Innopolis Open 2025/26 in Mathematics 1%¢ qualifying round

Cucrtema ornennBanus / Task score

1. TlepBuuHnas oneHKa perreHus KaxkK/J0# 3a/1a4u BbICTABJISIETCs 110 H-0a/LIbHON MIKaJIe.

Eciin K 3aj1a4e HyKeH TOJIbKO KPATKHil OTBET, TO 110 Hell BbicTaB/isgercs Jnoo () nepBuIHbIX O6aJI0B,
aubo 5.

2. JInst KaxK 10l 3aa90 BRIYUCISAETCS cpeuuii 6amwt (M) no pe3yabTaTaM ee PeIleHns BCeMU yIacT-
HUKAMU.

3. Becogoii koadbduruent (K) KaxKI0ii 331a91 BEIYUCIACTCS 0 (HOPMYIIe

K=3-05-M

4. Ba/1 KaxKa0ro y4acTHHKA 3a KazK/IVIO 33/1a9y YMHOZXKaeTcs Ha BecOBO Kodhbdunuent roit 3a1a-
qd.

5. Banner, HabpaHHBIE YYACTHUKOM, CYMMUPYIOTCS € MOCHEAYIONUM OKPYTJIeHuEM 0 OIuzKalIero
HEJI0T0 B OOJIBIIYIO CTOPOHY.

1. Pre-score of the solution to each task is set on a 5-point scale.

If the task requires short answer then pre-score will be 0 or 5 points.
2. An average score (M) is calculated based on the results of all participants for each task.

3. The weighting coefficient (K) of each task is calculated using formula

K=3-05-M

4. Each participant’s score for each task is multiplied by the weighting coefficient of that task.

5. The points scored by the participant are summed and then rounded up to the nearest integer.
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7" degree

Task 1.

1. B rerpamu 12 mucrop. CKOJBKEMHU cIIOCOOAME MOXKHO BCTaBUTH 7 OJUHAKOBBIX 3aKJIaJ0K MerK-
JIy JIMCTAMH TaK, YTOOBI MKy KaxKJI0# IMapoil coceTHUX JIMCTOB OBLIO He 6osiee OIHOM 3aKIa KN !

There are 12 sheets in a notebook. In how many ways can 7 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 330

2. B rerpamu 16 ucroB. CKOABKEMHE CIIOCOOAME MOYKHO BCTaBUTh 13 OJMHAKOBBIX 3aKJIAI0K MEK-
NIy JIECTAMH TaK, YTOOBI MEKY KazKI0# Mapoil coOceIHUX JUCTOB OBLIO He Dosee OAHOM 3aKIaIKn !

There are 16 sheets in a notebook. In how many ways can 13 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 105

3. B rerpaan 12 nucroB. CKOJIBKUMH CIIOCODAMH MOXKHO BCTABHUTH 8 OJMHAKOBBIX 3aKJIaI0K MEXK-
JIy JIMCTAMH TaK, YTOOBI MEKy KaxKJI0U IMapoil coceIHUX JIMCTOB OBLIO He 6osiee OIHOM 3aKIaIKN !

There are 12 sheets in a notebook. In how many ways can 8 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 165

4. B rerpamn 16 jaucroB. CKOJBKUMHE CIIOCOOAMHI MOYKHO BCTABUTH 12 OJMHAKOBBIX 3aKJAJI0K MEZK-
NIy JIECTAMH TaK, YTOOBI MEXKY KazKI0# mMapoil cOCeIHNX JUCTOB OBLIO He Dosee OAHOM 3aKIa KN !

There are 16 sheets in a notebook. In how many ways can 12 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 455

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
Ectb 12 — 1 = 11 n1poMeKyTKOB MeK/Ly COCeJHUMHI CTpaHUIAMH, I03ToMy ecTh posHo CT; = 330 cuo-
coDOB PACIOJOKHUTD 7 OJUHAKOBBIX 3aKJIAIOK.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
There are 12 — 1 = 11 spaces between adjacent pages, so there are exactly (171) = 330 ways to arrange
7 identical bookmarks.

Task 2.

1. Hecko/ibkO KOHTEIHEPOB, KarK/Iblil U3 KOTOPHIX BeCcUuT He DoJiee 1 TOHHBI, TpeOyeTCs mepeBe3T Ha
BaroHax Ipy30M0beMHOCTHIO 10 4 TOHHBI. KaKoro HamMeHbIIero Ync/jia BaroHOB 3aBEI0MO XBaTHT
JIJISE IEPEBO3KH BCEX 9THX KOHTEHHEpPOB, €CJIM UX CyMMapHad Macca paBHa 15 TOHH?

Several containers, each weighing no more than 1 ton, need to be transported on railcars with a
capacity of 4 tons each. What is the smallest number of railcars that will be sufficient to transport
all these containers, given their combined weight of 15 tons?

Answer: 5

2. HeckoibKo KOHTEiHEPOB, KazK bl U3 KOTOPBIX BECHT He DoJiee 1 TOHHBI, TpebyeTcs: mepeBe3TH Ha,
BaroHax rpy30loIbeMHOCTHIO IO 5 TOHH. Kakoro HanMeHbIero 4mucjaa BaroHoB 3aBeI0MO XBaTHUT
JIJIST TIEPEBO3KU BCEX 9THX KOHTEHHEPOB, €C/IM UX CyMMapHasi Macca paBHa 28 TOHH?

Several containers, each weighing no more than 1 ton, need to be transported on railcars with a
capacity of 5 tons each. What is the smallest number of railcars that will be sufficient to transport
all these containers, given their combined weight of 28 tons?

Answer: 7

3. HeckobKO KOHTEHEPOB, KazK/Iblil N3 KOTOPBIX BecHT He Dojiee 1 TOHHBI, TpeOyeTcs mepeBe3Tn Ha
BaroHax I'PY30I0/IbeMHOCTHIO 110 6 TOHH. Kakoro HanMmeHbIlero 4ncja BaroHOB 3aBeJOMO XBATUT
JIJI TIePeBO3KHU BCeX 9THX KOHTeWHEpOB, ecjid WX cyMMapHas Macca pasHa 40 ToHH?

Several containers, each weighing no more than 1 ton, need to be transported on railcars with a
capacity of 6 tons each. What is the smallest number of railcars that will be sufficient to transport
all these containers, given their combined weight of 40 tons?

Answer: &

4. HeckoabKo KOHTEHHEPOB, KazK bl 13 KOTOPHIX BECUT He DoJiee 1 TOHHBI, TpeOyeTcst mepeBe3TH Ha,
BaroHax I'PY30H0/bEMHOCTHIO 110 3 TOHHBI. KaKOTO HAMMEHbIIIEero Yuc/a BAaroHOB 3aBeI0MO XBATUT
JIJIST TIEPEBO3KU BCEX 9THX KOHTEHHEPOB, €C/IM WX CyMMapHasi Macca paBHa 18 ToHH?

Several containers, each weighing no more than 1 ton, need to be transported on railcars with a
capacity of 3 tons each. What is the smallest number of railcars that will be sufficient to transport
all these containers, given their combined weight of 18 tons?

Answer: 9
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Pemrenune (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Barpyzkas B BArOHBI HAHOOIBIEE BO3MOXKHOE YHCI0 KOHTEHHEPOB TaK, YTO0BI HE JOIYCTUTH IIEPErpy3a,
MoJIiyduM, 4TO MacCCa I'Py3a B KazKJAOM Bal'OHE — HE McHee 3 TOHH (I/IHaqe MOZKHO IOJIOXKHTDH eIle KaK
MUHUMYM OJHH 1K ). Orciofa ciemyer, 4to 15/3 = 5 BAroHOB TOYHO XBATHUT.

[IpuBeieM npumMep, KOTIa 4eThbIPeX BaroHOB HEJOCTATOYHO: IIYCTh 0DOIIee YUCI0 KOHTEHHEPOB PaBHO
17, m macca xaxgoro u3 uux — 15/17 Toun. Torma B KaxK bl BATOH MOXKHO 3arpy3uTh me GoJee 4 KOH-
TeliHepoB (Macca TATH KOHTeHHepOB paBHa 75/17 > 4), a B 4eThipe Barona — e 6osiee 16 KOHTeiHEPOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
By loading the largest possible number of containers into the cars without overloading, we find that
the cargo mass in each car is at least 3 tons (otherwise, at least one more container can be added).
Therefore, 15/3 = 5 cars is definitely enough.
Let’s give an example where four cars are insufficient: let’s say the total number of containers is 17,
and each one weighs 15/17 tons. Then each car can hold no more than 4 containers (the mass of five
containers is 75/17 > 4 tons), and four cars can hold no more than 16 containers.

Task 3.

1. Ky6 paszmepa 9 x 9 X 9 u3HauaaIbHO Bech MOKpallleH B Oesblil nBeT. Kaxkaast ero rpaib pa3ouTa
Ha 9 paBHBIX KBaJIPaTOB 3 X 3, B KaxKJIOM M3 KOTOPBIX IEeHTPaJbHBII KBajpaT 1 X 1 kpacut-
¢ B 4€pHBI. 3aTeM IS KayK0ro TAKOro Y€PHOTO KBaIpaTa M3 W3HAYAJIBHOTO Kyda ymassercs
BCs BHYTPEHHOCTDb MPAMOYTOJIBHOTO Ojioka 1 X 1 X 9 ¢ ocHoBaHmeM Ha 3TOM YEPHOM KBaJjpaTe
(610K, TPOXOMSIIHA CKBO3b BeCh KyO BILUIOTH JIO €r0 MPOTHBOMOJIOXKHON rpanu). Kakoit 06béM
Kyba ocTaJjcs HeyaaJIeHHbIM?

A 9 x9x9 cube is initially painted entirely white. Each face is divided into 9 equal 3 x 3 squares,
each with a 1 x 1 central square painted black. Then for each such black square the entire interior
of a 1 x 1 x 9 rectangular block with its base on that black square (a block extending through
the entire cube to its opposite face) is removed from the original cube. What volume of the cube
remains?

Answer: 540

2. Ky6 pasmepa 6 x 6 X 6 u3HayaJIbHO Bech IOKpalieH B Oesblit 1iBeT. Kaxkias ero rpanb pasbuta
Ha 4 paBHBIX KBaJipaTa 3 X 3, B KaxKJOM M3 KOTOPBIX IeHTpaJbHBIH KBajgpaTr 1 X 1 KpacuTcs B
YEpHBINA. 3aTeM s KaXKJI0TO TAKOTO YEPHOTO KBaJApaTa U3 M3HAYAILHOTO Kyba yaaasdercd BCs
BHYTDEHHOCTH HPSIMOYTOJBHOrO 6Jioka 1 X 1 X 6 ¢ ocHOBaHHeM Ha 9TOM 4épHOM KBajpare (6JI0K,
IIPOXOJISITIHI CKBO3b BECh KyO BILIOTH JI0 €10 IPOTHBOIOI0KHOMN rpann ). Kakoil 06bém Kyba ocras-
cd HeyTaJIeHHBIM !

A 6 X 6 X 6 cube is initially painted entirely white. Each face is divided into 4 equal 3 x 3 squares,
each with a 1 x 1 central square painted black. Then for each such black square the entire interior
of a 1 x 1 x 6 rectangular block with its base on that black square (a block extending through
the entire cube to its opposite face) is removed from the original cube. What volume of the cube
remains?

Answer: 160
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3. Ky6 pasmepa 12 x 12 x 12 uzHadaabHO Bech MokpaiieH B 6eblii er. Kazkmas ero rpanb pa3buTta
Ha 16 paBHBIX KBaJpaToB 3 X 3, B KaxKJOM M3 KOTOPBIX IEeHTpaJibHbI KBajpar 1 X 1 kpacur-
¢ B 4€pHBI. 3aTeM IS KayK0ro TAKOro YéPHOTO KBaIpaTa M3 W3HAYAJIBHOTO KyDa ymassercs
BCS BHYTPEHHOCTH MPAMOYTOIbHOTO Oj10ka 1 X 1 X 12 ¢ ocHOBaHWeM Ha 3TOM YEPHOM KBaJjpaTe
(610K, TPOXOJSIIHIA CKBO3b BeCh KyO BILIOTH JIO €r0 MPOTHBOMOJIOXKHON rpanu). Kakoit 00béM
Kyba ocTaJjcs HeyaaJeHHbIM?

A 12 x 12 x 12 cube is initially painted entirely white. Each face is divided into 16 equal 3 x 3
squares, each with a 1 x 1 central square painted black. Then for each such black square the entire
interior of a 1 x 1 x 12 rectangular block with its base on that black square (a block extending
through the entire cube to its opposite face) is removed from the original cube. What volume of
the cube remains?

Answer: 1280

4. Ky6 paszmepa 15 x 15 x 15 nznadaabHo Bech mokparied B 6esiblii 1iBer. Kaxkmag ero rpans pazbuta
Ha 25 pPaBHBIX KBaJpaTOB 3 X 3, B KayKJOM M3 KOTOPHIX NEHTpaJbHBIH KBajpar 1 X 1 kpacut-
cd B YEpHBIH. 3aTeM /I KazKJI0ro TAKOro YéPHOTO KBaJIpaTa U3 W3HAYAJIBHOIO Kyba ymassercs
BCs BHYTPEHHOCTH IIPAMOYTOJIBLHOTO 0J10Ka 1 X 1 X 15 ¢ ocHOBaHHEM Ha 9TOM YEPHOM KBaJpaTe
(610K, TPOXOASIIHI CKBO3b BeCh KyO BILIOTH JIO €r0 MPOTHBOMOIOXKHON rpann). Kakoii o6béM
kKyba ocraJjicst HeyAaleHHBIM !

A 15 x 15 x 15 cube is initially painted entirely white. Each face is divided into 25 equal 3 x 3
squares, each with a 1 x 1 central square painted black. Then for each such black square the entire
interior of a 1 x 1 x 15 rectangular block with its base on that black square (a block extending
through the entire cube to its opposite face) is removed from the original cube. What volume of
the cube remains?

Answer: 2500

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIE DEHIAIOTCS AHAJTONHIHO)
[Togenum GosbIioit Ky0 Ha 27 Ky6oB 3 X 3 X 3. Tak Kak Bce BbIpe3aHHbIE 00JACTH TPOXOJAAT HACKBO3D
60JIBITIOr0 Ky0a, TO JIETKO BHIETh, YTO KAYK/bIH W3 3THX MEHBIMTHX KyOOB OKA3aJICS C OJINHAKOBBIMH BbI-
pe3aHHBIMU 00JIACTAMHI, KazKIas U3 KOTOPHIX BHITJISAINT KaK BbIpe3aHHbIe KyObl 1 X 1 X 1, mpumieraroriue
K HeHTPaJbHO# KaeTKe 1 X 1 B KaxKI0il U3 1IecTu rpaHeil, a Tak:Ke BbIPE3aHHBIN HMEeHTPAJIbHbBII KyOHK
1 x 1 x 1. Uroro, BoIpe3ano 7 eIMHAYHBIX KyOUKOB, a ocTanoch 3° — 7 = 20 eaunuunnix Ky6os. Toraa
BO Bcex 27-mu Oosibinux Kybax paszmepa 3 X 3 X 3 ocranock 27 - 20 = 540 equHUIHBIX KyOOB, KayKIbIil
obobema 1.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let’s divide the large cube into 27 cubes of the size 3 x 3 x 3 each. Since all the cut-out areas pass
through the initial cube, it’s easy to see that each of these smaller cubes ends up with identical cut-out
areas, each of which looks like 1 x 1 x 1 cubes cut out adjacent to the 1 x 1 central cell in each of its
six faces, as well as a 1 x 1 x 1 central cube cut out. In total, 7 unit cubes have been cut out, leaving
3% — 7 = 20 unit cubes remaining. Then, in all 27 large 3 x 3 x 3 cubes, there remain 27 - 20 = 540 unit
cubes, each with a volume of 1.

Task 4.
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1. CwmexkHble CTOPOHBI MPSIMOYTOJIBHIKA PABHBL & CM U Y CM, T/I€ X,y — IMOJOKHUTEIbHBIE Ie/Ible TUC-
J1a; mepuMerp HpsSMOYTOAbHUKa pasen P cM, a miomaab — S cm?. Hafiure KoaumdecTBO TaKuX
IPAMOYTOJMBHUKOB, ecyin S = 12 - P. [IpsaMoyroibHUKT & X y U Y X T, KOHEYHO, OJIMHAKOBHIE.

Adjacent sides of a rectangle are x ¢cm and y cm, where x, y are positive integers; the perimeter
of the rectangle is P cm, and its area is S cm?. Find the number of such rectangles if S = 12 P.
Rectangles = x y and y X x are equal.

Answer: 11

2. CMeKHBIe CTOPOHBI HPAMOYTOJBHUAKA PABHBI & CM U Y CM, TJIe X,y — IOJIOKUTEJIbHDIE IIeJIble YHC-
7a; TlepUMeTp HpaAMOYTOIbHHKa paBeH P cM, a miomaib — S cM?. HaiiauTe KoamuecTBO TaKuX
HPSMOYTOJBHUKOB, ecyin S = 24 - P. [IpsaMoyroibHUKT & X y U Y X T, KOHEYHO, OJIMHAKOBBIE.

Adjacent sides of a rectangle are x ¢cm and y cm, where x, y are positive integers; the perimeter
of the rectangle is P cm, and its area is S cm?. Find the number of such rectangles if S = 24 - P.
Rectangles = x y and y X x are equal.

Answer: 14

3. CMeKHBIe CTOPOHBI HPAMOYTOJBHUKA PABHBI £ CM U Y CM, TJIe X,y — IOJIOKUTEJIbHDIE IIeJIbie YhC-
Ja; TepuMeTp IpsAMOyTOJIbHHKa paseH P cM, a miomaib — S cM?. Haiiaure KoamdecTBO TaKux
HPSMOYTOJIBHUKOB, ecyin S = 16 - P. [IpsamoyrosibHukn © X y U y X T, KOHEYHO, OJIMHAKOBbBIE.

Adjacent sides of a rectangle are x cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S ¢cm?. Find the number of such rectangles if S = 16 - P.
Rectangles = x y and y X x are equal.

Answer: 6

4. CMexKHbIe CTOPOHBI MPAMOYTOJBHAKA PABHBL & CM H ¥ CM, IVIe T,y — HOJOKUTEJIbHBIE TeJIbIe THC-
Ja; TlepuMeTp IpsAMOyTOJIbHUKa paseH P cM, a miomaib — S cM?. Haiiaure KoaudecTBo TaKux
IPSIMOYTOJIBHUKOB, ecii S = 36 - P. [IpaMoyroabHUKN £ X Yy U Y X &, KOHEYHO, OJUHAKOBBIE.

Adjacent sides of a rectangle are  ¢cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S ¢cm?. Find the number of such rectangles if S = 36 - P.
Rectangles = X y and y X x are equal.

