16. YunTsisag © = b-+c, nmeeM 2a+b+c > 2v/a? + 16 > 2/3%2 + 16 = 10.

PasencrBo mocturaercs npu a = 3, b = ¢ = 2.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let x = b+ c. Then, by the mean inequality, bc < }th. This means that 16 = ab+ bc + ca = ax + be <
axr + ixQ, whence 22 4 4ax — 64 > 0. We consider this as inequality with respect to z. The set of
its solutions is two rays, one of which lies entirely on the negative semi-axis Ox (since, according to
Vieta’s theorem, the product of the roots of our square trinomial is negative), and therefore it can be
ignored. By the formula for the roots of a quadratic equation, we obtain x > —2a + 2v/a? + 16. Given
x = b+c, we have 2a+b+c > 2v/a? + 16 > 2v/32 + 16 = 10. Equality is achieved whena = 3, b = ¢ = 2.

Task 3.

1. Muorounen 23-it crenenn uMeeT 23 pa3IUIHBIX JIEHCTBUTEIBHBIX KOpHA. KakKoBO HamMeHbIIee
BO3MOYKHOE KOJIMYECTBO €r0 HEeHY/IeBbIX KO3 punuenTon?

A polynomial of degree 23 has 23 distinct real roots. What is the smallest possible number of its
non-zero coefficients?

Answer: 12

2. Muorousien 33-ii crenenu umeer 33 pa3/IMYHBIX JAEHCTBUTEJLHLIX KOpHA. KakoBo HamMmeHbiee
BO3MOYKHOE KOJIMYECTBO €r0 HEHY/IEeBBIX KO3 pUnueHTon?

A polynomial of degree 33 has 33 distinct real roots. What is the smallest possible number of its
non-zero coefficients?

Answer: 17

3. Muorousien 59-it crenenn umeer 59 pasIMIHBIX JIEHCTBUTEILHBIX KOopHeil. KakoBo HanmMmeHbIiee
BO3MOXKHOE KOJIHYECTBO €ro HeHY/JIeBBbIX KO3 DUIIHEHTOB?

A polynomial of degree 59 has 59 distinct real roots. What is the smallest possible number of its
non-zero coefficients?
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Answer: 30

4. Muorouien 47-it crenenu uMeer 47 pas3judHbIX JAefiCTBUTE/ILHBIX KOpHeil. KakoBo HammeHnbliiee
BO3MOYKHOE KOJIHYECTBO €r0 HEHY/IEeBBIX KO3(PpUnuenTon?

A polynomial of degree 47 has 47 distinct real roots. What is the smallest possible number of its
non-zero coefficients?

Answer: 24

Pemrenue (RUS). (npeacrasieno pemenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
Ilycthb a1, T3, . . ., To3 — KOPHH KCKOMOTO MHOTOUWTeHa P(x) 23-it crenenn. Kopau P’(x) nexkar Ha uHTEp-
Basax (1, xs), (T2, T3), ..., (Tag, Ta3), T.€. MEKIY KOPHIMHI MCXOIHOTO — 3HAYAT, Bee KOpHU P’(7) TakKke
paszauunbl. [pojgoskas, noayunm, uro P®)(z) (k-a npoussognas P(z); 1 < k < n) umeer 23 — k
Pa3AuYHbIX JEHCTBUTETBHBIX KOPHE.

[Tycts y Muoroutena P(x) pasubr mymtio kosdbdumuents pn 251 u ipn 2% aas nexoroporo k < 22,
toraa P (z) mMeer mysnesoll kKosbdUIHERT TP T U HYJIeBOil CBOGOAHLIH WieH, T.e. HMeeT KOPeHb
0 KpaTHOCTH > 2, YTO NPOTHBOPEYHUT BBHIIIECKA3AHHOMY — 3HAYUT, U3 JIOOBIX JABYX HOAPSAI UIYIIAX
k03D dunmenroB muorodsiena P(x) xorst Obl 0/iuH He paBeH HyJi0. Takzke, COIJIACHO YCJIOBUIO, HE PABEH
nyo ero koadpdunuent npu 2. Caegosarensno, He MeHee 12 k03bPUITEHTOB He PABHBI HYJIIO.