Answer: 18

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEMIAIOTCS AHAJOTHIHO)
U3z yenosug umeem ry = 24(z + y), otkyaa (v — 24)(y — 24) = 576 = 20 . 3% — y nocaenuero ducia
(6 4+ 1)(2+ 1) = 21 meaurens, IpuIeM Bee IeuTeNH, KpoMe 24, pa3buBamoTcs HA TApHI @, b, 17 KO-
TOpbIX @ - b = 576, upudyem Kak/jasi napa MOPOK/IAeT PABHBIE HPSIMOYTIOJbHUKH. 3HAYUT, OOIIEe TUC/IO
Pa3AMYHBIX MPIMOYTOJBHUKOB paBHO (21 4+ 1)/2 = 11.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We have xy = 24(z+y), whence (z—24)(y—24) = 576 = 2°.32 — the last number has (6+1)(2+1) = 21
divisors, and all divisors (except 24) are divided into pairs a, b, for which a - b = 576, and each pair
generates equal rectangles. Therefore, the total number of different rectangles is (21 +1)/2 = 11.

Task 5. CoBynbs ucnekna mupor B ¢popme 20-yronpauka ABC' ... ST, y KOTOpOro Jito0Obie iBe COCeTHIe
CTOPOHBI IEPIEHIUKYJISIPHBI, a JJIHHBL BCEX CTOPOH, KpoMe HanbosbIieit croponsl AT, paBHbI (CM. puc.).
Jlocdimn xodeT paspe3arh 3TOT NUPOT OJHUM MPIMOJIHHENHBIM Pa3pe30M, MTPOXOIAIINM Yepe3 BePITUHY
A, Ha gBe dacTu paBHOii mwiomaan. Kakyo cTopony mepecedéT Takoil pazpe3 u B KAKOM OTHOIIEHUU OH
e€ pazaeant?

B |C R 5

A T

Owlie baked a pie in the shape of a 20-gon, ABC'. .. ST, in which any two adjacent sides are perpendicular,
and the lengths of all sides except the longest one (AT') are equal (see the picture above). Elkie wants
to cut this pie with a single straight cut passing through the vertex A into two parts of equal area.
Which side will such a cut intersect and in what ratio will the side be divided?

Answer: OP, 2:5 (5:2)

Pemrenune (RUS). fcro, 9T0 AaHHBI MHOIOYTOJBHHK MOXKHO Pa3jenTb Ha 25 DaBHBIX KBaJl-
paroB (6yJeM CYuTaTh, YTO WX CTOPOHBI PaBHBI 1). 3HAYNUT, IPHU JeJEHUW TIOMATN TOTOJAM, KazKaas
MOJIyYeHHAs YacTh J0JZKHA HMeTh MIomaib 25/2 = 12.5. TakKe MOHATHO, YTO TPU BPAIEHHH TPSIMOM
BOKPYT TOYKH A IpPOTUB YacOBO# CTPesKH OT mosoxKeHuss AT m1omaab 9acTH THPOra, HAXOISAIIecs
10/, UPSIMOii, Oyner Bo3pacTarb, mo3ToMy Tpebyemoe nosoxkenue npsmoit AX (X — rouka Ha rpanu-
116 MHOTOYTOJbHUKA) €IMHCTBEHHO 1 HaxoxuTcst Mexay AP u AO. [leiictBurenbro, B nogoxennn AP
IJIOIMA/Ih O/ mpsiMoii pasHa 14/2 + 3 = 10 < 12.5 (Tak Kak CKJIaJBIBAETCS W3 TMPSMOYTOJIBHOTO Tpe-
YIOJIBHUKA W TPEX KBaaparToB), a B nosoxennun AQO ona pasha 21/2 4+ 3 = 13.5 > 12.5 (mo Toii ke
npuunne). [Tycrs paccrosiaue ot Touku X 10 npsimoit AT paBHO h, TOT/A ILIOMAIL YACTH MAPOTa TO
npsmoii AX pasua Th/2 4+ 3 = 12.5, orkyna h = 19/7. D10 o3HaUaeT, YTO PACHOTOKEHHAS HA CTOPOHE
OP touka X penur sty cropony B oraomenuu (3 — 19/7) : (19/7 —2) = (2/7) : (5/7) =2 : 5, cunras
ot Toukn O.

J K
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X
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Kpurepumn oneHuBaHmd:

IpUBEJIeHa ILJI0A0TBOPHAS HJles JIJId TOUCKA CTOPOHBI, HO CTOPOHA Hali/leHa HEBEPHO; He HallJIeHO
HUCKOMOE OTHOIIEeHHE — 1 MepBUYHBIH OaJLT;

CTOPOHA Hali/leHa BEPHO, HO 0e3 J0CTATOYHBIX 0OOCHOBAHUIT; HE HAMIEHO UCKOMOE OTHOIIeHHe — 2
HEePBUYHBIX OaJLia;

CTOPOHA HalileHa BePHO U OOOCHOBAHHO; He HailJeHO MCKOMOEe OTHOIIEeHHe — 3 IEePBUYHBIX OaJlia;

CTOPOHA HaflJleHa BEPHO, HO 0e3 JI0CTATOYHbIX 0O0CHOBAHUIT; HCKOMOE OTHOIIEHUE Hali/IeHO, HO 1IPU
STOM JIOIYIIeHa OINOKa — 3 MEPBUYHBIX OaJiia;

CTOpOHA HaiileHa BepHO W OOOCHOBAHHO; MCKOMOE OTHOIIeHHEe HalijgeHo Jaub0 6e3 JoCTaTOYHBIX
obocHoBanuii, OO ¢ omubKON — 4 MepBUIHBIX OaJLIA;

CTOpPOHA HaiiaeHa BepHO, HO 0e3 J10CTAaTOYHBIX 000CHOBAHUN; NCKOMOE OTHOIIEHNe HalIeHO BEPHO
— 4 nepBuuHbIX DaJLIa;

HOJTHOCTBIO BEpHOE U 0OOOCHOBAHHOE PellleHHe — 5 IMePBUYHBIX OAJIJIOB.

Solution (ENG). It is clear that the polygon can be divided into 25 equal squares (let’s assume

that their sides are equal to 1). So, when dividing the area in half, each resulting part should have an
area of 25/2 = 12.5. It is also clear that when rotating a straight line around point A counterclockwise
from the position of AT, the area of the pie part located under the straight line will increase, so
the required position of the straight line AX (X is a point on the border of the polygon) is unique
and is located between AP and AO. Indeed, at position AP, the area under the straight line is

14/2

+ 3 = 10 < 12.5 (since it consists of a right-angled triangle and three squares), and at position

AO it is equal to 21/2 + 3 = 13.5 > 12.5 (for the same reason). Let the distance from the point X
to the line AT be h, then the area of the pie part under the line AX is 7Th/2 + 3 = 12.5, whence
h = 19/7. This means that the point X located on the side of OP divides this side with respect to
(3—-19/7):(19/7 —2) = (2/7) : (5/7) = 2 : 5, counting from the point O.

Criteria:

a fruitful idea for finding a side is given, but the side is found incorrectly; the desired ratio was
not found — 1 pre-point;

the side is found correctly, but without sufficient justification; the desired ratio was not found —
2 pre-points;

the side is found correctly and with sufficient justification; the desired ratio was not found — 3
pre-points;

the side is found correctly, but without sufficient justification; the desired ratio is found, but an
error was made — 3 pre-points;

the side is found correctly and with sufficient justification; the desired ratio is found either without
sufficient justification or with an error — 4 pre-points;

the side is found correctly, but without sufficient justification; the desired ratio is found correctly
— 4 pre-points;

a completely correct solution — 5 pre-points.
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Task 6. UrpoBoe moje mpeicTaBisieT coboil JTOCKY pa3Mepa b X 5, Ha KOTOPO# paccTaBJIeHBI Oesble
u depHbie (QUITKKW, KaK NOKa3aHo na pucynke. Aus u Bopsa urpator B urpy: cuadana Auns yObupaer
¢ jockn 06y depHyto BUINKY [0 CBOEMY yCMOTpeHuto, 3areM AHs u Bopst 1o odepean (HaunHaer
Ang) nepenpuraior durkn: AHg nepeasuraer 6estyro GUITKY Ha coceiHee ¢ Heil mycToe mose, a Bops —
JepHyIo (DHUIIKY Ha COCeIHee ¢ Heil mycToe moJe. Mrpa 3akaHduBaeTcs, KOT1a OJMH U3 UI'POKOB HE MOZKET
crenath xXon. Jlokaxkure, 9T0 Kak Obl HM urpajn AHs u Bops, paHO WX O3IHO UI'Pa 3aKOHIUTC.

| JNORN REGRN )
ORN BNEORN NEO)
| BNONN REONN )
ONN NEORN NNO)
| JNORN REONN )

The board is a 5 x 5 square with white and black pieces arranged as shown in the picture above. Anya
and Borya play a game: first, Anya removes any black piece she chooses from the board. Then, Anya
and Borya take turns (Anya starts) moving pieces: Anya moves a white piece to an adjacent empty
space, and Borya moves a black piece to an adjacent empty space. The game ends when one of the
players cannot make a move. Prove that, no matter how Anya and Borya play, the game will eventually
end.

Pemrenune (RUS). ITokpacum KIeTKH JOCKH B 9epHBIA 1 GeJIblil 1BeTa Tak, 4T00bl B M3HAYATBHOI
paccTaHoOBKe 4YepHbie (DUITKU CTOs/IM Obl HA YEPHBLIX KJeTKax, a Oejible (pumkm — Ha OEJIbIX KIeTKaX.
BamernM, 9T0 AHSI B Hada € UIPHl OCBODOZKTAET Y€PHYIO KJIETKY, a 3aTeM MepeIBUuraer (puiky ¢ oesoi
KJIETKH Ha 9epHYI0, 0OCBODOXK1as TAKHM 00pa3oM 6es1yio KJIeTKy. AHAJOruaHO, Bopst CBOUM XO/I0M Tiepe-
nBuraeT (PUIIKY ¢ YepPHOH KJIeTKH Ha 0eJIyio, 0cBOOOXK1as YepHYIO KIeTKY, u T.1. Takum oOpaszom, AHs
MOZKET IepPeJIBUrATh TOJbKO Oejible (PUIKU ¢ OejibiX KJEeTOK Ha 4YepHble, a Bopd MOXKeT IepeBUraTh
TOJIBKO YepHBIe (PUIITKHU ¢ YePHBIX 1ToJ1elt Ha Gebie. OTCI0a citeiyer, 9T0 KakK Iy (PUIKy MOKHO mepe-
JIBUHYTH He 00Jiee OJTHOrO pa3a. SHAYUT, MOCKOJIBKY HaA JIOCKE W3HAYAIBHO eCTh 12 6ebix u 12 9epHBIX
duriek (mocsie Toro, kKak AHst y6eper ofHy (DUINKY B HaYase UTPbI), He MO3/Hee yeM depes3 24 xoa (12
xo710B Ann u 12 x010B Bopu) urpa 3aKOHIATCS.

Kpurepuu onennBanuda:

® 1IpUBeJEHA, HO HUKAK He TOJKPeILIeHa TJI0I0TBOpHAs ujesd — 1 nepBUYIHbINA OasLI;

e MpUBEJEHA TIOMOTBOPHAS UJEs, HO B €€ TOATBEPIKICHUE JIUIIh MPUBEIeHB HECKOJIHKO TPUMEPOB
— 2 nepBUYHBIX DaJLIa;

® IIPUBEJIEHA W YaCTHYHO peasin30BaHa IJIOJ0TBOPHAS UJies, HO IPU PeaIu3alliu JOIYIIEeHbBl Cephe3-
HbIE OFpAHUYEHUs OOIIHOCTH — 3 MEePBUYHBIX OAJIIA;

e IIpUBEJCHA U PeaJM30BaHa ILJI00TBOpHA UJes, HO ¢ HE3HAYUTEIbHBIMU OIPAHUYCHUAMEI OOIIHO-
CTH — 4 TePBUYHBIX OaJLiIa;

® 1OJTHOCTBHIO BEPHOE U ODOCHOBAHHOE JIOKA3ATEILCTBO — O MEPBUYHBIX HAJIIOB.

Solution (ENG). Let’s paint the board black and white so that initially black pieces stand on
black cells and white pieces stand on white cells. Note that Anya vacates a black cell at the start of the
game, then moves a piece from a white cell to a black cell, thus vacating the white cell. Similarly, Borya
moves a piece from a black cell to a white cell, thus vacating the black cell, and so on. Thus, Anya
can only move white pieces from white cells to black cells, and Borya can only move black pieces from
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black cells to white cells. It follows that each piece can be moved no more than once. Therefore, since
there are initially 12 white and 12 black pieces on the board (after Anya removes one piece at the start
of the game), the game will end in no later than 24 moves (12 of Anya’s moves and 12 of Borya’s moves).

Criteria:

a fruitful idea is presented but not supported in any way — 1 pre-point;

a fruitful idea is presented, but only a few examples are given to support it — 2 pre-points;

a fruitful idea is presented and partially implemented, but there are serious limitations of generality
in the implementation — 3 pre-points;

e a fruitful idea is presented and implemented, but with minor limitations of generality — 4 pre-
points;
e a completely correct proof — 5 pre-points.
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8" degree

Task 1.

1. B rerpamu 12 mucrop. CKOJBKEMHU cIIOCOOAME MOXKHO BCTaBUTH 7 OJUHAKOBBIX 3aKJIaJ0K MerK-
JIy JIMCTAMH TaK, YTOOBI MKy KaxKJI0# IMapoil coceTHUX JIMCTOB OBLIO He 6osiee OIHOM 3aKIa KN !

There are 12 sheets in a notebook. In how many ways can 7 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 330

2. B rerpamu 16 ucroB. CKOABKEMHE CIIOCOOAME MOYKHO BCTaBUTh 13 OJMHAKOBBIX 3aKJIAI0K MEK-
NIy JIECTAMH TaK, YTOOBI MEKY KazKI0# Mapoil coOceIHUX JUCTOB OBLIO He Dosee OAHOM 3aKIaIKn !

There are 16 sheets in a notebook. In how many ways can 13 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 105

3. B rerpaan 12 nucroB. CKOJIBKUMH CIIOCODAMH MOXKHO BCTABHUTH 8 OJMHAKOBBIX 3aKJIaI0K MEXK-
JIy JIMCTAMH TaK, YTOOBI MEKy KaxKJI0U IMapoil coceIHUX JIMCTOB OBLIO He 6osiee OIHOM 3aKIaIKN !

There are 12 sheets in a notebook. In how many ways can 8 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 165

4. B rerpamn 16 jaucroB. CKOJBKUMHE CIIOCOOAMHI MOYKHO BCTABUTH 12 OJMHAKOBBIX 3aKJAJI0K MEZK-
NIy JIECTAMH TaK, YTOOBI MEXKY KazKI0# mMapoil cOCeIHNX JUCTOB OBLIO He Dosee OAHOM 3aKIa KN !

There are 16 sheets in a notebook. In how many ways can 12 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 455

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
Ectb 12 — 1 = 11 n1poMeKyTKOB MeK/Ly COCeJHUMHI CTpaHUIAMH, I03ToMy ecTh posHo CT; = 330 cuo-
coDOB PACIOJOKHUTD 7 OJUHAKOBBIX 3aKJIAIOK.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
There are 12 — 1 = 11 spaces between adjacent pages, so there are exactly (171) = 330 ways to arrange
7 identical bookmarks.

Task 2.

1. Haitnure ocraTrok or menenus 57 ma 23.

Find the remainder of 5'°7 divided by 23.
Answer: 10

2. Haiinure ocTaTok oT meienus 7274 ma 17.

Find the remainder of 72 divided by 17.
Answer: 15

3. Haitnure octaTox or nesenus 3°%° ma 29.

Find the remainder of 3°%° divided by 29.
Answer: 12

4. Haifimure octaTok or nesenus 1122 ma 13.

Find the remainder of 11?2 divided by 13.

Answer: 4

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJOTHIHO)
Corstacuo masioii reopeme @epma, a’~' = 1 (mod p) a/1st IPOCTOro p U HE KPATHOTO €My HATYDAJIbHOIO
a. Vmeem

597 = (52)7.5°=17-5"=125=10 (mod 23)

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
According to Fermat’s little theorem, a?~! = 1 (mod p) for a prime p and a positive integer a that is
not a multiple of it. We have

597 = (52)7.5°=17-5*=125=10 (mod 23)

Task 3.
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1. CwmexkHble CTOPOHBI MPSIMOYTOJIBHIKA PABHBL & CM U Y CM, T/I€ X,y — IMOJOKHUTEIbHBIE Ie/Ible TUC-
J1a; mepuMerp HpsSMOYTOAbHUKa pasen P cM, a miomaab — S cm?. Hafiure KoaumdecTBO TaKuX
IPAMOYTOJMBHUKOB, ecyin S = 12 - P. [IpsaMoyroibHUKT & X y U Y X T, KOHEYHO, OJIMHAKOBHIE.

Adjacent sides of a rectangle are x ¢cm and y cm, where x, y are positive integers; the perimeter
of the rectangle is P cm, and its area is S cm?. Find the number of such rectangles if S = 12 P.
Rectangles = x y and y X x are equal.

Answer: 11

2. CMeKHBIe CTOPOHBI HPAMOYTOJBHUAKA PABHBI & CM U Y CM, TJIe X,y — IOJIOKUTEJIbHDIE IIeJIble YHC-
7a; TlepUMeTp HpaAMOYTOIbHHKa paBeH P cM, a miomaib — S cM?. HaiiauTe KoamuecTBO TaKuX
HPSMOYTOJBHUKOB, ecyin S = 24 - P. [IpsaMoyroibHUKT & X y U Y X T, KOHEYHO, OJIMHAKOBBIE.

Adjacent sides of a rectangle are x ¢cm and y cm, where x, y are positive integers; the perimeter
of the rectangle is P cm, and its area is S cm?. Find the number of such rectangles if S = 24 - P.
Rectangles = x y and y X x are equal.

Answer: 14

3. CMeKHBIe CTOPOHBI HPAMOYTOJBHUKA PABHBI £ CM U Y CM, TJIe X,y — IOJIOKUTEJIbHDIE IIeJIbie YhC-
Ja; TepuMeTp IpsAMOyTOJIbHHKa paseH P cM, a miomaib — S cM?. Haiiaure KoamdecTBO TaKux
HPSMOYTOJIBHUKOB, ecyin S = 16 - P. [IpsamoyrosibHukn © X y U y X T, KOHEYHO, OJIMHAKOBbBIE.

Adjacent sides of a rectangle are x cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S ¢cm?. Find the number of such rectangles if S = 16 - P.
Rectangles = x y and y X x are equal.

Answer: 6

4. CMexKHbIe CTOPOHBI MPAMOYTOJBHAKA PABHBL & CM H ¥ CM, IVIe T,y — HOJOKUTEJIbHBIE TeJIbIe THC-
Ja; TlepuMeTp IpsAMOyTOJIbHUKa paseH P cM, a miomaib — S cM?. Haiiaure KoaudecTBo TaKux
IPSIMOYTOJIBHUKOB, ecii S = 36 - P. [IpaMoyroabHUKN £ X Yy U Y X &, KOHEYHO, OJUHAKOBBIE.

Adjacent sides of a rectangle are  ¢cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S ¢cm?. Find the number of such rectangles if S = 36 - P.
Rectangles = X y and y X x are equal.

Answer: 18

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEMIAIOTCS AHAJOTHIHO)
U3z yenosug umeem ry = 24(z + y), otkyaa (v — 24)(y — 24) = 576 = 20 . 3% — y nocaenuero ducia
(6 4+ 1)(2+ 1) = 21 meaurens, IpuIeM Bee IeuTeNH, KpoMe 24, pa3buBamoTcs HA TApHI @, b, 17 KO-
TOpbIX @ - b = 576, upudyem Kak/jasi napa MOPOK/IAeT PABHBIE HPSIMOYTIOJbHUKH. 3HAYUT, OOIIEe TUC/IO
Pa3AMYHBIX MPIMOYTOJBHUKOB paBHO (21 4+ 1)/2 = 11.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We have xy = 24(z+y), whence (z—24)(y—24) = 576 = 2°.32 — the last number has (6+1)(2+1) = 21
divisors, and all divisors (except 24) are divided into pairs a, b, for which a - b = 576, and each pair
generates equal rectangles. Therefore, the total number of different rectangles is (21 +1)/2 = 11.

Task 4.

1. /lan mabop mudp: 0,1,2,2,7,0,6, 6,4, 8. Pa3periaercst yaaauTh OJIHY U3 HUX, & U3 OCTAJbHBIX CO-
CTAaBUTH JAECATUIHYIO 3aMUCh 9-3HAYHOTO YUCTIa, KPATHOTO 75. CKOIBKO PA3IUIHBIX TUCE]T MOKHO
HOJIYIUTHh TaKHUM oOpa3om? Hucsio He MoxKeT HaduHAThCs ¢ mudpbl «0».

Given a set of digits: 0,1,2,2,7,0, 6,6, 4, 8. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 75. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 2520

2. Jan mabop mudp: 0,0,1,1,1,2,5,6,7,8. Pazpemaercs yaaJuTh OJHY U3 HUX, & U3 OCTAJIbHBIX CO-
CTABUTD JECATUYHYIO 3AIMCH 9-3HAYHOTO Yucja, KpaTaoro 60. CKOIbKO Pa3IndHbIX YUCEJ MOXKHO
noJTyanTh TakuM obOpazom? Hucsao He MoxKeT HadnHATHCS C 1uphl «0».

Given a set of digits: 0,0,1,1,1,2,5,6,7, 8. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 60. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 12000

3. Jlan mabop mudp: 0,0,1,2,5,6,7,7,8,9. Pazperntaercs ya1aauTh OQHY U3 HUX, a U3 OCTAJIBHBIX CO-
CTABUTD JECATUUHYIO 3aIUCH 9-3HATHOrO YHCJIa, KpaTHOTO 225, CKOJIBKO Pa3IuIHbIX YUCET MOKHO
HOJIYIUTHh TaKHUM oOpazom? Uucsio He MoxKeT HauumHAThCs ¢ muppbl «0».

Given a set of digits: 0,0,1,2,5,6,7,7,8,9. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 225. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 16380

4. Janm mabop mucdp: 0,1,1,1,2,2,5,6,9,9. Pa3zperraercsa yaaiuTh OIHY U3 HAX, a U3 OCTAIBHBIX CO-
CTABUTD JECATUIHYIO 3AIKMCh 9-3HATHOTO dncia, KpaTHoro 180. CKOJIBKO Pa3InIHbIX 9UCET MOKHO
HOJTyInTh TakuM oOpazom? HUucsao He MOoxKeT HadnHATHCS C uph «0>.

Given a set of digits: 0,1,1,1,2,2,5,6,9,9. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 180. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 1260
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Pemrenune (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Yrobbl 4ucJI0 JIeJIUI0Ch Ha 75, HeOOXO0UMO M JOCTATOYHO, 4TOOBI OHO JIeJIMJI0Ch Ha 3 u Ha 25. UTo0b
HOJIYy9eHHOE YHCJI0 JEJIUJI0Ch Ha 25, OHO M0JKHO oKaH4uuBarhed na 00, 25, 50 wim 75, Ho nudpol 5 B
Habope mer, modTomMy Tpebyemoe yucsao okandubaercd ua 00, u nudpy 0 yrangarsb Henb3d. YTodbr 4ucio
JIEJIIJIOCH Ha 3, TpedyeTrcs, 9ToObl cyMMa ero nudp aenuaach Ha 3. CyMma mudp IpuBeieHHOro Habopa
paBua 0 +14+2+2+7+0+6+ 6+ 4+ 8 = 36 — 3nauuT, 4ToOHI cymMMa Iudp TpedyeMoro 4uc/ia
genmaach Ha 3. MTak, MOXKHO yIAJIUTh TOJBKO 1udpy 6.

Vaanup mudpy 6, Mbl TOJYIAM YUCJIO BHIAA A10203040506a700, T1e aq,...,a; — nudpor 1,2,2,7,6,4,8
!

B HEKOTOPOM TIOPAJIKE, U €CTh 5 = 2520 cnocobOB MepecTaBUTh UX BCEBO3MOZKHBIMH CIIOCOOAMH.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

For a number to be divisible by 75, it is necessary and sufficient that it be divisible by 3 and 25. For
the resulting number to be divisible by 25, it must end in 00, 25, 50, or 75, but the digit 5 is not in the
set, so the required number ends in 00, and any of the digits 0 cannot be removed. For a number to
be divisible by 3, the sum of its digits must be divisible by 3. The sum of the digits in the given set is
0+14+24+24+7+0+64+6+ 4+ 8 = 36, thus the sum of the digits of the desired number must be
divisible by 3. So, we can only remove the digit 6.

By removing the digit 6, we get a number of the form ajasazasasaga;00, where aq,...,a; are the
digits 1,2,2,7,6,4,8 in some order, and there are ;—: = 2520 ways to rearrange them.

Task 5. I[Ipo TpeyroJbHUK M3BECTHO, YTO B HEM OJIHA CTOPOHA B ABa pa3a 0OJbIIe Apyroif, a yro
MEXKIy 3TUMH cTOpoHamMu He mpeBocxoanT 60°. O0sg3aTenbHO JIT 3TOT TPEYTOJbHUK MOYKHO Pa3pe3aTh
HA YeThIPe TPEYrOJbHbIE YaCTH, TPU U3 KOTOPHIX — PABHBIE TPEYTOJILHUKN, & YeTBEpTast UM He paBHA?

It is known about a triangle that one side is twice as large as the other, and the angle between these
sides does not exceed 60°. Can the triangle be cut into four triangular parts, three of which are equal,
and the fourth is not equal to the ones?

Answer: yes.

Pemrenune (RUS). ITycts BC = 2- AB (ABC' — ucxoublii TpeyroapHukK ). PaccMoTpum oTaebHO
nBa ciaydast: korna ZABC < 60°, u xorma ZABC = 60°.
B nmepBom ciiydae HOmORIET cJiejyiomiee paspe3aHue: OTMETHM TOUKY [ IepecedeHust cepeadHHO-
ro neprneHaukyasapa Kk BC ¢ buccekrpucoit yrma ABC u pasmeuM TPeyroabHUK Ha YaCTH Tak, Kak
OKa3aHO Ha PHCYHKE.

Cc” ' M ' *B

JlokakeM KOPPEKTHOCTD rmocTpoenusd. Touka D mo nocTpOeHNIo HAXOANTCHA BHYTPH yIja, 00pa3oBaHHO-
ro ayaamu BA uw BC, u ipu s3tom /DCB = /DBC = ZDBA = %ZABC u /DAB = /ZDMB = 90°,
orkyna £LDAB + ZABC + ZBCD = géABC’ + 90° < % - 60° 4+ 90° = 180°, To ecth TOUKa D
OyeT AeficTBUTEILHO PACIOIOKeHa cTPOro BHyTpu Tpeyroabhuka ABC. PaBeHCTBO TpPeyro/bHUKOB
ADB, MDB, MDC o4eBUIHO I3 MOCTPOEHHUs, a TOT (pakT, 4To Tpeyronbuuk ADC uM He paBeH, cie-
JIyer, HAIpEMep, U3 TOro, 910 oH Tynoyroubbiii (ZADC = 360° — 3 - LZADB > 360° — 3 - 90° = 90°),
a OCTaJIbHBIE — IIPSIMOYTOJIbHBIE.
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Bo Bropom cayuae (korma ZABC = 60°) umeem Tpeyroibauk ¢ yrmamu 30°,60°,90%: npoBesém
megauany AM K ero runorenyse u pasjesnM 00pasoBaBHIUiics paBHOCTOPOHHUE Tpeyroabuuk ABM c
neHTpoM F Ha TpU paBHbIE TPEYTrOJIbHbIE YACTH, KAK MOKA3aHO HA BTOPOM DUCYHKE.

A

PasencrBo tpeyrosbaukos AEB, BEM, M EA 04eBU/IHO U3 OCTPOEHHS, & TOT (PaKT, 4TO TPEYTroJIbHUK
AMC wm He paBeH, cjielyer, HAIIPUMEP, U3 TOTO, YTO €ro HANOOJIbINAsA CTOPOHA OOJIbINe, YeM HAMOOIh-
TIie CTOPOHBI STUX TpeyroJabHukoB (AC > AM, tak kak ZAMC > 120° — HanGoJIbIIHii B TPEYrOJbHIKE

AMC).

Kpurepun oneHuBanmd:

e IpuBeJeH KOPPEKTHBIN puMep 74 cjaydad ¢ yioM B 60 rpajaycos: +1 mepBuvHBII 0aJL;
® J[0Ka3aHa KOPPEKTHOCTDb MpUMepa Jjid caydas ¢ yriaoMm B 60 rpajycos: +1 nepBudnblii DaJLr;
® 1IpUBEJ/IEH KOPPEKTHBIHN IpuMep Jiyist cjiydad ¢ yrjom, Mmenbinum 60 rpajycos: +1 nepBuunblii 0aJii;

e J[0Ka3aHa KOPPEKTHOCTH MpHMepa JJId caydas ¢ YIJIOM, MeHbImuM 60 rpajycoB: +1 nepBUYHBII
baJsL;

® IIPUBEJIEHO JTOKA3aTENhCTBO HAXOXKJIEHUd TOYKH IepecedeHnsl CepeIMHHOIO NepleHUKY/Ispa u
OMCCEKTPUCHI BHYTPHU TPEYrOJbHUKA: +1 MepBUYHBIH OaJLII.

Solution (ENG). Let BC = 2- AB (ABC is the original triangle). Let’s consider two cases
separately: when ZABC < 60°, and when ZABC = 60°.
In the first case, the following dissection is suitable: mark the point D where the perpendicular
bisector of BC' intersects with the bisector of angle ABC' and divide the triangle into parts as shown
by the picture below.

A

D

Cc” ' M ' *B

We prove the correctness of the construction. Point D by construction is located inside the angle formed
by rays BA and BC, and at the same time /DCB = /DBC = /DBA = %AABC’ and Z/ZDAB =
ZDMB = 90°, whence ZDAB+ /ZABC+/BCD = %4ABC+90° < %-60o +90° = 180°, that is, point
D will actually be located strictly inside triangle ABC'. The equality of triangles ADB, M DB, M DC'is
obvious from the construction, and the fact that triangle ADC'is not equal to them follows, for example,
from the fact that it is obtuse-angled (LZADC = 360° — 3 - ZADB > 360° — 3 -90° = 90°), while the
others are right-angled.

In the second case (when ZABC = 60°), we have a triangle with angles 30°,60°,90°: we draw the
median AM to its hypotenuse and divide the resulting equilateral triangle ABM with center E into
three equal triangular parts, as shown by the picture below.
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The equality of triangles AEB, BEM, M E A is obvious from the construction, and the fact that triangle

AMC' is not equal to them follows, for example, from the fact that its largest side is greater than the

largest sides of these triangles (AC' > AM, since ZAMC > 120° is the largest in triangle AMC).
Criteria:

e a correct example is given for the case with an angle of 60 degrees: +1 pre-point;

e a correct example is proven for the case with an angle of 60 degrees: +1 pre-point;

a correct example is given for the case with an angle less than 60 degrees: +1 pre-point;

a correct example is proven for the case with an angle less than 60 degrees: +1 pre-point;

a proof of finding the intersection point of the perpendicular bisector and the bisector inside the
triangle is given: +1 pre-point.

Task 6. VrpoBoe moje mpeicTaB/aseT coboit JTOCKY pa3Mepa b X 5, HA KOTOPO# paccTaBIeHBI Oesblie
u 4depHbie (DUITKKW, KaK NOKa3aHo Ha pucynke. Aus m Bopsa urpaior B urpy: cuauana Ausg yOupaer
¢ jockn 06y depHyto BUINKY [0 CBOEMY yCMOTpDeHuIo, 3areM AHs u Bopsi o odepean (HaunmHaer
Ans) nepenpuraior durikn: AHg nepeasuraer 6etyto GUITKY Ha coceiHee ¢ Heil mycToe mose, a Bops —
JepHyIo (DHUIIKY Ha COceaHee ¢ Heil mycToe moJe. Mrpa 3akaHduBaeTcs, KOT1a OJMH U3 UI'POKOB HE MOZKET
crenaTh Xo4. KTo M3 UIPOKOB BRIUTPAET IPH IPABUILHON UIpe, T.e. HE3aBUCUMO OT XOJ0B COIEPHUKA?!
Omnurure 100EHYIO CTPATEIHIO U JOKAXKUTE, 9TO OHA, SBJISIETCA TAKOBOIA.

@ O|l® 0@
ONN RNNORN BEO
| JNONN REONN )
ONN NNONN RO
| ANONN NNONN )

The board is a 5 x 5 square with white and black pieces arranged as shown in the picture above. Anya
and Borya play a game: first, Anya removes any black piece she chooses from the board. Then, Anya
and Borya take turns (Anya starts) moving pieces: Anya moves a white piece to an adjacent empty
space, and Borya moves a black piece to an adjacent empty space. The game ends when one of the
players cannot make a move. Which player will win if he (or she) plays correctly, i.e., regardless of the
opponent’s moves? Describe the winning strategy and prove it.

Pemrenne (RUS). /okaxewm, uro Bomrpeiaer Bops. [locie toro, kak Ausi ybGeper ¢ JIOCKH
dqepryto buiky, Bopst pa3zobber 10CKy Ha JOMUHOIIKE (IPSIMOYTOIBHUKH 1 X 2) — JIErKO BUJIETH, YTO 9TO
BCErJa MOYKHO CliejiaTh. Tormga KasKabiM CBOMM XOA0M AHs 0CBOOOKIaeT OeIyi KJIETKY B HEKOTOPOii
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JIOMHHOIIIKEe, U Bops MOXKeT MOCTaBUTh B 3TY KJIETKY YEepHYIO (DUIIKY M3 9TOH JOMUHOIMKH. Takwmm
obpasoMm, bops Bcerma MoxkeT cienarb X0/, eCJH X0/ Hepe HUM caesata AHsi.

JlokazkeMm, 9TO UIpa HE MOMKET MPOOIZKATHCS OECKOHETIHO 70/r0. [[oKpacuM KJIeTKu JOCKU B Uep-
HbIIl ¥ Oesiblil 1BeTa Tak, 9ToObl B M3HAYAJIBHON PacCTaHOBKE YepHbBIe (DHUIMKHU CTOSAIN Obl HA YEPHBIX
KJIeTKax, a 6esble (DUIIKKE — Ha OesIbIX KJIeTKaxX. 3aMeTuM, 9T0 AHs B HadaJje HTPhl 0CBOOOXK1aeT IePHY IO
KJETKY, a 3aTeM IepeJaBuraer (pumky c¢ 6es10i KJIeTKH Ha YepHYIO, OCBOOOXK Tasd TAKUM 00pa3soM OeJIyio
KIeTKy. AHasornduo, bopst ¢cBomM X0moMm mepeaBuraer (PUINKY ¢ UYepHOH KJISTKH Ha 0el1yio, 0CBOOOK-
Jast 9ePHYI0 KJIETKY, W T.J0. TakuM o0pa3oMm, AHSA MOKET IMepeIBUraTb TOJLKO Oesble PHUIIKH ¢ OeabIxX
KJIETOK HAa 4YepHble, a Bops MOXKeT mepeaBurarh TOJHKO YepHBIEe (DUITKH ¢ YePHBIX TOjeil Ha Oesbie.
Otcrofa caemyet, 9T0 KayKIyio (GUITKY MOXKHO MePeBUHYTH He 00oJiee OTHOTO pa3a. JHAYUT, TOCKOJIbKY
Ha JIOCKe U3HAYAJIBHO ecTh 12 Gestbix u 12 gepHbIX duriek (mocie Toro, kKak Ansi y6eper onHy (bUIiky
B HAUaJe UIPhI), He Mo3aHee YeM depe3 24 xona (12 xomo Anu u 12 xom0s Bopn) urpa 3akKoHUATCA.

Kputepuu onennBanusa:
e JIOKA3aHO, YTO UI'Da 00A3aTeTHbHO 3aKOHUYHUTCH: +2 MePBUYHBIX OAa;
® JIaH BEPHBIH OTBET, MPUBEJ/IEHA U BEPHO 00OCHOBaHA MOOEIHAS CTPATErus: +3 MEePBUIHBIX DaJLIa;

® JIOIYIIEHBl HE3HAUYUTEIbHbIE ONNOKY: -1 nmepBUYHbBIH DALl 38 KayK/IyIO.

Solution (ENG). Let’s prove that Borya wins. After Anya removes the black piece from the
board, Borya will split the board into dominoes (rectangles of 1 x 2) — it’s easy to see that this can
always be done. Then, with each move, Anya frees a white square in some domino, and Borya can place
a black piece from that domino in that square. Thus, Borya can always make a move if Anya made a
move before him.

Let’s prove that the game cannot continue indefinitely. We paint the board black and white so that
initially black pieces stand on black cells and white pieces stand on white cells. Note that Anya vacates
a black cell at the start of the game, then moves a piece from a white cell to a black cell, thus vacating
the white cell. Similarly, Borya moves a piece from a black cell to a white cell, thus vacating the black
cell, and so on. Thus, Anya can only move white pieces from white cells to black cells, and Borya can
only move black pieces from black cells to white cells. It follows that each piece can be moved no more
than once. Therefore, since there are initially 12 white and 12 black pieces on the board (after Anya
removes one piece at the start of the game), the game will end in no later than 24 moves (12 of Anya’s
moves and 12 of Borya’s moves).

Criteria:
e the game is proven to be over sooner or later: +2 pre-points;

e the correct answer is given, and the winning strategy is presented and correctly justified: +3
pre-points;

e minor errors were made: -1 pre-point for each.
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9'" degree

Task 1.

1. B rerpamu 12 mucrop. CKOJBKEMHU cIIOCOOAME MOXKHO BCTaBUTH 7 OJUHAKOBBIX 3aKJIaJ0K MerK-
JIy JIMCTAMH TaK, YTOOBI MKy KaxKJI0# IMapoil coceTHUX JIMCTOB OBLIO He 6osiee OIHOM 3aKIa KN !

There are 12 sheets in a notebook. In how many ways can 7 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 330

2. B rerpamu 16 ucroB. CKOABKEMHE CIIOCOOAME MOYKHO BCTaBUTh 13 OJMHAKOBBIX 3aKJIAI0K MEK-
NIy JIECTAMH TaK, YTOOBI MEKY KazKI0# Mapoil coOceIHUX JUCTOB OBLIO He Dosee OAHOM 3aKIaIKn !