Venoruio yiaosnersopsier muorodnen P(x) = x(x? — 1)(2% — 2)(2? = 3) - -+ - (22 — 11), umerouruii
HeHyJIeBble KoM MUIHMEHTH TOIBKO IPH HEYeTHBIX CTEIeHAX T, a TAKUX POBHO 12.

+1

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let x1,29,..., x93 be the roots of the desired polynomial P(x) of degree 23. The roots of P'(x) lie on
the intervals (z1, 23), (2, 23), ..., (T22, T23), i.e. between the roots of the original one. Therefore, all the
roots of P'(x) are also distinct. Continuing, we find that P®)(z) (the k-th derivative of P(z); 1 < k < n)
has 23 — k distinct real roots.

Let P(x) have zero coefficients at #¥*! and z* for some k < 22. Then P®(x) has a zero coefficient
at x and a zero constant term, i.e., it has a root 0 of multiplicity > 2, which contradicts the above —
meaning that of any two consecutive coefficients of P(x), at least one is non-zero. Also, according to
the condition, its coefficient at 2?3 is non-zero. Therefore, at least 12 coefficients are non-zero.

The condition is satisfied by the polynomial P(z) = x(2? — 1)(2* = 2)(2* —3) - - - - (z* —11), which
has non-zero coefficients only for odd powers of z, and there are exactly 12 of them.

Task 4.

1. CKOJIBKO CYIIECTBYET PA3JIMYHBIX (HE PABHBIX JAPYT JAPYrY) TPEyrOJbHUKOB, BEPIIMHBI KazKJI0TO
13 KOTOPBIX COBIAJAIT ¢ BEPIITHHAMH HEKOTOPOTO MPABUIBHOTO 59-yrobHuKa?

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 59-gon?

Answer: 290

2. CKOJIBKO CYHIECTBYeT PA3/IMUHBbIX (HEe DABHBIX JAPYI JAPYrY) TPEYIOJbHUKOB, BEPIIMHBI KAXK OO
13 KOTOPBIX COBIAJAIT ¢ BEPIIHHAMH HEKOTOPOTO MPABUIBHOTO 47-yrojbHuKa !
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How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 47-gon?

Answer: 184

3. CKOJIbKO CYIIECTBYeT Pa3/JMdHbIX (He DABHBIX JAPYT JAPYTY) TPEYrOJbHUKOB, BEDIIHHBI KazKJ0I0
13 KOTOPBIX COBIAJANT ¢ BEPITHHAMH HEKOTOPOTO MPABUIBHOIO 73-yrOJbHIKA !

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 73-gon?

Answer: 444

4. CKOJIBKO CYHIECTBYET Pa3JUYHbIX (HE DABHBIX JIPYI JIPYIY) TPEYIOJIbHUKOB, BEPIIMHBI KAZKJIOI0
13 KOTOPBIX COBIAJANT ¢ BEPIIHHAMH HEKOTOPOTO MPABUIBHOIO 65-yrobHIKa?

How many different (not equal to each other) triangles are there, if the vertices of each of them
coincide with vertices of some regular 65-gon?

Answer: 352

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJOTHIHO)
Ilycts Beero cymecrByer N pasinvHbiX TPEYTrOJTLHHKOB ¢ BEPITMHAMH B BEPIIHHAX HPABUILHOTO 59-
YTOJIbHUKA, TPHIEM U3 HUX N1 IpaBUIbHbIX, Ny paBHOGEIPEHHBIX (HO He PABHOCTOPOHHHUX) U N3 Hepas-
HOOeipeHHbIX. KaK/plii MpaBHJIBHBINA TPEYTOJBHUK DABEH OJHOMY TPEYTOJBHHUKY ¢ (DUKCHPOBAHHOI
BepIInHON A, paBHOGeIpEeHHBIH (HO He MPaBHJLHBI) — TPEM TPEyroIbHUKAM ¢ BepITHHON A, a Hepas-
HODOEIPEHHBIT — TIeCTH.