There are 16 sheets in a notebook. In how many ways can 13 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 105

3. B rerpaan 12 nucroB. CKOJIBKUMH CIIOCODAMH MOXKHO BCTABHUTH 8 OJMHAKOBBIX 3aKJIaI0K MEXK-
JIy JIMCTAMH TaK, YTOOBI MEKy KaxKJI0U IMapoil coceIHUX JIMCTOB OBLIO He 6osiee OIHOM 3aKIaIKN !

There are 12 sheets in a notebook. In how many ways can 8 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 165

4. B rerpamn 16 jaucroB. CKOJBKUMHE CIIOCOOAMHI MOYKHO BCTABUTH 12 OJMHAKOBBIX 3aKJAJI0K MEZK-
NIy JIECTAMH TaK, YTOOBI MEXKY KazKI0# mMapoil cOCeIHNX JUCTOB OBLIO He Dosee OAHOM 3aKIa KN !

There are 16 sheets in a notebook. In how many ways can 12 identical bookmarks be inserted
between the sheets in such way that there is at most one bookmark between each pair of adjacent
sheets?

Answer: 455

Pemenne (RUS). (npeacrasieno pemenne apuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTHIHO)
Ectb 12 — 1 = 11 n1poMeKyTKOB MeK/Ly COCeJHUMHI CTpaHUIAMH, I03ToMy ecTh posHo CT; = 330 cuo-
coDOB PACIOJOKHUTD 7 OJUHAKOBBIX 3aKJIAIOK.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
There are 12 — 1 = 11 spaces between adjacent pages, so there are exactly (171) = 330 ways to arrange
7 identical bookmarks.

Task 2.

1. Haitnure ocraTrok or menenus 57 ma 23.

Find the remainder of 5'°7 divided by 23.
Answer: 10

2. Haiinure ocTaTok oT meienus 7274 ma 17.

Find the remainder of 72 divided by 17.
Answer: 15

3. Haitnure octaTox or nesenus 3°%° ma 29.

Find the remainder of 3°%° divided by 29.
Answer: 12

4. Haifimure octaTok or nesenus 1122 ma 13.

Find the remainder of 11?2 divided by 13.

Answer: 4

Pemenne (RUS). (npeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJOTHIHO)
Corstacuo masioii reopeme @epma, a’~' = 1 (mod p) a/1st IPOCTOro p U HE KPATHOTO €My HATYDAJIbHOIO
a. Vmeem

597 = (52)7.5°=17-5"=125=10 (mod 23)

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
According to Fermat’s little theorem, a?~! = 1 (mod p) for a prime p and a positive integer a that is
not a multiple of it. We have

597 = (52)7.5°=17-5*=125=10 (mod 23)

Task 3.
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1. JIs HeKOTOPBIX BEIIECTBEHHBIX a U b pelreHust
a<a’+2x—-3<b,

OTMeYeHHBIe Ha KOOPUHATHOW OCcH, 0Opa3yIoT JABa HEMEPECEKAIOMINXCS OTPEe3Ka CyMMAPHON JITH-
uer 10. Haiianre smadenwe seawansbl V4 + b + /4 +a opn b — a = 40, npn HeOOGXOANMOCTH
OKPYTJIUB €10 JIO THICSIIHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<2?+2r—3<b

form two non-intersecting segments (on the coordinate axis) of total length 10. Find the value of
V4 4+ b+ 4+ a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: &

2. Jl1s1 HEKOTOPBIX BEIECTBEHHBIX a M b pereHus
a<$2+2$—3<b7

OTMEe4YeHHbIe HA KOOPJAUHATHON 0cH, 00Pa3yioT /iBa HEIIEPECEKAIOMMXCH OTPE3KA CyMMAaPHON JITUHbI
5. Haitnnre 3uadenne enaunnl 4 + b+ /4 + a opu b — a = 40, mpu HeOOGXOIUMOCTH OKPYT/IHB
€T0 JI0 THICAYHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<2?+2r—3<b

form two non-intersecting segments (on the coordinate axis) of total length 5. Find the value of
V4 + b+ /4 + a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: 16

3. Jlnst HEKOTOPBIX BEIECTBEHHBIX a U b perenus
a<z*—5r+6<b,

OTMeYeHHbIe HA KOOPIUHATHOW 0CH, 0OPa3yIoT JBa HEMEPECEKAIOIINXCS OTPE3KA CyMMAPHON JITH-
bl 16. Haiianre 3navenne Bequmauabl /1 + 4b + /1 + 4a pu b — a = 40, npu HEOOXOIUMOCTH
OKPYIJIEB €ro /10 ThICIIHBIX.

Given real numbers a and b. All the solutions of the inequalities

a<z?—5x+6<b

form two non-intersecting segments (on the coordinate axis) of total length 16. Find the value of
V1 +4b+ /1 + 4a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: 10



Innopolis Open 2025/26 in Mathematics 1%¢ qualifying round

4. 11t HEKOTOPBIX BEIIeCTBEHHBIX @ U b pelleHus
a<z?—5x+6<Db,

OTMeYeHHbIe HA KOOPMHATHOW 0CH, 0OPa3yIoT JBa HEMEPECEKAIOIINXCS OTPE3Ka CyMMAPHON JITH-
upl 8. Hajigure 3nauenue Besudusbl /1 + 40 + /1 +4a npu b — a = 40, upu HEOOXOIUMOCTH
OKPYIJIKB €ro 10 ThICIIHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<z?—5x4+6<b

form two non-intersecting segments (on the coordinate axis) of total length 8. Find the value of
V14 4b+ /1 + 4a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: 20

Pemrenue (RUS). (npeacrasieno perienne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
I[TycTh paBeHcTBO @ = 22+ 22 — 3 BHINOJHACTCA 1T TOUEK Ly, 7 (I, < 7,). Ecn paBencTBO He 10CTArAeT-
Ced, T.€. 3TO KBaJApaTHOEe ypaBHEHUEe He UMeeT KOPHell, TO B yCJIOBUAX 3a/aud He MOLJIO II0JIY YUThCA JBYX
OTPE3KOB Pellenuil. AHAJOTIYIHO, JOKHBI CYIMIeCTBOBATH KOPHH [, < 7 714 paBeHcTBa 2 427 — 3 = b.
Torga B cuny a < b moay4aem, 9to [ly, 7. C [lp, 7] 1 10 = (rp, — lp) — (rq — l,). DTa BeqUIHHA BHIYHC-
JgeTcs, HaIpuMep, 1o (popMysIe KOpHeil KBaJIpaTHOro YpaBHEHH, U PABHA

10=+/1— (=32 +4b—/(1—(=3)2+4a=2-(Vi+b—Vi+ta) = \/4f(bb;\2+a’

9TO PUBOIUT K V4 + b+ /4 +a=2(b—a)/10 = 80/10 = 8.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let the equality a = 2% + 2x — 3 be satisfied for the points l,, 7, (I, < 74). If equality does not hold,
i.e. this quadratic equation has no roots, then we cannot have two segments mentioned. Similarly, there
must be roots I, < 73, for the equality 22 + 2z — 3 = b. Then (by a < b) we obtain [l,,7,] C [ly, ] and
10 = (rp — lp) — (14 — lo). This value is calculated, for example, using the formula for the roots of a
quadratic equation, and is equal to

10=1/(1—(=3))2+4b— /(1= (-3)2+4a=2-(VA+b—Vi+a)= \/4f(bb4:\‘;l+a,

which leads to V4 + b+ V4 +a =2(b—a)/10 = 80/10 = 8.

Task 4.

1. Ymena 1,2,3,...,36 BomHCcaJn O KPYry B YKa3aHHOM TOPSAKE O 4acoBOH cTpeake. KaxKmyio
CEKYH/Ly Pa3pPemiaercsi MOMEHSTh MECTAMU J[BA COCEIHUX YUC/IA. 3& KAKOe HAMMEHbIIee KOJIUde-
CTBO CEKYH/JI MOZKHO JIOOUTHC TOrO, YTO BCE YHCIa OYIyT PACIOJIOZKEHbI B OOPATHOM MOPSJIKE, T.€.
1,2,3,...,36 npoTuB 9acoBOii CTpeaKu’

The numbers 1,2, 3,...,36 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,..., 36 counterclockwise?

Answer: 306
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2. Yucoa 1,2, 3,...,60 Beimucaan mo Kpyry B YKa3aHHOM IOPSJIKe MO 9acoBOH cTpeske. Kaxkmyio
CeKYH/Iy Pa3pemaercsi MOMEHSITh MECTAMU JBA COCEIHUX YUC/IA. 3& KAKOe HAMMEHbIIee KOJIUde-
CTBO CEKYH/JI MOZKHO JIOOUTHC TOrO, YTO BCE YHCIa OYIyT PACIOJIOKEHbI B OOPATHOM MOPSJIKE, T.€.
1,2,3,...,60 nporuB gacoroii cTpeakn?

The numbers 1,2, 3,...,60 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,60 counterclockwise?

Answer: 870

3. Yucna 1,2,3,...,24 Boinucaan 1Mo KPyry B YKa3aHHOM TOpsJIKe 110 4acoBoil cTpeske. Kaxiayio
CeKYH/Iy pa3pelnaercs MOMEHSTbh MECTAMH JBa COCETHUX JHUCIA. 3a KaKoe HauMeHbIee KOJTde-
CTBO CEKYHJT MOYKHO JIOOUTHCS TOTO, UTO BCE YHCJIA OYIYT PACIOIOXKEHBI B 0OPATHOM TIOPSIJIKE, T.€.
1,2,3,...,24 uporus 4acoBoii crpejaku’

The numbers 1,2, 3,...,24 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,24 counterclockwise?

Answer: 132

4. Yucna 1,2,3,...,40 Boinucau 110 Kpyry B yKa3aHHOM IIOPsiJIKE 110 4acoBO# crpesike. Kaxkiyio
CeKYHIy Pa3peniaercs MOMEHSTh MeCTaMW JBA COCETHUX YHCIA. 3a KAKOe HAWMEHbBIee KOJIIde-
CTBO CEKYH/JI MOXKHO JIOOUTHCS TOTO, YTO BCE YHCIa OYIYT PACIOIOKEHBI B OOPATHOM TOPSJIKE, T.€.
1,2,3,...,40 npoTuB 9acoBOi CTPEJKH?

The numbers 1,2, 3,...,40 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,40 counterclockwise?

Answer: 380

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTONHIHO)
Byjem caurtarh, 9T0 YHC/IA PACIOJIOKEHBI B BEPIIMHAX PABUJILHOIO N-yIOJIbHUKA, & TpeOyeMoe MUHN-
MAJILHOE YHCJI0 HEePeCTaHoBOK 0003Ha4nM 3a f(n). UToObl IOMEHATH MECTAME IHC/IA, PACIOIOKEHHbIE
JIPYT OT JIPyra «Ha PACCTOSHHE» Kk CTOPOH HAIIEro MHOIOYroJbHHKa (cuuraeMm k < n/2, nnade Gygaem
NepPeCcTaBIAThH BIOJb JPYTOd JyrH OKPY?KHOCTH, ONMUCAHHONA OKOJIO N-YTOJBHUKA), TPEOYeTCsi He MeHee
[(k —1)/2] cexyun ([t] — menas gacry unciaa t), re. f(n) > f(n—1)+ [(n —1)/2] — 3naqur,

fRE) =1+ [3/2]+B/2]+---+[2k—1)/2) =2(1+2+---+(k—1) =k* -k
f2k +1) > f(2k) + [2k/2] = Kk?

Ha 70, 9T00bI MOMEHSTH MOPSIJIOK CJieioBanus qucea 1,2, ...,k Ha OPOTHBOMOJIOXKHBIN, OymeM moce-
JIOBATEILHO TepecTaBasaTh 1 u 2, 1 u 3, ... 1 m k, 3arem 2 u 3, 2 u 4, ....2 u k u T.7. — norpedyercs
(k—1)+ (k+2)+---+1=(k*—k)/2 cexynu. [Tjist T0ro, 4robbl nepecraBurh ocraibhbie n — k uucel,
norpebyercs emte (n — k)(n —k — 1)/2 cexyny — uroro (n? — 2n)/4 cexyuj jyist 4eTHOIO n.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We assume that the numbers are located at the vertices of a regular n-gon, and denote the required
minimum number of permutations by f(n). To swap numbers located at a distance of k sides of our
polygon (we assume k < n/2, otherwise we will swap along another arc of the circle described about the
n-gon), it takes at least [(k —1)/2] seconds ([t] is the integer part of t), i.e. f(n) > f(n—1)+[(n—1)/2]
— therefore,

fRE)=1+[3/2+[5/2] +---+[2k—1)/2) =2(1+2+---+(k—1)) =k —k

f(2k +1) > f(2k) + [2k/2] = K?

To reverse the order of the numbers 1,2, ..., k, we permute 1 and 2, 1 and 3, ... 1 and k, then 2 and 3,
2 and 4, ..., 2 and k, etc. — it would take (k — 1)+ (k+2) +---+ 1 = (k* — k) /2 seconds. To rearrange
the remaining n — k numbers, it will take another (n — k)(n — k — 1)/2 seconds — a total of (n? —2n)/4
seconds for an even n.

Task 5. Nrposoe mose npejcrasiiger coboit j10cKy pa3mepa b X 5, Ha KOTOPOHl paccraBjeHbl Oejibie
u 4depHbie (DUITKW, KaK MOKa3aHo Ha pucyHke. Aus m Bops wrpator B urpy: cuauana Aug yObupaer
¢ Jocku 00y depHyIo (BUIIKY [0 CBOEMY yCMOTpeHuro, 3areM AHs u Bops 1o ovepenu (HaunHaeT
Ans) nepenpuraior dburikn: AHs nepeasuraer 6enyro GUIIKY Ha coceiHee ¢ Heil mycToe mose, a Bops —
JepHy0 (DHUIIKY Ha COCeIHee ¢ Hell mycToe moe. Mrpa 3akaHdnBaeTcs, KOTIa OJIMH U3 UI'POKOB HE MOYKET
cesnathb X0, KTo U3 UIPOKOB BRIUTPAET HMPH MPABUILHON UIDE, T.€. HE3aBUCUMO OT XOJ0B COIMEPHUKA?
Onumure TOOEIHYIO CTPATEIHI0 U JOKAYKATE, ITO OHA SABJISIETCS TAKOBO.

@ O|l® 0@
ONN RNNORN BEO
| JNONN REONN )
ONN NNONN RO
| ANONN NNONN )

The board is a 5 x 5 square with white and black pieces arranged as shown in the picture above. Anya
and Borya play a game: first, Anya removes any black piece she chooses from the board. Then, Anya
and Borya take turns (Anya starts) moving pieces: Anya moves a white piece to an adjacent empty
space, and Borya moves a black piece to an adjacent empty space. The game ends when one of the
players cannot make a move. Which player will win if he (or she) plays correctly, i.e., regardless of the
opponent’s moves? Describe the winning strategy and prove it.

Pemrenue (RUS). [dokaxkem, uro Bbimrpeiaer Bops. Ilocie Toro, kak AHsi ybGeper ¢ JTOCKH
depryio buriky, Bopst pa3zobber 10CKy Ha JOMUHOMIKE (IPSIMOYTOABHUKH 1 X 2) — JIErKO BUJIETH, YTO ITO
BCErJa MOXKHO ClejaTh. Torma KasKabIM CBOUM XOH0M AHs 0CBOOOKIaeT OeIyi0 KJIETKY B HEKOTOPOii
JIOMUHOTIIKEe, U BOpsi MOYKeT MOCTaBUTh B 3Ty KJIETKY YEpPHYIO (DUINKY U3 ITOW JOMUHOIKA. Takum
obpa3oM, bops Bceryia MOKeT ¢jesiaTh XO/I, €CJU X0/, [epeji HUM cjesasa AHd.

JlokaxkeM, 9TO UTrpa He MOYKeT MPOJOJIKAThC OeCcKOHedHO 70Jro. [lokpacum KiIeTKu JOCKU B 4Uep-
HbI{l ¥ OeJiblil HBeTa Tak, 4ToObl B M3HAYAJIbHON PacCTaHOBKE 4YepHble (DUINKU CTOS/IM Obl HA YePHbIX
KJeTKax, a Oesbie UKy — Ha OeTbIX KJIeTKax. 3aMeTnM, 9T0 AHS B HaYa e UTPbl 0CBODOXK 1aeT YePHY IO
KJIETKY, a 3aTeM IepeBuraet (puinky c¢ 0ejioif KJIeTKH Ha Ye€pPHYIO, OCBODOXK Tasi TAKUM 00pa3oM OeJIyio
KJIeTKY. AHAJIOTU4YHO, Bops cBouM xo/10M nepejsuraer (bUINKY ¢ 9epHON KJIeTKH Ha GeIyio, 0CBOOOXK-
Jlas 9epHYIO KJIeTKY, n T.J. Takum oOpaszom, AHd MOXKeT mepeIBUraTh TOJIBKO Oesible (DUIIKK ¢ OEJIBIX
KJIETOK Ha 4epHble, a Bops Moxker mnepeasBurarb TOJHKO YepHbIe (DUITKU ¢ YEPHBIX 10jeil Ha Oesibie.
Orcroza ciaemyer, 9T0 KazK Iyt (PUIKY MOXKHO MEPEIBUHYTH HE 00J1ee OTHOTO pa3a. JHAYUT, TOCKOIbKY
Ha JIOCKe M3HAYAJbHO ecTh 12 Gesbix u 12 gepHbix duriek (mociae Toro, kKak Ausi ybeper onHy buriky
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B HAYaJle UI'PhI), He Mo31aHee YeM depe3 24 xoma (12 xomoB Anu u 12 xom08 Bopu) urpa 3aKOHIATCA.

Kpurepumn oneHuBaHmd:
® JI0OKa3aHO0, YTO MI'Pa 00S3aTE/IbHO 3aKOHUYUTCS: 2 IMePBUYHBIX OasLIa;
e JlaH BepHBIIl OTBET, IPUBEJIeHa U BePHO 0DOCHOBaHA 1M0OOEHAS CTpaTerus: +3 NepBUIHBIX DaJsiia;

® JIONYIIEeHBl He3HAUUTEIbHBIE OITUOKY: -1 MepBUUHBIM OaJLT 32 KaxKIyIO.

Solution (ENG). Let’s prove that Borya wins. After Anya removes the black piece from the
board, Borya will split the board into dominoes (rectangles of 1 x 2) — it’s easy to see that this can
always be done. Then, with each move, Anya frees a white square in some domino, and Borya can place
a black piece from that domino in that square. Thus, Borya can always make a move if Anya made a
move before him.

Let’s prove that the game cannot continue indefinitely. We paint the board black and white so that
initially black pieces stand on black cells and white pieces stand on white cells. Note that Anya vacates
a black cell at the start of the game, then moves a piece from a white cell to a black cell, thus vacating
the white cell. Similarly, Borya moves a piece from a black cell to a white cell, thus vacating the black
cell, and so on. Thus, Anya can only move white pieces from white cells to black cells, and Borya can
only move black pieces from black cells to white cells. It follows that each piece can be moved no more
than once. Therefore, since there are initially 12 white and 12 black pieces on the board (after Anya
removes one piece at the start of the game), the game will end in no later than 24 moves (12 of Anya’s
moves and 12 of Borya’s moves).

Criteria:
e the game is proven to be over sooner or later: +2 pre-points;

e the correct answer is given, and the winning strategy is presented and correctly justified: +3
pre-points;

e minor errors were made: -1 pre-point for each.

Task 6. B nepaBnoGeapennom tpeyroabauke ABC mposenena ouccektpuca AL, a Tak:ke OHCCEKTpH-
ca BHeIIHero yria A, MOBTOPHO IepeceKarolias OMHCAHHYI OKPYKHOCTh TpPEyroJbHHKa B TO4Yke N.
[Tpsamasa N L moBTOpPHO mepecekaeT OMUCAHHYIO OKPYZKHOCTH TPEYTOJIbHUKA B TOUKe P; Touka [ — IeHTp
primcauuoit okpyxkuoctu AABC. Jlokaxkure, 9T0 OMUCAHHBIE OKPYXKHOCTH Tpeyroabaukos BIC u LPC
KaCAITCS.

In a non-isosceles triangle ABC' the bisector AL is drawn; the bisector of the external angle A
intersects the circumcircle of the triangle at point N. The line NL intersects the circumcircle of the
triangle at point P; point [ is the incenter of AABC. Prove that the circumcircles of triangles BIC
and LPC are tangent to each other.

Pemrenne (RUS). ITpogium Guccekrpucy AL 10 MOBTOPHOTO MEpECeYeHns: ¢ OKPYKHOCTHIO B
touke W, cepemunnl ayru BC' 3T0if OKPYXKHOCTH, He cojepxKaineir Touky A, a Todka N IOBTOPHOrO
nepecedeHnst OMCCeKTPUCHI BHEITHETO yTiia A TpeyroabHEKaA ¢ ero ONUCAHHON OKPYKHOCTBIO — CEpeInHA
ayru BAC. Takzxke 3amerum, 4ro, 110 jemme o tpesyoue, WB = WC = W1, o ectb W — 1ieHTp OKpY K-
woctu (BIC). Ipoeeném npsvyo NC' u nokazxem, uro obe okpyzxkuoctu (BIC) u (LPC') xacatorcs eé
B Touke C, OTKyma cpa3y OyaeT caeaoBaThb Tpebyemoe.
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Yrob6ur mposeputsh Kacanne NC u (BIC), nocratouno mokasarh, uto Beqnunna yriaa NCB pasrna
nosioBuHe rpajycuoii mepsl jgyru BIC B okpyxuoctu (BIC). Ho yron BWC — nenrpajibubliit B 9100
OKPY2KHOCTH, 1 moroMmy aeiicreurensao /NCB = /ZNWB = %ABWC — TOJIOBWHA, IPAyCcHON MepHI
ayru BIC (mmu6o mMoxkHO cpasy 3ameTuth, 9yt0 ZWC'N = 90° Kak BHUCAHHBIN, OMUPAIOIIHHCST HA JHa-
merp WN). Hakownen, arobsr nposeputh Kacaunue NC' u (LPC'), 1ocTaTovHO MOKa3aTh, YTO BEJIUIMHA
yria NCL paBHa BeJIMYUHE BIHCAHHOTO VIJIA, OIHUPAIOIIETOCS Ha COOTBETCTBYIONIYIO JIYTY B OKPYZKHO-

cru (LPC). D10 meiictButenbHo Tak, mockoabky ZNCL = ZNCB — mosoBuHa TPAIyCHON MepBl JIyT
NB,NC, 1e. ZNCL=/ZNPC = ZLPC.

Kpurepuu onennBanus:
e IpuBeIeHa Uaes perneHns: — 1 MepBUIHBINA OAJLT;

® [IpHUBEJIEHA M YACTUYHO PeaJn30BaHa ILJIOJOTBOPHAs MJEsi PEIIeHUsi, HO BbIYMCJCHUS OILYIIEHbI
WJIM BBITIOJIHEHBI C OIMIUOKOI — 2 MepBHYHBIX DaJlia;

® TIOJTHOe M 0DOCHOBAHHOE DeIlleHne — 5 TMePBUYHBIX DAJIIOB.

Solution (ENG). Extend the bisector AL until it intersects the circle at point W, the midpoint
of the arc BC' of this circle that does not contain point A. The point N of the second intersection of
the bisector of the exterior angle A of the triangle with its circumscribed circle is the midpoint of the
arc BAC. Also note that, by the trident lemma, W B = W(C = W1, meaning W is the center of circle
(BIC). Draw line NC and prove that both circles (BIC') and (LPC') touch it at point C, from which
the required result immediately follows.

To verify the touch of NC and (BIC), it suffices to show that the measure of angle NCB is equal
to half the degree measure of arc BIC in circle (BIC). But the angle BW (' is central in this circle, and
therefore /NCB = ZNW B = $/BWC is indeed half the degree measure of the arc BIC (or one can
immediately notice that ZIWCN = 90° as the inscribed angle subtended by the diameter W N). Finally,
to verify the tangency of NC and (LPC'), it suffices to show that the value of angle NC'L is equal to the
value of the inscribed angle subtended by the corresponding arc in the circle (LPC). This is indeed so,
since ZNCL = ZNCB is half the degree measure of the arcs NB, NC,i.e. ZNCL =/NPC = ZLPC.

Criteria:

e an idea of a solution provided — 1 pre-point;

e a fruitful idea provided and partially implemented, but calculations omitted or performed with a
mistake — 2 pre-points;
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e a complete and justified solution — 5 pre-points.
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10" degree

Task 1.

1. CmekHbIe CTOPOHBI MPSIMOYTOJTBHUKA PABHBI & CM U Y CM, TJIe X,y — TOJOKUTEThHBIE MEeIble TnC-
Ja; IIlepuMeTp IpAMOYTOJIbHUKa paBeH P cM, a miomaib — S cM?. Haiiaure KoaudecTBo TaKux
IPSIMOYTOJIBHUKOB, ecyii S = 12 - P. [IpgaMoyroabHUKT £ X Yy U Y X &, KOHEYHO, OJUHAKOBBIE.

Adjacent sides of a rectangle are x cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P cm, and its area is S ¢cm?. Find the number of such rectangles if S = 12 P.
Rectangles = x y and y X x are equal.

Answer: 11

2. CmeKHBIE CTOPOHBI MPSIMOYTOJIBHUKA PABHBI I CM ¥ Y CM, T/J€ T,y — MOJOKUTEIbHBIE TeIhie TUC-
7a; MepuMeTp IPsSMOYTOJbHUKA paBeH P cM, a miaomanb — S cM?. Hafiure KOamdecTBO TaKHX
HPAMOYTOJILHUKOB, ecyii S = 24 - P. IIpaMOyroJabHUKA & X Yy U Y X &, KOHEYHO, OJUHAKOBBIE.

Adjacent sides of a rectangle are x cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S cm?. Find the number of such rectangles if S = 24 - P.
Rectangles = x y and y X x are equal.

Answer: 14

3. CmekHBIE CTOPOHBI MPSMOYTOJBHUKA PABHBI I CM ¥ Y CM, T/J€ T, — MOJOKUTE/IbHBIE TeThie TUC-
7a; MepuMeTp IPsSMOYTOAbHHKa paBeH P cM, a miaomanb — S cM?. Haifiure KOMWIecTBO TaKHX
HPAMOYTOJILHUKOB, ecyii S = 16 - P. [IpaMOyroabHUKN & X Yy U Y X &, KOHEYHO, OJUHAKOBBIE.

Adjacent sides of a rectangle are x cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S ¢cm?. Find the number of such rectangles if S = 16 - P.
Rectangles = x y and y X x are equal.

Answer: 6

4. CMezKHBIe CTOPOHBI MPAMOYTOJIBLHAKA PABHBI £ CM H I CM, € T,y — HOJOKATEIbHBIE TEIbIe THC-
7a; TepuMeTp TPSMOYTOALHIKa paBeH P cM, a miaomans — S cm?. Haifnre KOaWIecTBO TaKuX
HPSAMOYTOJIBHUKOB, ecyii S = 36 - P. [IpaMoyroabHUKU & X Yy U Y X &, KOHEYHO, OJUHAKOBBIE.

Adjacent sides of a rectangle are x cm and y cm, where x,y are positive integers; the perimeter
of the rectangle is P c¢m, and its area is S ¢cm?. Find the number of such rectangles if S = 36 - P.
Rectangles = x y and y X x are equal.

Answer: 18

Pemtenune (RUS). (npeacrasreno perienne Bapuanra N1, octaiapHbIe PENarOTcsi AaHAJOTHTHO)
3 yenosua umeem ry = 24(x + y), otkyna (v — 24)(y — 24) = 576 = 2% . 3% — y nocaennero uncia
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(6 4+1)(2+ 1) = 21 meaurens, IpuIeM Bee IeJUTeNH, KpoMe 24, pa3buBaioTCs HA TApHI @, b, 17 KO-
TOpbIX @ - b = 576, nupuyeM Kaxkjas napa nOpOXK/JIaeT PABHBIE NPAMOYIOJbLHUKH. SHAYKUT, 00IIee IUCJI0
Pa3AMIHBIX MPIMOYTOJBHUKOB paBHO (21 4+ 1)/2 = 11.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We have zy = 24(z+y), whence (z—24)(y—24) = 576 = 2°-3? — the last number has (6+1)(2+1) = 21
divisors, and all divisors (except 24) are divided into pairs a, b, for which a - b = 576, and each pair
generates equal rectangles. Therefore, the total number of different rectangles is (21 +1)/2 = 11.

Task 2.

1. Jlan nabop mudp: 0,1,2,2,7,0,6,6,4, 8. Pazpemmaercs y1aauTh OJHy U3 HUX, & U3 OCTAJIbHBIX CO-
CTABUTD JICCATUIHYIO 3aIUCh 9-3HAYHOTO YHCIa, KPATHOTO 75. CKOJIBKO Pa3IuIHBIX YHCE] MOYKHO
HOJIYYUTh TaKUM oOpazom? Uucao He MoxKeT HaIMHAThCs ¢ muppbl «0».

Given a set of digits: 0,1,2,2,7,0,6,6, 4, 8. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 75. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 2520

2. Jlan mabop mudp: 0,0,1,1,1,2,5,6,7,8. Pazpemntaercs ya1aauThb OJHY U3 HUX, a U3 OCTAJIBHBIX CO-
CTAaBUTH JAECATUIHYIO 3aMuch 9-3HAIHOTO dnca, KpaTHOTo 60. CKOIBKO PA3IUIHBIX TUCE]T MOKHO
HOJIYIUTh TaKUM oOpa3om? Yucio He MoxKeT HaduHAThCs ¢ mudpbl «0».

Given a set of digits: 0,0,1,1,1,2,5,6,7,8. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 60. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 12000

3. Hawn mabop mudp: 0,0,1,2,5,6,7,7,8,9. Pazpemaercs yaaauTh OJHY U3 HUX, & U3 OCTAJIBHBIX CO-
CTABUTD JECATUIHYIO 3AIMMCH 9-3HATHOTO YHCIa, KPATHOTO 225. CKOJIBKO PA3INIHBIX 9UCET MOYKHO
HOJTIyIuTh TakuM o0Opazom? HUucsao He MOxKeT HadnHATHCS C uphl «0».

Given a set of digits: 0,0,1,2,5,6,7,7,8,9. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 225. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 16380

4. Han mabop nucp: 0,1,1,1,2,2,5,6,9,9. Paszperraercsa yaaauTh OJHY U3 HAX, a U3 OCTAJBHBIX CO-
CTABUTH JECATUUHYIO 3aIUCh 9-3HaTHOr0 YncIa, KpaTHoro 180. CKoJIbKO pa3IudHbIX YUCET MOYKHO
noJiyuuTh TakuM obpazom? Hucsio He MoxkeT HadnHATHCs ¢ UGPbL «05.
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Given a set of digits: 0,1,1,1,2,2,5,6,9,9. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 180. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 1260

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTNHTIHO)
Yro6br unc/I0 JeJUI0Ch Ha 75, He0OXOIMMO W JOCTATOYHO, 9TOOBI OHO JEJNJI0Ch Ha 3 U Ha 25. UToOb
HOJIYYeHHOE YHCJI0 JEJUI0Ch Ha 25, OHO J0JKHO oKaH4uuBaThes Ha 00, 25, 50 mim 75, Ho nudpol 5 B
Habope Her, modTOMy Tpedyemoe yucao okandupaercs Ha 00, u nudpy 0 yaandarsb Helab3sd. YTodbl ducio
JIeJIIIOCH Ha 3, TpebyeTcs, 9ToObl cyMMa, ero mudp aeaunach Ha 3. CyMma nudp IpuBeIeHHOro Habopa
paBaa 0 +14+24+2+74+0+64+ 6+ 4+ 8 = 36 — 3uauuT, 4T0dHI cymMmMa nudp TpedyemMoro 4ucJa
gesimaach Ha 3. MlTak, MOXKHO yaaJuTh TOJBKO 1udpy 6.

VianuB 1udpy 6, MbI HOJYIHM YUCJO BUIA (1d2a030405a06a700, T1€ ay,...,ar; — mudpst 1,2,2,7,6,4.8

|
B HEKOTOPOM TOPSAJIKE, U €CTh % = 2520 crocoboB IepecTaBUTh UX BCEBO3MOYKHBIMHU CIIOCOOAMMU.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

For a number to be divisible by 75, it is necessary and sufficient that it be divisible by 3 and 25. For
the resulting number to be divisible by 25, it must end in 00, 25, 50, or 75, but the digit 5 is not in the
set, so the required number ends in 00, and any of the digits 0 cannot be removed. For a number to
be divisible by 3, the sum of its digits must be divisible by 3. The sum of the digits in the given set is
0+14+24+2+7+0+64+6+ 4+ 8 = 36, thus the sum of the digits of the desired number must be
divisible by 3. So, we can only remove the digit 6.

By removing the digit 6, we get a number of the form ajasasasasaga;00, where aq,...,a; are the

digits 1,2,2,7,6,4,8 in some order, and there are ;—: = 2520 ways to rearrange them.

Task 3.

1. Hucna 1,2,3,...,36 Beimucau 1o Kpyry B yKa3aHHOM IOPSJIKE IO 4acoBoil crpeske. Kaxiyro
CEeKYHJy pa3pelraercs MOMEeHATb MeCTaMHU JIBa COCEJTHHUX YUCIa. 3a KaKoe HauMeHbIIee KOJIude-
CTBO CEKYH/JI MOKHO JTOOUThCS TOTO, UYTO BCE YHCIa OYIYT PACHOI0KEHbI B 0OPATHOM HMOPSIJIKE, T.€.
1,2,3,...,36 uporus 4acoBoii crpeaku’

The numbers 1,2, 3,...,36 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,..., 36 counterclockwise?

Answer: 306

2. Ywucia 1,2, 3,...,60 Beimucaan mo Kpyry B YKa3aHHOM IOPsJIKe MO 9acoBOU cTpeske. Kaxkmyto
CeKYHJIy pa3peniaeTcs MOMEHSITh MeCTaMM JBa COCETHUX YUCTIA. 3a KaKOe HAMMEHbBIee KOJTde-
CTBO CEKYH/JI MOZKHO JIOOUTHCS TOrO, YTO BCE YHUC/Ia OYyT PACIOJOZKEHbI B OOPATHOM MOPSJIKE, T.€.
1,2,3,...,60 nporuB gacoBoii cTpeaku’

The numbers 1,2, 3,...,60 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,60 counterclockwise?
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Answer: 870

3. Yucoa 1,2, 3,...,24 Beimucanan Mo Kpyry B YKa3aHHOM MOpPS/IKe IO 9acOBOU cTpesnke. Kaxkmyto
CEeKYHJy pa3pelraercs MOMEeHATbh MeCTaMHU JIBa COCEJTHHUX YHCIa. 3a KaKoe HauMeHbIIee KOJIude-
CTBO CEKYH/JI MOKHO JTOOUTHCS TOTO, UYTO BCE YHCIA OYIYT PACIOI0KEHBI B 0OPATHOM MOPSIIKE, T.€.
1,2,3,...,24 nporuB 9acoBoii crpeaku’

The numbers 1,2, 3,...,24 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,24 counterclockwise?

Answer: 132

4. Yuena 1,2,3,...,40 Bemucann 1mo Kpyry B YKa3aHHOM TOPSJIKE IO YacoBO# cTpeske. Kaxkmyio
CeKYHJIy Pa3pPeniaercs: MOMEHSTh MECTaMU JBA COCEIHUX YUC/IA. 3a KAKOe HAMMEHbIee KOJIIde-
CTBO CEKYH/JI MOXKHO JIOOUTHC TOTO, YTO BCE YHCIa OYIYT PACIOJOKEHBI B OOPATHOM MOPSJIKE, T.€.
1,2,3,...,40 npoTuB 9acOBOi CTPEJKH?

The numbers 1,2, 3,...,40 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,40 counterclockwise?

Answer: 380

Pemrenune (RUS). (npeacrasieno perenne Bapuanta N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
BymeM cunTarh, 94TO YHCIA PACHONOKEHBI B BEPITHHAX MPABUIBHOIO N-YIOJLHUKA, & TpeOyeMoe MUHHU-
MAJILHOE IHCJIO MePECTAHOBOK 0003HaduM 3a f(n). HTo0b HOMEHATH MECTAME YHC/IA, PACIOI0KEHHBIE
JPYT OT JApyra «Ha PAacCTOSHUW» k CTOPOH HAIIero MHOTOYroibHuKa (caurtaem k < n/2, unade Oymem
IePECTABAATH BJOJb APYIOM YT OKPYKHOCTH, OMUCAHHON OKOJIO N-YTOJBHUKA), TpeOyeTcs He MeHee
[(k —1)/2] cekyun ([t] — menas gacrb wncaa t), re. f(n) > f(n — 1)+ [(n —1)/2] — 3naqwur,

f)=1+[3/2 +[5/2] +---+[2k—1)/2) =2(14+2+ -+ (k—1)) =k* —k
f(2k +1) > f(2k) + [2k/2] = k?

Ha 1o, 9T06BI IOMEHATH NOPSIOK CjaeaoBanus 4duces 1,2, ...,k Ha MPOTUBONOJIOXKHBINA, OyaeM mnoce-
JioBaTeibHO mepectaiadaTh 1 u 2, 1 u 3, ... 1 u k, 3arem 2 u 3, 2w 4, ...,2 u k u 1.70. — norpedyercs
(k—1)+(k+2)+---+1=(k*—k)/2 cekynn. [Iyig Toro, 9Tobbl IIepeCTABATH OCTAIBHBIE 1 — Kk YHCET,
norpebyerca eme (n — k)(n —k — 1)/2 cexynn — mroro (n? — 2n)/4 ceKyH a1 9€THOTO n.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We assume that the numbers are located at the vertices of a regular n-gon, and denote the required
minimum number of permutations by f(n). To swap numbers located at a distance of k sides of our
polygon (we assume k < n/2, otherwise we will swap along another arc of the circle described about the
n-gon), it takes at least [(k —1)/2] seconds ([t] is the integer part of t), i.e. f(n) > f(n—1)+[(n—1)/2]
— therefore,

FRE)=>1+[3/20+[5/2 +- -+ 2k —1)/2] =21 +2+ -+ (k—1)) =k — k
F2k+1) > f(2k) + [2k/2] = K
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To reverse the order of the numbers 1,2, ..., k, we permute 1 and 2, 1 and 3, ... 1 and k, then 2 and 3,
2 and 4, ..., 2 and k, etc. — it would take (k —1) + (k+2)+---+1 = (k* — k)/2 seconds. To rearrange
the remaining n — k numbers, it will take another (n — k)(n — k — 1)/2 seconds — a total of (n* —2n)/4
seconds for an even n.