Beero nmeercs (59 — 1)(59 — 2) = 1653 tpeyroasnukos ¢ sepumuoit A, orkyaa Ny + 3N, + 6N; =
1653. fcno, uro Ny =0 (nk. 59 ne kparno 3) u Ny = (59 — 1) = 29, orkyza

0+3-294+6-N3=1653 = N3 =261
Hakonen, N = Ny + Ny + N3 = 0+ 29 + 261 = 290.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let there be a total of N different triangles with vertices at the vertices of a regular 59-gon, of which NV,
are equilateral, Ny are isosceles (but not equilateral), and N3 are scalene. Each equilateral triangle is
equal to one triangle with a fixed vertex A, an isosceles (but not equilateral) triangle is equal to three
triangles with vertex A, and a scalene triangle is equal to six ones.
There are a total of (59— 1)(59 —2) = 1653 triangles with vertex A, hence Ny + 3N, +6N;3 = 1653.
It is clear that Ny = 0 (since 59 is not a multiple of 3) and N, = £(59 — 1) = 29, whence

0+3-294+6-N3=1653 = N3 =261
Finally, N = Ny + Ny + N3 = 04 29 + 261 = 290.

Task 5. Jlano nosioxkuressbHoe nejaoe k. Aug nu Bops urpator B urpy Ha Kjaerdaroii mocke 9 X 9, menas
XOBI IO Ouepen, HadwHast ¢ Aau. Aug ceoum xomoM ctaBuT () B JTIOOYIO MyCTYIO KJAETKY J0CKH, a Bops
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3a OJIMH CBOM X0/ cTaBUT Iudpy 1 B k MyCTHIX KJIETOK. Bops BLIMIPBIBAET, €CJIH MOCTIE 0YePeIHOTO ero
XOJIa BCE CyMMbl YKCEJI B KazKJOW CTPOKE M KaxKJOM CTOJIOIEe OKa3blBalOTCd HedeTHbiMU. [Ipu kakom
HanMenbIieM k y Bopu ecTh BeIUTpHITTHAST CTpaTerus?’

Given a positive integer k. Ann and Boris play a game on a 9 x 9 checkered board, making moves
starting with Ann. Ann puts 0 into any empty square on the board, and Boris puts 1 into k& empty
squares in one move. Boris wins if, after his move, all the sums of the numbers in each row and column
are odd. For what smallest k£ does Boris have a winning strategy?

Answer: 3

Pemrenne (RUS). Jlokaxkewm, uro nipu k = 3 Bopst Bemrpaer. Boienny Ha J0cke Tpu KBajpara
3 X 3, maymue mo guaroHaau. [lycTh KaxKIpIM CBOUM XOJ0M Bops cTaBUT eIWHUIBI JajeilHON pac-
CTAHOBKOH B TOT KBajpaT 3 X 3, B KOTOpHIH nonuia Aus (T.e. Bopsi cTaBUT eJIUHUIBI TaK, ITOOBI BCe
eJIMHUIBI CTOSIM Obl B PA3HBIX CTPOKAX U PA3HBIX CTOJOHAX JAHHOIO KBajpara 3 X 3). B mporusaom
caydae bops craBuT eauHUIBI B j1I000# KBaJpaT 3 X 3, B KOTOPOM ele Her ejunuil. fcHo, aro bops
BBINTDAET Yepe3 TPH Xoja (M Mocje mepBoro, u mociae BToporo xonoB Anu y Bopu nosyuantcs ciaeaath
CBOM XOJI, MOCKOJIbKY JBYMsI XOJaMu AHs He CMOXKET 3aHSATb MeJTUKOM CTPOKY HJIH CTOJIOEN KBaJpara
3 x 3).

JoxkaxkeM, uto pu k = 1 nin 2 Bopst He MOXKeT BBHIUIPATH. 3aMETHUM, YTO Mepe]] BHINTPHIBAIOIIIM
xo70M bopu B TouHOCTH 8 CTPOK U 8 CTOJIONOB UMEIOT HEYETHBIE CYMMbI, & OJlHA CTPOKA U OJUH CTOJI0eI]
— YeTHBIE. DTO O3HAUAET, 9TO BHIUIPHIBAMONMNN x01 Bopu crporo enuacreened. [losromy B ¢BOil X0,
Ipe/IIIeCcTBY IOIUI BLIUTPBIBatomeMy Xoay bopu, Ausg nocrasut 0 B HyKHYIO [/I/is Bopu KJeTKy, U Tora
Bops He cMo)keT BHIUTPATH.