Task 4.

_ 4212

1. HaiinuTe HamMeHbIIee mesoe MoJI0KATebHOe 1, TpH KoTopoM 4941 He KpaTHO 3".

4941 _ 4212

Find the smallest positive integer n such that is not a multiple of 3™.

Answer: &

_ 4213

2. HaitnuTe HamMeHblee mesioe MOJOKATEILHOE 1, TP KOTOPoM 4456 He KpaTHO 3".

4456 _ 4213

Find the smallest positive integer n such that is not a multiple of 3.

Answer: 7

90

3. HaiinnTe HamMenblee mesoe MOJ0KHATeIbHOe n, mpu KoTopoM 4171 — 49 ge kpatno 3".

4671 _ 4428

Find the smallest positive integer n such that is not a multiple of 3.

Answer: 6

_ 121

4. HaiinnTe HaUMEHbIIEe MeI0€ HOJOKUTEILHOE 1, IpH KOTOpoM 4550 He KpaTHO 3".

4121

Find the smallest positive integer n such that 4% is not a multiple of 3".

Answer: &

Pemenne (RUS). (mpeacrasieno pemenne apuanta N1, ocrajabHbIe DEIIAIOTCS AHAJTOIHIHO)
[Tycrhb a — HanboJbIee Mejioe Yucio, i Koroporo 4941 — 4212 = 4212(4729 _ 1) xparuo 3%, Toraa uckomoe
n = a+ 1. OueBmano, 4212 we xparno 3, mosromy 472 — 1 = 43° — 1 kparno 3°. JlokazKeM 10 UHIYKIHH
cJle/lylolllee yTBep:KIeHne: HauMeHblIee IeJ0e HOoJI0KUTeIbHoe T, 1id KoToporo 4% — 1 kparno 3971
paBHO 3.

Baza unaykunu (a = 1): oueBuHO, 43" —1 =63 kparno 32 =9, npusrom 4! —1=3nu42—1=15
He KpaTHHI 9.

UnayKnuonHad TUmoTe3a: mycTh 4° — 1 kparno 37 mpu o = 3%, mpu 9TOM /719 BCeX MEHBIINX &
9TO HE BBIIOJHEHO.

Mar uHAyKIHHA: TpebyeTcs 10Ka3aTh, 9To 437 — 1 kpaTHO 3%72, HO [71a BeeX MeIBIX YHcesl, MeHbITHX

32, TO He BBHINOJHEHO.
43 1 = (4" —1)(4* + 4"+ 1)

ITepsiii comnoxkurens kparen 3% (o me 3%72) no npe/nosioxenno uHyKuu. PaccMoTpuM BTODOii
COMHOKHUTENB: 4%7 + 4% +1 =12+ 1+ 1 = 3 (mod 3*™) no npeanonoxenuio unpykiun, T.e. 437 — 1
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KpaTHO 3 - 37! = 39%2, JlokaskeM, 4TO 14 BeeX meablx b < 3z umeno 4° — 1 me kpatHo 372 mycrn
4% — 1 xparno 3%*2 rorma b = 3% - ¢ + r g Hekoroporo uenoro r € [0;3%) u nenoro ¢ € {0,1,2}.
Nwmeem 4° = 47 (mod 3%t1), te. r = 0. SIcro, uto caygan ¢ = 0 u ¢ = 1 IPOTHBOPEYAT WHLYKIMOHHOI
runorese, a aas ¢ = 2 nveem 423" — 1 = (43" — 1)(4%" + 1) — nepswriii MEOKHTENL He KpaTen 3%72) a
BTOPO#i He KpaTeH 3 — HPOTHBOPEYHe ¢ IIPeINo0ZKeHIeM, YTO 3aBepllaeT J0Ka3aTeIbCTBO.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Let a be the largest integer for which 494! — 4212 = 4212(47 _ 1) is a multiple of 3, then the desired
n = a + 1. Obviously, 422 is not a multiple of 3, therefore 472° — 1 = 43° — 1 is a multiple of 3%. We
prove the following statement by induction: the smallest positive integer = for which 4* — 1 is a multiple
of 31 is 39,

Base of induction (a = 1): obviously, 43 — 1 = 63 is a multiple of 32 = 9, while 4' —1 = 3 and
42 — 1 = 15 are not multiples of 9.

Induction hypothesis: Suppose that 4* — 1 is a multiple of 32! for x = 3%, but this is not true for
all integers less than z.

Induction step: We need to prove that 43 —1 is a multiple of 372, but this is not true for all integers
less than 3.

437 1= (4" = 1)(4* + 4" 4+ 1)

The first factor is a multiple of 3**! (but not 3"2) by the induction hypothesis. Consider the second
factor: 42 +4* +1=1>+1+1 =3 (mod 3*"!) by the induction hypothesis, i.e. 43* — 1 is a multiple
of 3.3t = 39+2 Lets prove that for all integers b < 3x the number 4° — 1 is not a multiple of 3%+2: let
4° — 1 be a multiple of 3¢72, then b = 3% - ¢+ r for some integer r € [0;3%) and integer ¢ € {0,1,2}. We
have 4° = 4" (mod 3%*1), i.e. 7 = 0. Tt is clear that the cases ¢ = 0 and ¢ = 1 contradict the induction
hypothesis, and for ¢ = 2 we have 423" — 1 = (43" — 1)(4%" + 1) — the first factor is not a multiple of
3%*2, and the second is not a multiple of 3 — a contradiction with the assumption, which completes the
proof.

Task 5. Ilo xkpyry 3anucannsl 2" HEOTpUIATEJBHBIX MEJIbIX YHCET 41, as, ..., G, ajgee Bce duciaa a;
OJIHOBPEMEHHO 3aMEHSIIOTCST HA TUCTA |aiy1 — G;|, TAe agniq = aq. JloKaykute, 9T0 B pe3ysbTaTe ITOrO
1poIecca BCe YUCAa PAHO WIH MIO3/IHO CTAHYT HYJISIMU.

2™ non-negative integers ay, as, . . . , asn are written in a circle. Then all the numbers a; are simultaneously
replaced by the numbers |a;11 — a;|, where asnyq1 = aq. Prove that as a result of this process, all the
numbers sooner or later become zeros.

Pemenne (RUS). Bamernm, 4To HA KazKJIOM IMAre MaKCHMAJbHOE YHCI0 B HAOOpe HE YBEJIH-
YHBAETCs, T.e. €CJII B HEKOTOPbIII MOMEHT BpEMEHH MaKCHUMaJjbHOEe 4Yucjo craHer pasHO 0, TO u Bce
ocrasbHble 4ncia Toxke Oyayr pasusl 0. IlpejanosoykumM, 4To MakCHMaJIbHOE YHCJIO B HallleM Habope B
pesysbTaTe olepaluii IepecTaJo MeHdaThed B cTajto pasao m > (. [Ina ynobcTBa 3aMeHHM IHCIA 1 HA
yucaa 1, u OyaeM paccMaTpUBATh BCe YUCJA KaK OCTATKH 1o Moaysio 2. Torma, ecam MBI B KaKOH-TO
MOMEHT IOJyYHM TOJIBKO HYyJIeBBIe OCTATKH, 3TO OyJIeT 03HAa4aTh, UYTO BCe IHCIa OOPATHINCH B HYJM.

Jlokaxkem uHLyKIuei 1o k, 910 nocje k-ro mara Jjuist Bcex ¢ = 1,2, 3...,2" OygeT BbIIIOJHEHO

k
N ,
ag ) = E C}h - @(itj) (mod2n) (mod 2)
j=0

Basa unaykuun (k= 1): agl) = |aj+1 — a;) = a; + a;41 (mod 2).
NHyKIMOHHASI TUIIOTE3a: LYCTh yTBEPXKIEHUE BBIIOJHEHO s 1,2, ... k.
IMTar na yKIAN:

o =1, — P =+l =
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k k k k+1
Z Cljc “A(i4j) (mod 27) T+ Z Cljc " A(i+j+1) (mod 27) = Z A(i+4) (mod 27) T Z C] b A(i4+j§) (mod 2n) =
=0 =0 =1
k+1 k+1
> (C” +C” 1) “Q(i45) (mod 2n) Z fa1 " Q(i+g) (mod 2y (mod 2)
7=0 =0

J J=1 _
Mer ucnomp3oBan u3BecTHOe TOXKAeCTBO O + Ck' = Cj - Mnayxknus 3apepiiena.
Jnst k = 2" Gunomnanbubie koagdunuentsr C; qernst aist j = 1,2,...,k—1, npu srom Cp = Cf =

1. ITocoe 2™ maros nMmeeMm
a(g") _ a(2"71) (2n-1)

2" —1
i i + (+2™) (mod 27) 2- (Z,E ) =0 (mOd 2)7

T.e. He DoJiee yeM depe3 2" IMIaroB BCe UCXOJIHBIE YHCIa 00PATATCA B HYJIH, YTO U TPEeOOBAIOCH JI0KA3aTh.

Kpurepumn oneHnBanmd:

® OTMEYEHO, 9TO MAKCUMAJbHOE YUC/I0 B MOC/IEI0BATETLHOCTH HE YBEJIUINBACTCS, U ITO BCE TUC]IA
Yepe3 HEKOTOPOe YUCJIO IMIArOB CTAHOBSTCS YETHBIME, JIMOO APyTHe Moje3Hble Habmawomenns — 1
NepBUYHBIN GaJLT;

® JIOKa3aHO, 4YTO BCE YHCJ/Ia 4Ye€pe3 HEKOTOPOE€ YHCJIO IIal'OB CTaHOBATCA Y€THBIMHU — 3 IIEPBUYHBIX
basL1a;

® 110JIHOE U 0DOCHOBAHHOE pelleHrne — 5 MepPBUUHBIX OAJLIOB.

Solution (ENG). Note that at each step the maximum number in the set does not increase. By
that if at some point the maximum number becomes 0, then all other numbers will also become 0. Let’s
assume that the maximum number in our set has stopped changing as a result of the operations and is
now m > (. For convenience, we’ll replace the numbers m with the numbers 1 and consider all numbers
as remainders modulo 2. Then, if at some point we only have zero remainders, this will mean that all
numbers have become zero.

We prove by induction on k that after the k-th step, for all : =1,2,3...,2",

k
k k
ag ) = E ( > * Q(i+5)  (mod 27m) (IIlOd 2)

=0 \J
Base of induction for k = 1: agl) = |ajp1 — a;) = a; + a1 (mod 2).
Induction hypothesis: let the statement hold for 1,2,... k.
Induction step:

kH ’ z+1 - a ‘ = az(—i-)l + az(k) =
k k k k k k k+1

Z ( ) "Q(i+5) (mod 2”)+Z < ) "A(i+j+1) (mod 2n) = Z ( ) Q(i+j) (mod 2m +Z < ) Q(i+7) (mod 2n) =
j=0 J =0 J =0 J

k+1 k+1

k k E+1
Z (( ) + ( - 1)) * A(i45) (mod 2n) = Z ( . ) * Q(i4j5) (mod 2n) (HlOd 2)
—\\J J =\

We've used the well-known identity (];) + (jfl) = (kjl) The induction is complete.

For k = 2", the binomial coefficients C} are even for j = 1,2,... .k — 1, while C? = CF = 1. After
2" steps, we have

4@ = o@D | 2D

1) _
¢ i + (i+27) (mod 27) 2'615 ) =0 (mod 2),
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i.e., after no more than 2" steps, all the original numbers will become zeros, as required.

Criteria:

e it is noted that the maximum number in the sequence does not increase, and that all numbers
become even after a certain number of steps, or other useful observations — 1 pre-point;

e it is proven that all numbers become even after a certain number of steps — 3 pre-points;

e a complete and justified solution — 5 pre-points.

Task 6. ITycts O — menTp onucanuoit okpykuOCTH, M — TOYKA IepecedeHnst MeIUaH HePABHOOE IPEeHHO-
ro ocrpoyroJyibuoro rpeyroibiunka ABC. Ha npoposxenun BoicoTol AAg 32 TOUKY Ay OTMETH/IH TOUKY
D, mocse 9ero oTMETHIN HEHTPHI OMUCAHHBIX OKpYyzKHOCTeH TpeyroabHukoB AC'D u ABD — touku O,
u O, coorBeTcTBeHHO. Hokakute, uro nupsmbie BO,COy u OM mnepecekaioTcd B OIHON TOUYKe WIH
rnapaJijie/ibHbl.

Let O be the center of the circumscribed circle and M be the intersection point of the medians of a
non-isosceles acute-angled triangle ABC'. On the extension of the altitude AAy beyond the point Ay we
mark the point D and the centers of the circumscribed circles of triangles AC'D and ABD — the points
O, and Oy, respectively. Prove that the lines BO,, CO, and OM intersect at a single point or are parallel.

Permrenne (RUS). 3amernm, uro Ha Tak Ha3biBaeMoil psMoil Ditepa Tpeyroabanka ABC, momu-
Mo Touek O u M, Bcerja pacroioyKeH u OpToneHTp Tpeyroiabunka H. [To3roMy 10CTaTOYHO TPOBEPUTH
tpebyemoe s npaMbix BOq,CO; u OH. Ecau O; u Oy cOBIAIAIOT, TO ¢ HIMH COBIIAIaeT U TOYKA
O — TpebyeMoe 0YEBUIHO, IOITOMY JaJjee cauTaeM, 910 ToUKu (7 u Oy Pa3JIMIHBI; 3aMETUM, YTO OHU
obe J1exKaT Ha cepeIuHHOM meprueHankyasape Kk AD. Aumamorununo, O; u O J1exKaT Ha CepeIUHHOM Iep-
nerukyaspe Kk AC, a nearpsr O u Oy — Ha cepeaunnom neprenauky/sipe k AB. CrenoBareibHo, mpsi-
mbie 0104, 001, OOy napasienbHbl coorBeTcTBeHHO ¢cTopoHe BC' u npavbiv BH, C'H, comepzkaminm
BBICOTBI TpeyrosibaHuKa ABC — 310 03Hadaer, 9T0 cTOpOHBI TpeyroabHukoB 0010, u H BC' momapHO
napaJaesbabl. Ho Torma, Kak m3BeCTHO, CYIECTBYET JJUOO TOMOTeTHS, IEPEeBOIAIIAS OTINH TPEYTOIbHUK
B JIpyToii, mubo mapaJiebHblil meperoc. B mepBoMm ciayuae mpsameie BO;, CO; u OH mnepecekaiorcd B
OJIHO¥ TOYKE, BO BTOPOM CJIydae — MapaJiie/IbHbI.

Kpurepuu oneHnBanus:
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HPHUBEIEHO BEPHOE TOKA3ATEIbLCTBO I OJHOTO W3 BO3MOXKHBIX MOJIOXKEeHNH Touku D — 1 mepBmd-
HbIi OaJL;

pPacCMOTPEHBI CJIyYam, Koraa [ JIeyKUT Ha OKPYKHOCTH M COBIAJaeT ¢ Ay, Jajee He pa3BuTa UJIn
pa3BUTA C CEPHE3HBIMU HEJIOUETAMHI HJIesI ¢ JUHEHHBIM ABUKeHneM D, 1100 HeT J0KA3aTeIbCTBA,
9TO ¢ ABUKeHneM [ Tak:ke JIMHEHHO JBUraeTCs TOYKA MePecedeHusl ONPEeIeeHHBIX MPIMbIX — 2
HEePBUYHBIX DaJLIa;

HPUBEJIEHO BEPHOE J0KA3ATEIbCTBO, KPOME CJIydasl MapaJuleIbHOCTH YIOMSHYTBIX HPAMbIX — 4
HEPBUYHBIX DaJLIa;

IIOJIHOCTBIO BEPpHOE J0Ka3aTeJIbCTBO — 5 IIEePpBUYIHBIX OAJIIOB.

Solution (ENG). Note that on the so-called Euler line of triangle ABC', in addition to points O

and M, the orthocenter of triangle H is always located. Therefore, it suffices to verify the requirement
for lines BO{,C'Oy, and OH. If O; and O, coincide, then point O also coincides with them — the
requirement is obvious, therefore we further assume that points O; and O, are distinct; note that they
both lie on the perpendicular bisector of AD. Similarly, O; and O lie on the perpendicular bisector of
AC, and the centers O and Os lie on the perpendicular bisector of AB. Consequently, the lines 0,0,
001, OO, are parallel, respectively, to the side BC and the lines BH,C'H containing the heights of
triangle ABC — this means that the sides of triangles OO0, and HBC' are pairwise parallel. But

then,

as is well known, there exists either a homothety mapping one triangle to another, or a parallel

translation. In the first case, the lines BO;, C'O,, and OH intersect at a single point; in the second

case,

they are parallel.

Criteria:
a correct proof is given for one of the possible positions of point D — 1 pre-point;

cases are considered where D lies on a circle and coincides with Ag; the idea of D s linear motion
is not developed or is developed with serious flaws, or there is no proof that the intersection point
of certain lines also moves linearly with the motion of D — 2 pre-points;

a correct proof is given, except for the case where the lines are parallel — 4 pre-points;

a completely correct proof — 5 pre-points.
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11-12"" degree

Task 1.

1. Han mabop mndp: 0,1,2,2,7,0,6,6,4, 8. Paspertaercst yaaauTh OJIHY W3 HUX, & U3 OCTAJIbHBIX CO-
CTABUTD JICCATUIHYIO 3aIUCh 9-3HAYHOIO YHCIa, KPATHOTO 75. CKOJIBKO Pa3IuIHBIX YHCE] MOYKHO
HOJIYIUTH TaKHM oOpa3om? Uuco He MoxKeT HaumHAThCs ¢ muppbl «0».

Given a set of digits: 0,1,2,2,7,0,6,6,4,8. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 75. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 2520

2. Jlan mabop mudp: 0,0,1,1,1,2,5,6,7,8. Pazperntaercs yaaanTh OQHY U3 HUX, a U3 OCTAJIBHBIX CO-
CTABUTD JICCATUIHYIO 3aIUCh 9-3HAYHOIO Yucaa, KpaTHoro 60. CKOIbKO pa3IudHbIX YHCE/] MOYKHO
HOJIYIUTHh TaKHUM oOpazom? Yucio He MoxKeT HauumHAThCs ¢ muppbl «0».

Given a set of digits: 0,0,1,1,1,2,5,6,7,8. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 60. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 12000

3. Jlan mabop mudp: 0,0,1,2,5,6,7,7,8,9. Pazpemntaercs ya1aauThb OQHy U3 HUX, a U3 OCTAJIBHBIX CO-
CTABUTD JECATUUHYIO 3aIIUCH 9-3HATHOrO YHCIa, KpaTHOTo 225, CKOJIBKO pa3IuIHbIX YUCE]T MOXKHO
HOJIYIUTHh TaKUM oOpa3om? Hucsio He MoxKeT HauumHATbCs ¢ mudpbl «0».

Given a set of digits: 0,0,1,2,5,6,7,7,8,9. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 225. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 16380

4. Jlan nabop mudp: 0,1,1,1,2,2,5,6,9,9. Pazpemaercs yiajuTh OJHY U3 HUX, & U3 OCTAJIbHBIX CO-
CTaBUTH JECATUIHYIO 3aMMKUCh 9-3HATHOTO dncia, KpaTHOro 180. CKOJIBKO Pa3InIHbIX 9UCET MOYKHO
HOJIYIUTHh TaKUM oOpazom? Yucsio He MoxKeT HauuHAThCs ¢ mudpbl «0».

Given a set of digits: 0,1,1,1,2,2,5,6,9,9. It is allowed to delete one of them and use the remaining
digits to form a decimal representation of a 9-digit number that is a multiple of 180. How many
different numbers can be obtained this way? A number cannot begin with the digit «0».

Answer: 1260

Pemtenue (RUS). (npeacrasreno permienne Bapuanra Nel, octajbHbIe PENiarOTcsi aHAJOTHTHO)
Y1006k Ync/I0 JeJUI0Ch Ha 75, HEOOXOINMO W J0CTATOYHO, 9TOOBI OHO JeJWI0Ch Ha 3 U Ha 25. UTobb
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HOJIYYeHHOE YHCJIO0 JAeJIUI0Ch Ha 25, OHO J0JKHO oKaHuuBaThes Ha 00, 25, 50 mim 75, Ho nudpol 5 B
Habope Het, mo3ToMy Tpedyemoe yuc/o okandupaercd Ha 00, u nudpy 0 yaandarb Heib3sd. Y1odbl yuc/io
JeJIIOCH Ha 3, Tpebyercs, 9To0bl cyMMa ero mudp aeaunaach Ha 3. CyMma mudp IpuBeIeHHOro Habopa
paBaa 0 +14+24+2+74+0+64+ 6+ 4+ 8 = 36 — 3nauuT, 9T00HI cymMma nudp TpedyemMoro 4mcJa
Jgesuiaachk Ha 3. MTak, MOXKHO yIaJUTh TOJBKO 1udpy 6.

Vianus mudpy 6, MbI TOJIYIHM YUCTIO BHIA 1a2a3a405a6a700, T1€ aq,...,ar — mudpsl 1,2,2,7,6,4,8

|
B HEKOTOPOM TOPIJIKE, U €CTh % = 2520 cmocobOB epecTaBUTh UX BCEBO3MOXKHBIMHU CIIOCOOAM.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

For a number to be divisible by 75, it is necessary and sufficient that it be divisible by 3 and 25. For
the resulting number to be divisible by 25, it must end in 00, 25, 50, or 75, but the digit 5 is not in the
set, so the required number ends in 00, and any of the digits 0 cannot be removed. For a number to
be divisible by 3, the sum of its digits must be divisible by 3. The sum of the digits in the given set is
0+14+24+2+7+0+64+6+ 4+ 8 = 36, thus the sum of the digits of the desired number must be
divisible by 3. So, we can only remove the digit 6.

By removing the digit 6, we get a number of the form ajasasasasaga;00, where aq,...,a; are the
digits 1,2,2,7,6,4,8 in some order, and there are ;—: = 2520 ways to rearrange them.

Task 2.
1. JIjist HEKOTOPBIX BENMIECTBEHHBIX @ U b perrenusd
a<a>+2x—-3<b,

OTMeYeHHbIe Ha KOOPAMHATHOM! ocH, 0Opa3yloT JBa HEIEePECeKAIOINXCA OTPe3Ka CyMMAPHON JTH-
upl 10. Haitiute snadenue sequuunbl V4 +0 + 4 +a opu b — a = 40, npu HeoOXOJAUMOCTH
OKDYIJIMB €ro 10 THICIIHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<z>+2r—3<b

form two non-intersecting segments (on the coordinate axis) of total length 10. Find the value of
V4 4+ b+ /4 + a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: &

2. /11 HEKOTOPBIX BEIECTBEHHBIX a U b pereHns
a<$2+23§—3<b7

OTMeYeHHbIe Ha KOOPIUHATHON OCH, 00pa3yIOT IBa HellepeceKaIOIINXCsS OTPe3Ka CyMMAPHOMN I IMHBI
5. Haiinure snadenue Benauubl /4 + b+ /4 + a npu b — a = 40, 1pu HeoOXOIUMOCTH OKPYT/INB
€r0 JI0 THICAIHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<z>+2xr—3<b

form two non-intersecting segments (on the coordinate axis) of total length 5. Find the value of
V4 + b+ 4+ a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: 16
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3. Jl1sT HEKOTOPBIX BEIIEeCTBEHHBIX a U b pereHuns
a<z?—5x+6<Db,

OTMeYeHHbIe Ha KOOPAUHATHON ocH, 0Opa3yIoT JIBa HENMEPeCeKAIIMMUXCcss OTPe3Ka CYMMapHOR JI/Iu-
bl 16. Haiigure 3nagenne Bennausabl v/ 1+ 4b + /1 + 4a nupu b — a = 40, upu HeOOXOAMMOCTH
OKPYTJIUB €10 JIO ThICSIIHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<z?—5x4+6<b

form two non-intersecting segments (on the coordinate axis) of total length 16. Find the value of
V1 +4b+ /1 + 4a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: 10

4. JIng HEKOTOPBIX BEIECTBEHHBIX ¢ U b pernenns
a<a*—5r+6<b,

OTMeYeHHBbIe HA KOOPUHATHOW 0CH, 0OPa3yIoT JBa HEMEPECEKAIOIINXCSA OTPE3Ka CyMMAPHON JITH-
upl 8. Hajigure 3nauenue BesmduHbl /1 + 40 + /1 +4a npu b — a = 40, upu HEOOXOAUMOCTH
OKPYIJIEB €ro 10 THICIIHBIX.

Given real numbers a and b. All the solutions of the inequalities
a<z?—5:4+6<b

form two non-intersecting segments (on the coordinate axis) of total length 8. Find the value of
V14 4b+ /1 + 4a while b — a = 40. Round your answer to 3 decimal places if neccessary.

Answer: 20

Pemrenue (RUS). (npeacrasieno perienne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
I[TycTh paBeHcTBO @ = 2+ 27 — 3 BHINOJHACTCA 1T TOUEK Ly, 7 (I, < 7,). Ecn paBencTBoO He 10CTAraeT-
Ced, T.€. 9TO KBaJApaTHOEe YpaBHEHUEe He UMeeT KOPHell, TO B YCJIOBUAX 3a/laud He MOLJIO 110JIY YUThCH JBYX
OTPE3KOB Pellennil. AHAJOIMYIHO, JOKHBI CYIMIECTBOBATH KOPHH [, < 1 714 paBeHcTBa 2 427 — 3 = b.
Torga B cuny a < b moaywaem, 9to [ly, 74 C [lp,7p] 1 10 = (1, — lp) — (rq — l5). DTa BeqUIHHA BHIYHC-
JgeTCs, HaIpuMep, 1o (popMysIe KOpHeil KBaJIpaTHOro YpaBHEHHS, U PABHA

10= /(1= (=3)2+4b— /(1= (-3)* +4a =2 (VA+b—Viia)= \/4f(bb+_\621+a’

9TO MPUBOIHT K V4 + b+ /4 +a=2(b—a)/10 =80/10 = 8.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let the equality a = x® + 2x — 3 be satisfied for the points l,,7, (I, < 74). If equality does not hold,
i.e. this quadratic equation has no roots, then we cannot have two segments mentioned. Similarly, there
must be roots I, < 73, for the equality 2? + 2z — 3 = b. Then (by a < b) we obtain [l,,7,] C [ly, 7] and
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10 = (r, — ly) — (14 — lo). This value is calculated, for example, using the formula for the roots of a
quadratic equation, and is equal to

10= /(I — (B +db— /(- (B +da=2- (VIith—vVita) = \/45(:;31%,

which leads to vV4+ b+ V4 +a=2(b—a)/10 =80/10 = 8.

Task 3.

1. Hucna 1,2,3,...,36 Beimucagu 1Mo Kpyry B yKa3aHHOM MOPSIKE MO 4acoBoil crpeske. Kaxiyro
CeKYH/Iy pa3pelnaercs MOMEHSTh MECTAMH JBa COCETHUX JHUCIA. 3a KaKoe HauMeHbIee KOJTUde-
CTBO CEKYHJT MOYKHO JIOOUTHCS TOTO, UTO BCE YHCJIA OYIyT PACIOI0XKEHBI B 0OPATHOM TIOPSIJIKE, T.€.
1,2,3,...,36 uporus 4acoBoii crpejaku’

The numbers 1,2, 3,...,36 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3, ..., 36 counterclockwise?

Answer: 306

2. Yucna 1,2,3,...,60 Bbinucaan mo Kpyry B yKa3aHHOM TOpsJIKe 10 4acoBOil crpeske. Kaxiyio
CeKYH/Iy pa3pelaercd MOMEHATb MECTAMH JBa COCETHUX JHUCIa. 3a KaKoe HauMeHbIee KOTImde-
CTBO CEKYH]I MOYKHO JTOOUTHCS TOTO, UTO BCe YHCJIa OYIyT PacloJOKeHbl B 00PATHOM TIOPSIJIKE, T.€.
1,2,3,...,60 npoTHB 9aCOBOi CTPEJKH?

The numbers 1,2, 3,...,60 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,60 counterclockwise?

Answer: 870

3. Yucna 1,2,3,...,24 Boinucaan Mo Kpyry B yKa3aHHOM TOpsJIKe 110 4acoBOil crpeske. Kaxkiyio
CeKYHJIy pa3perniaeTcs: MOMEHSITh MECTaMW JBA COCETHUX YUCIA. 33 KAKOe HAWMMEHbBIee KOJIIIe-
CTBO CEKYH]T MOYKHO JIOOUTHCA TOTO, 9TO BCe YHCJIa OYIyT pacloOKeHbl B 00PATHOM TOPSIJIKE, T.€.
1,2,3,...,24 npoTHB 9aCOBOH CTPEJIKH?

The numbers 1,2, 3,...,24 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,23, ..., 24 counterclockwise?

Answer: 132

4. Yucna 1,2,3,...,40 Bblnucaiun 10 Kpyry B YKa3aHHOM HOPsiJiKe 110 4acoBoil crpesike. Kaxkyio
CeKYHJIy Pa3peIraeTcs MOMEHsTh MECTaMHU JBa COCEJHUX YHCJA. 3a KaKOe HaWMeHbIee KOJImde-
CTBO CEKYH/JI MOYKHO JIOOUThCS TOTO, YTO BCE YHCIa OYIYT PACIOIOKEHBI B OOPATHOM TOPSIJIKE, T.€.
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1,2,3,...,40 npoTHB 9aCOBOi CTPEJKH?

The numbers 1,2, 3,...,40 are placed on a circle in the given order clockwise. Every second, two
adjacent numbers are allowed to swap places. What is the smallest number of seconds it takes to
arrange all the numbers in reverse order, i.e. 1,2, 3,...,40 counterclockwise?

Answer: 380

Pemrenue (RUS). (npeacrasieno perenne Bapuanta N1, octajbHbIe PENIAIOTCS AHAJIOTHTHO)
Bynem cunrarh, 4T0O YMCIa PACIIOJOKEHBI B BEPIIMHAX PABUJIHLHOIO N-yTOJIbHUKA, & TpebyeMoe MUHU-
MaJILHOE IHCJIO MePECTAHOBOK 0003HaduM 3a f(n). HTo0b HOMEHATH MECTAME YHC/IA, PACIOI0KEHHBIE
JAPYT OT Apyra «Ha PACCTOSHUM» Kk CTOPOH HAINEro MHOrOyrojbHuka (camraem k < n/2, nunade Gyqaem
IEePECTABASATH BIOJb JAPYTOi YT OKPYKHOCTH, OMUCAHHON OKOJIO N-YTOJBHUKA), TpeOyercs He MeHee
[(k —1)/2] cekyun ([t] — menast yacry uncaa t), re. f(n) > f(n— 1)+ [(n — 1)/2] — 3nauwnr,

fRE)=1+[3/2 +[5/2] +---+[2k—1)/2) =2(1+2+---+(k—1)) =k -k

f(2k +1) > f(2k) + [2k/2] = k?

Ha 10, 94T00bI IOMEHSITH HOPSAOK CJeA0BaHus duces 1,2, ...,k Ha IPOTUBOLOJIOKHBINA, OyAeM MocIe-
JoBarebHo mepecraiadaTh 1 u 2, 1w 3, ... 1 u k, 3arem 2 u 3, 2 mu 4, ...,2 u k u ©.70. — norpedyercs
(k—1)+(k+2)+---+1=(k*—k)/2 cekynn. [Iig TOro, 9To0bI IIEPECTABATH OCTAIBHBIE N — Kk THCET,
norpedyercd eme (n — k)(n —k —1)/2 cekynn — uroro (n? — 2n)/4 cekyHj s 4eTHOIO n.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We assume that the numbers are located at the vertices of a regular n-gon, and denote the required
minimum number of permutations by f(n). To swap numbers located at a distance of k sides of our
polygon (we assume k < n/2, otherwise we will swap along another arc of the circle described about the
n-gon), it takes at least [(k —1)/2] seconds ([t] is the integer part of t), i.e. f(n) > f(n—1)+[(n—1)/2]
— therefore,

fRE)=1+[3/2+[5/2] +---+[2k—1)/2) =2(1+2+---+(k—1)) =k —k

f(2k +1) > f(2k) + [2k/2] = k?

To reverse the order of the numbers 1,2, ..., k, we permute 1 and 2, 1 and 3, ... 1 and k, then 2 and 3,
2 and 4, ..., 2 and k, etc. — it would take (k — 1) + (k+2)+---+1 = (k* — k)/2 seconds. To rearrange
the remaining n — k numbers, it will take another (n — k)(n — k — 1)/2 seconds — a total of (n? —2n)/4
seconds for an even n.

Task 4.

_ 4212

1. Haiinure HauMeHblIee meaoe moIoKuTeIbHoe N, Ipu KotopoM 4941 He KpaTHO 3".

_ 4212

Find the smallest positive integer n such that 4°4! is not a multiple of 3".

Answer: &
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_ 4213

2. HaitnuTe HamMenblee 1mesoe MOJOKATEILHOE N, TP KOTOpoM 4456 He KpaTHO 3".

4456 _ 4213

Find the smallest positive integer n such that is not a multiple of 3™.

Answer: 7

3. HaitnuTe HamMenblee mesioe MOJ0KHATeIbHOE n, mpu KoTopoM 471 — 49 ge xpatno 3".

4671 _ 4428

Find the smallest positive integer n such that is not a multiple of 3™.

Answer: 6

4121

4. HaiiuTe HauMeHblIIee IeJ1oe MoJ0KATeIbHOe 1, IPH KoTopom 4550 He KpaTHo 3.

4850 _ 4121

Find the smallest positive integer n such that is not a multiple of 3™.

Answer: &

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajibHbIe PENIArOTCsT AHAJOTHIHO)
Ilycrhb a — Hanbodbliee Hejoe Yucio, 11 Koroporo 494 — 4212 = 4212(479 1) xparno 3%, Torga HCKoMoe
n = a+ 1. Ouesmano, 42!2 me xkparuo 3, mosromy 472 — 1 = 43° — 1 kparno 3%. JlokazkeM [0 HHIYKIAA
cJIe lylolee yTBep:KIeHne: HauMeHblIee IeJI0€ HOJIOKHTeIbHoe T, A KoToporo 4% — 1 kparno 3471
paBHO 3.

Basa wnaykunu (a = 1): oueBuHO, 43" —1 =63 kparno 32 =9, npusrom 4! —1=3n42—1=15
He KpaTHbI 9.
UnyKnuoHHad TUIOTe3a: mycTh 47 — 1 kpartHo 37! npu o = 3%, npu 3TOM JUId BceX MEHBIINX
9TO HE BBIIOJIHEHO.
IMar naayKomm: TpebyeTcs 10Ka3aTh, 9To 437 — 1 kpaTHO 3%T2, HO J71s1 BCeX MeIBIX Yices], MeHBITHX
32, 3TO He BHITIOJHEHO.
437 1= (4" —1)(4* +4"4+1)

Ilepwiii comnozkutens Kparen 3% (mo me 3%72) mo mpe/osoxKenno HHAYKIAM. PaccMoTpuM BTOPOid
COMHOZKHTED: 427 +4% +1 =12+ 141 = 3 (mod 3*") mo mpeanosokenno nuayKmn, T.e. 43 — 1
KpaTHO 3 - 3°T! = 392 JlokaskeM, 4TO T4 BeeX meablx b < 3z umeno 4° — 1 me kpatHo 372 mycrn
4% — 1 xparno 3%*% rorma b = 3% - ¢ + r ans mexkoroporo nenoro r € [0;3%) u menoro ¢ € {0,1,2}.
Nwmeem 4° = 47 (mod 3%tY), re. r = 0. SIcro, ato caygan ¢ = 0 u ¢ = 1 IPOTHBOPEYAT WHLYKIMOHHOI
runorese, a aaga ¢ = 2 umeem 423" — 1 = (43" — 1)(4%" + 1) — nepsbii MEOKHTENL He KpaTen 3%72) a
BTOPOIi He KpaTeH 3 — IPOTHBOPEYHNe ¢ IIpe/IIoJ0KeHIeM, YTO 3aBepllaeT J0Ka3aTe bCTBO.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Let a be the largest integer for which 4%4! — 4212 = 4212(472 _ 1) is a multiple of 3%, then the desired
n = a + 1. Obviously, 422 is not a multiple of 3, therefore 472° — 1 = 43° — 1 is a multiple of 3°. We
prove the following statement by induction: the smallest positive integer = for which 4* — 1 is a multiple
of 31 is 39,

Base of induction (a = 1): obviously, 43 — 1 = 63 is a multiple of 32 = 9, while 4' —1 = 3 and
4% — 1 = 15 are not multiples of 9.

Induction hypothesis: Suppose that 4* — 1 is a multiple of 32! for x = 3%, but this is not true for
all integers less than z.
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Induction step: We need to prove that 4% —1 is a multiple of 3%*2, but this is not true for all integers
less than 3zx.

43 1 = (4" —1)(4* +4°+ 1)

The first factor is a multiple of 3°*! (but not 3™2) by the induction hypothesis. Consider the second
factor: 42 +4* +1=12+1+1 =3 (mod 3*"!) by the induction hypothesis, i.e. 43* — 1 is a multiple
of 3.3t = 39%2 Lets prove that for all integers b < 3z the number 4° — 1 is not a multiple of 3%+2: let
4° — 1 be a multiple of 3¢*2, then b = 3% - ¢+ r for some integer r € [0;3%) and integer ¢ € {0,1,2}. We
have 4° = 47 (mod 3°*1), i.e. 7 = 0. It is clear that the cases ¢ = 0 and ¢ = 1 contradict the induction
hypothesis, and for ¢ = 2 we have 4%3° — 1 = (43" — 1)(4%" + 1) — the first factor is not a multiple of
39%2 and the second is not a multiple of 3 — a contradiction with the assumption, which completes the
proof.

Task 5. Ilo kpyry 3anucanbl 2" HEOTPUNATEJBHBIX IEJIbIX YUCET 41,2, ..., Gon. Jlajee Bce ducaa a;
OIHOBPEMEHHO 3aMeHSITCS Ha 9NCIA a1 — @], TAe agny = aq. Jlokazkute, 4T0 B pe3yJjbrare 3TOr0
IpoIlecca BCe YHCJIa PAHO WU TTO3/THO CTAHYT HYJISAMH.