Kpurepun oneHuBanmd:
® [I0KA3aHO, YTO k JOJIKHO OBITH HEUYETHBIM — 1 MepBUYHBIA OasLI;
® 10Ka3aHo0, 4T0 k > 2, JaH HEeBEPHBIH OTBET — 2 NEePBUYHBIX DAJLIA;
e I0Ka3aHa cTpaTerus s k = 3 — 3 MepBUYHBIX OaJLIa;

® II0Ka3aHO, 4TO k > 2, IpHUBEJeH BePHLIIl OTBET, HO JOKA3aTEJIHLCTBO COIEPIKUT OIMHOKY — 4 mep-
BUYHBIX OaJLIa;

® II0JTHOCTBHIO BEpHOE U OOOCHOBAHHOE pelleHre — D IMePBUYHBIX OAJLIOB.

Solution (ENG). Lets prove that Boris wins if £ = 3. Lets select three 3 x 3 squares on the
board, diagonally aligned. Let Boris place «1»-s in a rook-like arrangement on each of his moves in the
3 x 3 square Ann moved to (i.e., Boris places «1»-s in different rows and different columns of the 3 x 3
square). Otherwise, Boris places «1»-s in any 3 x 3 square that doesn’t already contain «1»-s. Clearly,
Boris will win in three moves (after both Ann’s first and second moves, Boris will be able to make his
move, since Ann can’t occupy an entire row or column of the 3 x 3 square with two moves).

Lets prove that Boris cannot win if £ = 1 or 2. Note that before Boris’s winning move, exactly 8
rows and 8 columns have odd sums, and one row and one column have even sums. By that, Boris’s
winning move is strictly unique. Therefore, on her turn before Boris’s winning move, Ann will place a
0 in the cell Boris wants, and then Boris will be unable to win.

Criteria:

e shown that £ must be odd — 1 pre-point;
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e shown that k£ > 2, an incorrect answer is given — 2 pre-points;
e shown a strategy for k = 3 — 3 pre-points;
e shown that k > 2, the correct answer is given, but the proof contains an error — 4 pre-points;

e completely correct and justified solution — 5 pre-points.

Task 6. Ha snyue S A, cogepxartiem pebpo TpeyroabHoit mupamuasl SABC, orMeTnin Takue TOUKn B4
u Cy, auro SBy = SB u SC, = SC. ArajgorndnbiM oOpaszoMm Ha jaydax SB u SC moayduam TOYKH
Cp,Ap n Ac, Be, coorBercrBenno. Jokaxkure, aro Bce Tpu npsambie By Ag, CgBe, AcC 4 mapaJureb-
HBI HEKOTOPOU MJIOCKOCTH.

On the ray SA, containing the edge of the triangular pyramid SABC, points By and C4 were
marked in such way that SB4, = SB and SC4 = SC. Similarly, on the rays SB and SC, points Cg, Ap
and Ac, Be were obtained, respectively. Prove that all three lines ByAg, Cg B¢, AcC4 are parallel to
some plane.

Pemtenune (RUS). 13 nocrpoenust sicho, 4ro npsivast By Ap cummerpudana npsimoit BA oTHOCH-
TesibHO GuccekTpuckl yria ASB (To ecTb aHTHIApasebHa IPIMOH BA OTHOCHTENLHO 9TOTO yIia).
Torma sTa mpsaMas mapajieabHa KacaTeJbHON K ONUCAHHONW OKPYXKHOCTH TpeyroabHuka ASB, mpose-
JEHHOI B TOUKe S (‘ITO cJaeayeT U3 CBOWCTB BEJIMYUAHDBL YIVIa MEXKIY XOPIo#i u KacaTeﬂbHOﬁ). BameTnm,
YTO TakKasd KacaTeJbHas OyaeT B To4uke S Tak:Ke KacaTbcd W ommcaHHo# cdepsl mupavuasl ABCS
(Tak Kak omnMcaHHas OKPYKHOCTH TpeyroJbHuka ABS — 910 cedenne onucanHoii cdeppl MI0CKOCTHIO
(ABS)), a 3HauuT, JexKaTh B (OAHO3HATHO ONPENEJEHHOI ) MIIOCKOCTH 0, KACAIOIIENHCsT OMUCAHHON cdepbr
NUPaMUI6l B BepiinHe S.

Takum obpasom, npsamast BjAp mapasieabHa HEKOTOPOH IMPAMOIi, JexKaleid B 0, a IOTOMY IIapaJi-
JeabHa U camoi mwiaockoctu d. Jnas npsameix CgBe n1 AcCy paccyXKaeHus MOJTHOCTHIO aHAJOIHIHEI.
Taxum obpazom, Bce Tpu upsambie By Ag, CpBeo, AcC 4 napaaneabHbl IIOCKOCTH, KaCAIOMeHcs Omucan-
Hoit cepor upamuasr SABC B Bepuiune S.

—
KOMMeHEprHﬁ. Jpyroe perienne MOXKHO HOJIYYUTh ¢ IIOMOIIBIO BEKTOPHOTO MeToIa: B 6asmuce SA =

E;, S§ = b, é; =7 HAITPABJILIONIAE BEKTOPHI TPEX YHOMSHYTHIX HPAMbBIX MOZKHO 3aIUCATh KaK

b —d, ¢ — b, d— ¢, 0r1a y HEX CyIECTBYeT HOTPUBHATbHAS JTHHEHHAS KOMOUHAINS, DABHAS

N = = o _

myaesomy BekTopy: 1-(b —d)+1-(¢d — b)+1-(d —¢)= 0, 9To 03Ha9aeT, 9TO ITU TPU BEKTOPA

KOMILIAHAPHBI.

Kpurepuu onennBanuda:

® JIOKA3aHa NapaJlIeJbHOCTb OIHON U3 IPAMBIX COOTBETCTBYIOIIEH KacaTeJIbHONH COOTBETCTBYIONICH
ONMCAHHON OKPYXKHOCTH, JIHOO 3HATUMOE IIPOABUKEHUS I MHBIX PEeIleHui — 2 IepBUIHBIX OaJLIa,;

e J[0Ka3aHa IapaJsiiebHOCTh OJHON U3 IPAMBIX COOTBETCTBYIOIIEH KacaTeIbHOU B TouKe S cdepsl,
onucaHHoi 0K0J10 nupamuiasl SABC, win ecTb 3HAYNMbBIE IPOJIBUKEHNS B TOKA3AIbCTBE KOMILIA-
HAPHOCTHU — 3 MEePBUYHBIX OAJIA;

® JI0Ka3aTeJbCTBO COACPZKHUT TOJIBKO HESHAYUTEJILHYIO OIHI/I6Ky -4 IIEePpBUYIHBIX 6aﬂﬂa;

® TIOJTHOCTBIO BEPHOE JTOKA3aTeIbCTBO — O MEPBUYHBIX OAJIOB.
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Solution (ENG). From the construction, it is clear that line ByAp is symmetric to line BA
with respect to the bisector of angle ASB (that is, it is antiparallel to line BA with respect to this
angle). Then this line is parallel to the tangent to the circumcircle of triangle ASB drawn at point
S (which follows from the properties of the angle between a chord and a tangent). Note that such a
tangent will also touch the circumscribed sphere of pyramid ABC'S at point S (since the circumscribed
circle of triangle ABS is a section of the circumscribed sphere by plane (ABS)), and therefore lie in the
(uniquely defined) plane §, which is tangent to the circumscribed sphere of the pyramid at vertex S.

Thus, line BoApg is parallel to some line lying in 9§, and therefore is parallel to plane ¢ itself. For
the lines CgpBo and AcC' 4, the reasoning is completely analogous. Thus, all three lines B4yAg, CgBc,
AcCy are parallel to the plane tangent to the circumscribed sphere of the pyramid SABC at the vertex
S.

%
Comment. Another solution can be obtained using the vector method in the ba51s SA="1d, S@ =
b L@ ¢, the direction vectors of the three lines can be ertten as b —_> 7—_()), @ —. Then they
have a nontrivial linear combination equal to the zero vector: 1-( T @) +1- (7— V) +1-(d-7) = 0

which means that the three vectors are coplanar.
Criteria:

e one of the lines is proven to be parallel to the corresponding tangent to the corresponding
circumscribed circle, or significant progress has been made in other solutions — 2 pre-points;

e the parallelism of one of the lines corresponding to the tangent at point S of the sphere described
around the pyramid SABC has been proven, or there are significant advances in proving coplanarity
— 3 pre-points;

e the proof contains only a minor error — 4 pre-points;

e a completely correct proof — 5 pre-points.