2" non-negative integers aq, as, . . . , asn are written in a circle. Then all the numbers a; are simultaneously
replaced by the numbers |a; 11 — a;|, where asnyq = ay. Prove that as a result of this process, all the
numbers sooner or later become zeros.

Pemenne (RUS). Bamernm, 4To Ha KazKJIOM IIare MakKCHMAJbHOE YHCJI0 B HAOOpe HE yBEJIH-
JUBaeTcd, T.e. eCJII B HEKOTOPBLIH MOMEHT BpeMeHH MaKCHMAaIbHOe YUCJIO cTaHeT paBHO 0, TO U Bce
ocTabHBIE YncaIa Toke OyayT pasub! 0. IIpennonokum, 9T0 MakCHMalbHOE YHCJIO B HAaIleM Habope B
pesy/ibTare olepaluil IepecTajo MeHdThesl U crajo pasHo m > 0. g ypobcrBa 3aMeHUM 4HC/IA 1T HA
gymuciaa 1, u OyaeM paccMaTpUBaTh BCe YUCJA KaK OCTATKH 110 MoayJo 2. Torga, eciau Mbl B KaKOH-TO
MOMEHT MOJYYHUM TOJIBKO HYJIEBbIEC OCTATKH, 9TO 6y,Z[eT O3HavaTh, 9TO BCE YHUCJIA O6paTI/I.HI/ICb B HYJIN.

Joxazkem unayKnuei mo k, 9ro nocjae k-ro mara jijisg Bcex ¢ = 1,2,3 ..., 2" 6ygeT BBIIOJIHEHO

k
k .
az( ) = E C,z * A(i4+j5) (mod 27) (mod 2)

J=0

Basa unaykuun (k= 1): agl) = |aj+1 — a;) = a; + a;41 (mod 2).
VHAyKIIMOHHASI TUTIOTE3a: MYCTh YTBEPKIeHUE BBIOJHEHO s 1,2, ..., k.
IMTar nayKIAN:

5 = ) ) = o)+l =
k k k+1
Z C;z *Q(i+j) (mod 2n) T Z C;Z *Q(i4j41) (mod 27) = Z C’i *A(i+5) (mod 27) Z C] b A(i4+j5) (mod 2n) =
Jj=0 Jj=0 J=0
k+1 k+1
Z <Czi + Cljc_l> *Q(i45) (mod 2) Z Ck+1 (i+5) (mod 2n) (mod 2)

J=0

J Jj—=1 _
Mubi ucnonbzosasu ussectnoe toxjaecrso Cy + Cy " = Cj ;. Nnayknusa 3asepiiena.

g k = 2" dunomuaabubie KOI(MUIUEenTo! C’Z; gernbl aag j = 1,2,... k—1, npu stom Cp = CF =
1. Ilocne 2" maros umeem
0 = a4 070 (o =270" =0 (mod 2),

T.e. He DoJiee yeM 4depe3 2" MaroB Bce HCXOMHBIE YNCAa 0OpaTATCd B HYJIH, 9TO U TPeDOBAJIOCH TOKA3aTh.

Kpurepunu onennBanus:
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® OTMEYEHO, YTO MAKCUMAJIHHOE YUCJI0 B MOCJEI0BATEILHOCTH He YBEJIUIUBACTCH, H UTO BCE THCJIA
4epe3 HEKOTOPOe YHUC/I0 MIArOB CTAHOBSTCS Y€THBIME, JIMOO JApyrue moJje3nbie Hadogenus — 1
HepPBUYHBIH GaJLT;

® JI0Ka3aHO, YTO BCE YHUCJIA Yepe3 HEKOTOPOe YHCJO IIAroB CTAHOBATCS YETHBIMU — 3 HMEePBUYHBIX
baJL1a;

® TOJTHOE M 0OOCHOBAHHOE PelleHne — 5 MePBUYHBIX 0AJIIOB.

Solution (ENG). Note that at each step the maximum number in the set does not increase. By
that if at some point the maximum number becomes 0, then all other numbers will also become 0. Let’s
assume that the maximum number in our set has stopped changing as a result of the operations and is
now m > 0. For convenience, we’ll replace the numbers m with the numbers 1 and consider all numbers
as remainders modulo 2. Then, if at some point we only have zero remainders, this will mean that all
numbers have become zero.

We prove by induction on k that after the k-th step, for all : =1,2,3...,2",

Yk
> ( ) “A(i1j) (mod2n) (mod 2)
=0 \J

o

Base of induction for k = 1: agl) = |ajp1 — a;) = a; + a;41 (mod 2).

Induction hypothesis: let the statement hold for 1,2,... k.
Induction step:

o = Joff, - ) = o, ) =
k k k k+1
k k k k
Z ( ) "A(i+5)  (mod zn>+z < ')'“(i+j+1> (mod 27) = Z ( ) "A(i+y)  (mod zn>+z <'— 1)'“<i+j) (mod 27) =
§=0 J J=0 J j=0 J J=1 J
k+1 k+1
k k E+1
Z (( ) + ( 1)) “Q(i+j) (mod 2n) = Z ( . ) " Qitj) (mod2n) (mod 2)
=0 " \J J— e J

We’ve used the well-known identity (f) + (jfl) = (k;rl) The induction is complete.

For k = 2™, the binomial coefficients C’,z are even for j = 1,2,....k — 1, while C) = CF = 1. After
2" steps, we have

ag?”) = al@"—l)

+a

2" —1 2" -1
Ei—i—?")) (mod 27) 2- ag : =0 (HlOd 2)7

i.e., after no more than 2" steps, all the original numbers will become zeros, as required.

Criteria:

e it is noted that the maximum number in the sequence does not increase, and that all numbers
become even after a certain number of steps, or other useful observations — 1 pre-point;

e it is proven that all numbers become even after a certain number of steps — 3 pre-points;

e a complete and justified solution — 5 pre-points.

Task 6.
a) JleB pemnas momariHee 3aJaHue 10 crepeoMeTpun. B 3amade TpeboBaIOCh HARTH TeOMETPHIECKOR
mecto Touek (I'MT) rpéxrpannoro yria Sabe, paBHOYRAJEHHBIX OT ero pébep. Jle namucamr: «Orvernm
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Ha pébpax a, b, ¢ Touku A, B, C' cOOTBETCTBEHHO Ha PABHBIX PACCTOSHHSIX OT BepINUHbL yria (S), Torga
uckomoe I'MT — iy SO, rae O — nenrp onucannoii okpyzxkuoctu Tpeyrojibianka ABCs. [Ipas jm Jles?

6) B caemyromieii 3amade Tpeboasock Haiitu reomerpudeckoe Mecto touek (I'MT) rpéxrpamnoro
yriia Sabce, paBHOYIAIEHHBIX OT ero rpaneii. Jles manucanx: «Ormerum Ha pédbpax a, b, c touku A, B, C
COOTBETCTBEHHO HA PABHBIX PACCTOSHUAX OT BepIIHHBI, Tora uckomoe I'MT — ya ST, rne I — nentp
BIIMCAHHON OKpyzKHOCTH TpeyroabHuka ABC'». [Ipas i Jles?

a) Leo was solving a task in solid geometry. The task was to find the locus of points of a trihedral
angle Sabc, equidistant from its edges. Leo wrote: «We mark points A, B, C' on edges a, b, ¢, respectively,
at equal distances from the vertex of the angle (S), then the desired locus is the ray SO, where O is
the center of the circumcircle of AABC'». Is that correct?

b) The next task was to find the locus of points of a trihedral angle Sabe, equidistant from its faces.
Leo wrote: «We mark points A, B, C on edges a, b, ¢, respectively, at equal distances from the vertex,
then the desired locus is the ray SI, where I is the center of the inscribed circle of AABC». Is that
correct?

Answer: a) yes; b) no.

Pemrenue (RUS). a) [ng touku S TpebyeMoe YC/IOBHe PABHOYJIAJIEHHOCTH OT PEGEP OUYeBU]I-
HO. s moboii apyroit Toukn X TPEXIpaHHOIO yIJIa OHO PAaBHOCHILHO TOMY, UTO jay4d SX obpasyer
paBHBIE yIJIbI € PEOpaME TPEXIPAHHOTO yria (B CHJIy PABEHCTBA COOTBETCTBYIONIMX HPSMOYTOIBHBIX
tpeyroabHuUKOB SX X, SX X, SX X, no obieit runorenyse u paBHbIM KateraM, rae X, Xp, X, — mpo-
ek To9Kd X Ha mpsiMbie Sy, Sp, Se, cooTBercTBeHHO). 1o mocTpoenuto SA = SB = SC, nosromy
U OPTOTOHAJIbHAS MPOEKIHS TOYKH S Ha Iaockocth ABC Oyner paBHoymajeHa or touek A, B,C, To
ecTh Oy/IeT SBIASTHCS TEHTPOM ONMHMCAHHOW OKpyKHOCTH Tpeyroabauka ABC — Toukoit O. Takum 06-
pasom, Tpeyrojapaukn SOA, SOB,SOC OyayT mpaMoyroJabHbIME ¢ 00mmuM KareromM SO U paBHBIMH
runioreny3avmu SA = SB = SC. Torna paBHbI u ©X OCTPBIE YIJIbI IPU BEPITHHE S — & 3TO U €CTh YIJIbI,
obpazoBanubie Jiyaom SO ¢ pébpaMu TpEéXrpanHoro yriaa Sabc. A B cuty CyInecTBOBaHHSI TOMOTETHH C
neHTpoM S, mepeBojsiiieit Touky O B 00y (oTaudHyo ot S) Touky jyda SO, mobast Touka gyda SO
oymeT 001a1aTh TeM 2Ke CBOHCTBOM.

Takum obpazom, Bce Toukn Jiyda SO AeHCTBUTENIHHO PABHOY/AJEHBI OT PEGEp TPEXIPAHHOrO yrJia
Sabc. JlokazkeMm yTBepzKienne B 00paTHy0 CTOPOHY: J100asg Touka X', papHoysaaéHHas oT pédep Tpéx-
rpanHoro yriia Sabe, Oymer npunamiexkars ayay SO. IIpoBeséM MI0CKOCTh, EPIEeHIUKYIAPHYIO JTy Y
SX', gepe3 Touky X', u mycrh oHa nepecedér pébpa B Toukax A’, B', C'. 13 paBeHcTBa IPAMOYTOIBHBIX
rpeyroabaukos SX'A’, SX'B', SX'C’ no ocrpomy yriay npu Bepimuae S u obmiemy karery SX' ciaemyer
SA =SB =5C"u X'A'=X'B"= X'C’, 10 ecrb X’ — nenrp onucanuoii OKpyzKHOCTU TPEYTroJbHUKA
A'B'C’, nonyuatorerocst u3 tpeyrosbauka A BC romoreTueii ¢ eHTpoM S, a IIOTOMY SBJsieTCst 06pa3oM
rouku O IpU COOTBETCTBYIOIIEH TOMOTETHH U JEHCTBUTEIHHO JIesKUT Ha jtyde SO.

6) TlokazkeM, 9TO MOCTpOEHHAs TaKUM 06Gpa3oM Touka I B obieM Buje (Ha caMoM Jesie — JIJIst BCeX
TPEXTPAHHBIX YIJIOB, KPOME MPABUJIBHBIX) He 00/Ia1aeT CBONCTBOM PABHOYIAJEHHOCTH OT TPaHell TPEx-
rpaHHoro yria Sabc — 3Toro Oyaer mocTaTovIHO, YTOOBI yTBEPXKIATh, 9To JleB Henpas. [1o mocrpoennio
touka [ paBHOymasena ot ctopoH Tpeyrosbauka ABC, to ects [A; = IB; = ICY, tne Ay, By,Cy —
TOYKH KaCaHHS BIHCAHHON OKpy:KkHOCTH Tpeyrosbauka ABC' ¢ ero croponamu BC,C A, AB coorBet-
CTBEHHO (OHU 2Ke — IpoeKIuu I Ha CTOPOHBI TpeyrosibauKa). Ecin neiicreuresnbho [14 = [1g = [ (tae
I, I, Ic — npoexiuu [ Ha miockocTu rpaneit Sbe, Sca, Sab, cOOTBETCTBEHHO), TO OYIET BBINOJIHATH-
Csl DABEHCTBO HPSIMOYTOJIBHBIX TPeyroibHukoB [ A I, By I, IC 1o (no runorenyse u karery). Toraa
JIOJIKHBL OBITH PaBHBI yIuIbl, oOpa3zoBanubie mpsaMbivu [ Ay, I By, IC] ¢ COOTBETCTBYIOIUME TPAHSIMI
Tpéxrpannoro yria. Ileperecs mapaJjiesbHO 3TH HpsMble, IMOJYYUM, 9TO JIOJKHBI OBITH PaBHbBI YIJIBI,
0obpa30BaHHBIE CePeIMHHBIME HePIeHINKYIIPaMA K cCTOpoHaM Tpeyroibauka ABC' ¢ cooTBeTCTBYIONIH-
Mmu rpaagMu Sabe. Ho atu yriasl papasl miockum yriaam S Ay O, SByO, SCyO, toe Ag, By, Cy — cepe b
cropon BC,CA, AB, a O — nenrp onucantoii okpyzxHuoctu rpeyrojabauka ABC' (1o ecth npoekius S
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Ha mwiockocte ABC). Tlockoabky Tpeyronbauku SOAq, SOBy, SOCy — npsMOyrobHble ¢ OBIUM Ka-
reroMm SO, PABEHCTBO ITUX YIJIOB O3HAYAET PABEHCTBO JAHHBIX TPEYTOJBHUKOB, YTO, B CBOIO OYePE/ib,
o3Ha4YaeT paBeHCTBO 0Tpe3koB SAg, S By, SCy. Ho 3Tn oTpe3kn — BBICOTHI, MIPOBEIEHHBIE K OCHOBAHUSIM
B paBHOGeipeHHbIX Tpeyroibankax SBC, SC A, SAB coorsercrBenno (SA = SB = SC'), a noromy oHn
PaBHBI TOIIa U TOJIBKO TOIA, KOTJA PABHBI CAME 3TH TPEYTOJbHUKH, TO €CTh BCE IJIOCKHEe YIJIbI HCXOI-
HOIO TpEXrpaHHOro yria Sabe. VTak, B 06mIeM BHIE COOTBETCTBYIONINE PABEHCTBA HE BBIMOJTHAIOTCS,
noatomy Jles ompenennt Tpedbyemoe ['MT HeBepHo.

Kpurepuu oneHuBaHus:
Jlns myHKTA a):

® DABHOYJIAJIEHHOCTD JoKa3aHa st Touku O — 1 nepBudnblii 6aJL1;
® DPABHOVIAJEHHOCTD JOKa3aHa JJsd BceX TodeK Jyda SO — 2 nepBUYHbIX OasLIa;
Jnst mynkTa 6):

® eCTh BEPHBIH OTBET M 3HAYUTEJbHBIE HPOJBIKEHHsI B JI0OKA3ATEJIbCTBE MyHKTa 0) — 1 mepBUIHBI
baJsL;

® ¢CTh BEPHBIH OTBET U JIOKA3ATEJIbCTBO ILYHKTA 0), COJEPKAIee JIUIIb HE3HAYUTEIbHbIC Hel0YeThl
— 2 nepBUYHBLIX DaJLIa;

® BEpHBIl OTBET U TOJHOCTBIO BEPHOE JTOKA3ATEIBCTBO MYyHKTA 6) — 3 MEePBUYHBIX OaJlia.

Solution (ENG). a) For the point S the required condition of equidistance from the edges is
obvious. For any other point X of the trihedral angle, it is equivalent to the fact that ray SX forms equal
angles with the edges of the trihedral angle (due to the equality of the corresponding right triangles
SXX,, SXX,, SX X, by a common hypotenuse and equal legs, where X, X;, X, are the projections of
point X onto lines S,, Sy, S., respectively). By construction, SA = SB = SC, therefore the orthogonal
projection of point S onto plane ABC will be equidistant from points A, B, C, that is, it will be the
center of the circumscribed circle of triangle ABC' — point O. Thus, triangles SOA, SOB, andSOC are
right triangles with a common leg SO and equal hypotenuses SA = SB = SC. Then their acute angles
at vertex S are also equal—and these are the angles formed by ray SO with the edges of trihedral angle
Sabe. And since there is a homothety with center S that maps point O to any point (other than S) on
ray SO, any point on ray SO will have the same property.

Thus, all points on ray SO are indeed equidistant from the edges of trihedral angle Sabc. Let us prove
the converse: any point X’ equidistant from the edges of trihedral angle Sabc will belong to ray SO.
Let us draw a plane perpendicular to the ray SX’ through the point X', and let it intersect the edges
at the points A’, B, C'. From the equality of right triangles SX'A" SX'B’, SX'C’ by the acute angle
at the vertex S and the common leg SX’, it follows that SA’ = SB’ = SC’" and X'A' = X'B' = X'(",
that is, X’ is the center of the circumscribed circle of triangle A’B’C’, obtained from triangle ABC' by
a homothety with center S, and therefore is the image of point O under the corresponding homothety
and indeed lies on the ray SO.

b) We will show that the point I constructed in this way in general (in fact, for all trihedral angles
except right ones) does not have the property of being equidistant from the faces of the trihedral angle
Sabc — this will be sufficient to assert that Leo is wrong. By construction, point [ is equidistant from
the sides of triangle ABC, that is, [A; = IB; = IC4, where Ay, By, C; are the points of tangency of the
inscribed circle of triangle ABC with its sides BC, C'A, AB, respectively (they are also the projections of
I onto the sides of the triangle). If indeed 114 = I1g = I1o (where 14, I, I are the projections of I onto
the planes of the faces Sbe, Sca, Sab, respectively), then right triangles A1 4, I B1Ig, ICy 1o will be equal
(along the hypotenuse and leg). Then the angles formed by lines I Ay, I By, ICy with the corresponding
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faces of the trihedral angle must be equal. By transferring these lines parallel, we obtain that the angles
formed by the perpendicular bisectors to the sides of triangle ABC with the corresponding faces Sabc
must be equal. But these angles are equal to the plane angles SAyO, SByO, SCyO, where Aqy, By, Cy are
the midpoints of the sides BC,C A, AB, and O is the center of the circumscribed circle of triangle ABC'
(that is, the projection of S onto the plane ABC'). Since triangles SOAg, SO By, SOCy are right-angled
with a common leg SO, the equality of these angles means the equality of these triangles, which, in
turn, means the equality of the segments SAg, SBy, SCy. But these segments are the altitudes drawn to
the bases of the isosceles triangles SBC, SC A, SAB, respectively (SA = SB = SC), and therefore they
are equal if and only if these triangles themselves are equal, that is, all the plane angles of the original
trihedral angle Sabc. Thus, in general, the corresponding equalities are not satisfied, so Leo determined
the required LMT incorrectly.

Criteria:
For the part a):
e the statement is proven for the point O — 1 pre-point;
e the statement is proven for all points of the ray SO — 2 pre-points;
For the part b):
e there is the correct answer and significant progress in a proof — 1 pre-point;
e there is the correct answer and a proof containing only minor flaws — 2 pre-points;

e the correct answer and a completely correct proof — 3 pre-points.



